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PREFACE 


During the years since the end of World War II there have been 
a number of books published on the subject of feedback theory, with par- 
ticular emphasis on the analysis and design of feedback control systems 
The principal concern of all these books has been with the synthesis of 
linear feedback control systems, with emphasis on the techniques for sys- 
tem design through inspection of the behavior of the open-loop trans- 
fer function at real frequencies. Although almost all the books have 
employed the Laplace transform liberally, the critical reader soutinually 
must question the motive for writing the transfer functions in terms of 
the complex frequency s. In almost every case, the authors go to con- 
siderable length to explain the Laplace transform, go to great pains to 
use the complex frequency in the process of setting up the equations 
describing the behavior of the various components of the system, and 
then blithely replace s by jw before launching the design of the aruis 
sation networks. 

It is true that certain writers emphasize the importance of the dynamic 
performance of the system. Generally, however, the reader is left with 
the unsavory choice of determining the transient performance by the 
depressingly tedious process of taking the exact inverse Laplace trans- 
form or of attempting to evaluate an approximate inverse transform by 
one of the many systematized procedures. If dynamic performance is 
really of importance in the design of servo systems, neither alternative is 
appealing. In neither case is any logical method presented for the 
improvement of the transient response. If the transient performance is 
unsatisfactory, about the best that the designer can do is to start the 
entire design over again, proceeding in a slightly different manner toward 
a final system which meets frequency-domain specifications, and hope 
that the transient response will be improved. 

In view of this widespread emphasis on design in the domain of real 
frequencies, what justification exists for the use of the Laplace transform? 
Unfortunately, any exploitation of the advantages of the Laplace trans- 
form demands familiarity with aspects of electrical engineering which are 
not second nature to the majority of engineers. In particular, maximum 
utilization of the Laplace transform as a design tool depends, on the part 
of the designer, upon a firm knowledge of the relationships between the 
Laplace transforms and the transient and frequency responses, the funda- 
mental concepts of feedback theory, the techniques of network synthesis, 
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the elements of statistical methods of design, and the general concepts 
sed i analysis of nonlinear systems. 
ao B diu must have a working familiarity with the pom 
transform; indeed, a familiarity which goes beyond the simple forma 
relationships between the time and frequency functions. It is not suf- 
ficient to know the mechanical techniques for evaluating direct, and 
inverse transforms. Rather the designer must be conscious of the rela- 
tionships between time-domain and frequency-domain characteristies, 
relationships which depend upon the significance of the positions of the 
poles and zeros of the transferfunctions. He must be able to determine 
the effects, in both time and frequeney domains, of varying these pole 
and zero positions, 

Second, the designer must be familiar with the fundamental concepts 
of feedback theory. Motivation for the use of closed-loop rather than 
open-loop systems arises from the possibility, with feedback, of control- 
ling sensitivity, output impedance, and subsidiary transmissions while, 
at the same time, realizing a specified over-all system function. Feed- 
back theory involves a development of the definitions and significances 
of these controllable quantities and demonstrates system design methods 
which permit the required control, 

Third, if the servo engineer is to appreciate fully the advantages 
inherent in the use of the Laplace transform, he must be able to syn- 
thesize appropriate compensation networks. The familiar lead, lag, and 


d (such as mechanical or hydraulic networks). It 


Fourth, the designer must be familiar with the statistical methods of 
esign if he is t 


9 cope with the problems associated with realistic signal 
inputs, A tremendous amount of research effort is being expended in 
the direction of improving feedback control systems, particularly those 
systems in which random noise is a primary deterrent to high system 


performance, Problems associated with the control of corrupting signals - 
Which are essentia]: 


met y random in nature are readily handled only with 
Statistical methods, 


Fifth, the designer must, be acquainted with the basic techniques avail- 
able for consider; : 


de baok presenta pt to organize and unify the background 
aba in tl = five fields, Emphasis is on the development of the 
asic theory, although an att is made to illustrate the discussion 
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with examples of practical significance. Unfortunately, however, in a 
book of reasonable length, it is necessary to place most of the enlasis 
on the theory and allow the reader to use examples from his own experi- 
ence as illustrations. 

The bulk of the material in the book has been taught in a two-semester 
graduate servomechanisms course in the Electrical Engineering School at 
Purdue University. This course has followed the introductory course 
which has used as texts sections of Brown and Campbell, “ Principles of 
Servomechanisms," Chestnut and Mayer, “‘Servomechanisms and Regu- 
lating System Design,” and Ahrendt and Taplin, ‘‘ Automatic Feedback 
Control," The author feels that this book, as a text, logically follows 
any of the three mentioned above. In addition, a serious effort has been 
made to present the material in a way which will be of value, not only 
as a textbook, but also as a reference book for industrial engineers. In 
the contacts which the author has had with industrial problems, he has 
been impressed by the growing realization on the part of industrial 
research groups of the necessity for the maximum utilization of avail- 
able design theory. 

In the preparation of the book, an attempt has been made to make as 
many of the chapters as possible self-contained. Chapter 1 serves as an 
introduction and a review of the mathematical background. In teach- 
ing, the author has usually omitted parts of this chapter until the need 
for the material arose later in the course. Chapters 2 and 3 present basic 
theory; in most universities, the material of Chap. 3 is adequately covered 
in a course on network synthesis. Chapters 4, 5, and 6 deseribe the 
important aspects of design in terms of the Laplace transform. Statisti- 
cal design theory is described in Chaps. 7 and 8, with the former chapter 
emphasizing the fundamental concepts and the latter chapter describing 
certain applications of particular interest to the control-systems engineer. 
Chapter 9 presents the basic characteristics of sampled-data feedback 
systems, and the book concludes with the two chapters on the analysis 
of nonlinear feedback systems. 

The author is deeply indebted to a number of individuals who assisted 
in the preparation of the manuscript. In every instance, the author 
received encouragement and complete cooperation from the electrical 
engineering staff at Purdue University. Although it is difficult to name 
all individuals, discussions with Drs. J. R. Burnett and G. R. Cooper 
were particularly helpful. The proofreading was completely the work of 
Mr. T. A. Savo, who also contributed encouragement at every stage of 
the writing and innumerable constructive criticisms for improvement of 
the presentation. The author’s wife typed the complete manuscript and 
assisted extensively with the figures, etc. Indeed, the book is in every 
respect the result of the mutual efforts of the author and his wife. 

Joun G. Truxan 
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CHAPTER 1 


INTRODUCTION 


During the last decade, feedback systems and active networks have 
become increasingly important in a number of branches of engineering 
Simultaneously, there has been increased interest in the dynamic charag 
teristics of systems, in contrast to the earlier interest in statie character- 
istics. Furthermore, emphasis has been turned toward the performance 
of systems excited by aperiodic (or transient) signals and signals which 
can only be described statistically. The combination of these directions 
of interest has led to the development of refined techniques for the analysis 
and synthesis of feedback systems. d 

For example, the dynamic characteristics of feedback systems are of 
very basic importance for the communications, systems, and instrumen- 
tation engineers. The various aspects of the central problem of designing 
systems for specified dynamie performance are most nearly unified in the 
field of automatic control, and it is in this field that the greatest part of 
the research has been done. Only a few years ago, the feedback-control 
engineer was in many ways a parasite, adapting the methods of the 
mechanical engineer, the communication engineer, etc., to his problems 
Today, as a result of the tremendous research effort of the past decade, 
the feedback-control engineer has not only brought the various phases of 
engineering together, but he has assumed at least his share of engineering 
leadership. 

Indeed, in many respects, servomechanisms and automatic control 
systems today comprise one of the glamorous fields of electrical engineer- 
ing. The importance and popularity of this field are in no small measure 
the result of military applications in the development of fire-control 
systems, missile-control systems, etc. But already the many peacetime 
applications of feedback control systems are becoming evident. This 
rapid expansion of feedback-control-system engineering has demon- 
strated the very fundamental importance of the dynamic characteristics 
In the vast majority of servomechanisms, the designer is 
ly in the sinusoidal response of the system, but also in 
the response to typical or test transient signals. 

An aircraft-to-aircraft fire-control system can be used to illustrate the 
importance of the time-domain characterization of a system. The intel- 
ligent design of such a system demands consideration of the actual wave- 
form of the anticipated input signals. A typical target run may last only 
a short length of time, perhaps 10 sec. During this time interval, the 
radar must lock on the target and thereafter follow within a specified 
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accuracy. There are two distinct design problems: the realization of a 
system which locks on within a very few seconds, even if the decision to 
lock on is made when the antenna is a considerable distance from the 
selected target; and the maintenance of suitable tracking accuracy after 
lock-on, with the probable relative maneuverings of the two aireraft 
taken into consideration. If only these factors were involved, the design 
would resolve simply to the realization of system components with a 
response sufficiently fast to meet the specifications. 
plicated, however, by the presence of noise corrupting the signal. In a 
broad sense, design must determine a compromise between speed of 
response and filtering. "The logical selection of this compromise can be 
accomplished only in terms of the transient response of the system to 


typical input signals. Ultimately, if the specifications are sufficiently 
difficult to meet, design must yield a System which separates signals from 
noise, even though both componen 


ts of the input have the same fre- 
quency spectrum. Such a separation might be accomplished by a non- 
linear filter on the basis of the difference in the probability distributions 
of signal and noise. 


Design is com- 


particularly appropriate for an introductory 
n problems involved encompass a number of 
e modern theory of feedback control systems: 
the complete System, including the tracking 
3 » Eyros to introduce corrections for own-ship’s 
motion, etc.), the computer (for determining desired gun elevation and 
ative target motion, the ballistics, and the 

E Servos, indicates the need for a systematic 
In the design of both the individue, 
general network and feedback Gece E e wae 


: ent signals. Evaluati i urac, 
(even in the absence of noise) requi aan Me bling scarey 
the time domain. 


(3) For a complete design, ch: isti i 
and the noise power must be (Hm s ga Vice a 


a mponents, 
(5) Consideration 


effective if System c 
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provides the required correlation between transient and frequency 
responses, but only if the transfer functions are considered as functions of 
s, not if the components are characterized by the gain and phase versus 
frequency. 

(6) The fire-control problem is one in which the ultimate design must 
be for a nonlinear system, particularly if the system performance is 
improved to the point where significant errors are introduced by con- 
sidering the noise characteristics to be constant (when in actuality these 
characteristics change rather markedly with range). Appropriate 
methods for the logical design of nonlinear systems are certainly not 
general at the present time, but, once the properties and limitations of 
the linear system are clearly understood, a variety of special procedures 
for analyzing and (in part) designing nonlinear systems is available. 

Thus, one of the most important changes in communication and con- 
trol engineering during the last decade has been the broadening of 
interest from the frequency characteristics to the performance character- 
isties with the system excited by transient inputs or by actual, typical 
inputs described statistically. Techniques for the design and synthesis 
of networks and feedback systems have been extended to admit control 
over both time-domain and frequency-domain characteristics. The 
increased interest in nonlinear systems has provided further impetus to 
the development of such time-domain characterization. Since super- 
position does not apply in a nonlinear system, it is no longer possible in 
the design to justify the use of frequency characteristics by stating that 
the Fourier integral permits any aperiodic signal to be represented as the 
sum of sine waves, and, accordingly, design cannot be carried through in 
terms of frequency characteristics. 

The necessity for correlation between time-domain and frequency- 
domain characteristics has been met in the design of linear systems by 
exploiting the Laplace transform and the associated complex-function 
theory as a mathematical tool in synthesis. The characterization of a 
linear system by a transfer function depending on the complex frequency 
s permits the designer to consider simultaneously both transient and fre- 
quency characteristics. The elements of Laplace-transform theory and 
theory ave presented in almost all texts on feedback 
control systems. In this introductory chapter, certain aspects of these 
theories are considered in detail, and aspects of particular interest in the 
analysis and synthesis procedures are presented in subsequent chapters. 
To a very large extent, the power of the theory presented throughout this 
book depends on a familiarity with the introductory mathematics of this 


chapter. 


complex-funetion 


+ At the outset, 2 knowledge of the very elementary aspects of Laplace-transform 
theory is assumed. Appropriate discussions are presented in G. S. Brown and D. P. 
Campbell, ‘Principles of Servomechanisms,” Chap. 3, John Wiley & Sons, Inc., 

d J. F. Taplin, “Automatic Feedback Control,” 


New York, 1948; in W. R. Ahrendt ani 
Chap. 2, McGraw-Hill Book Company, Inc., New York, 1951; and in H. Chestnut 
and R. W. Mayer, ‘‘Servomechanisms and Regulating System Design,” Vol. I, Chap. 


4, John Wiley & Sons, Inc., New York, 1951. 
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1.1. Functions of a Complex Variable. If the transfer function of the 


network shown in Fig. 1.1 is written as a function of the complex fre- 
quency s, 


Ehge Je 1 (1.1) 
Ei R--Fl1/Cs RCs+1 


The value of the voltage ratio at any sinusoidal angular frequency w is 
found by replacing s by jw; the gain and phase characteristics are then 


given by the magnitude and angle of x (jw). Since a (s) is also the 
1 1 
ratio of the Laplace transforms of the output and input voltages, Eq. (1.1) 
contains not only the gain and phase characteristics, but also the tran- 
sient response of the network. 
M The analysis of more complicated net- 
| | works follows the same pattern: by means 
E c E2 of conventional techniques (loop equa- 


tions, node equations, etc.), the transfer 


Fre. 1.1. Simple transfer net- function is determined in terms of the 
work, 


, an impedance 


sequent chapters, t 
Definition. y The functi 


iable z is defined by the equation 
: e cH Apaia ba 


T Fortunately, a wi 
with more rigor and i 


Chap. 6, John 
d Tathematies in 
ompany, Inc., New York 
ts on complex-function theory are nu : i 
: : m ‘ 

the author has particularly liked are K. Knopp, “Theory of Functions CU hen 
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If this definition is extended to functions of the complex variable s 
, 


G'(s) = lim [eteco] 
4:0 As 


If the G(s) is an arbitrary function of s, it is clear that the value of G'(s) 
at any point sı may depend on the As used: for example, on the angle of 
As (i.e., the direction from s; along which the increment is considered) 
If such a nonuniqueness exists, G(s) is not ordinarily of interest. f 

A simple example illustrates the difficulty here. The G(s) considered is 


Glo) = | (1.4) 
G(s) = Ve tat (1.5) 


If an attempt is made to evaluate the derivative G'(s) by considering the 
change in the function as s changes by a real increment Ac, 


(1.3) 


or 


Ac)? = gi 2 
GG) = lim [vere eet = vere (1.6) 


The numerator can be rewritten to give 


i+ Ge X | (1.7) 


Ac 


G'(s) = dm. p ne 


As Ac tends to zero, Eq. (1.7) becomes 


"E uu sbelirt du) 
G'(s) = iim [ve fw AZ | (1.8) 
7 c moe 
dal. hà 
If a As of jAw is used instead of Ac, Eq. (1.3) gives the relation 
G'(s) = DE A 
(s) ME at (1.10) 


In general, Eqs. (1.9) and (1.10) indicate two entirely different values of 
G'(s) This difficulty in defining a derivative limits severely the permis- 
nipulations on G(s). Consequently, in order that 


sible mathematical ma 
a unified theory may be constructed, such G(s) functions are not con- 


sidered. ` 
The usual functions encountered in network theory and control-system 


analysis possess & unique derivative at almost all points in the s plane. 
Tf G(s) is a rational algebraic function, the derivative exists in the entire s 
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plane except at the isolated points representing the zeros of the denomi- 
nator, where G(s) and all derivatives become infinite. "— 

Analyticity. G(s) is analytic in a region if the function and "e x um 
atives exist in the region. For example, the function G(s) = id : ue 
analytic in any region of the s plane not including the point * Lis 
function V's is analytic in any region not including the origin, since a 
8 = 0 the first and all higher derivatives do not exist. — 

In exceptional cases in which doubt exists as to whether a given sad 
is an analytic function of a complex variable, the a 
equations provide a useful test, G(s) is an analytie function oí 
complex variable s if 


a(ReG) _ a(Im G) 


óc ow (1.11) 
$ümG) ^ a(ReG) 
PANE ae 
and all four partial derivatives are continuous functions of s. Through- 
out the remainder of this sec 


tion, all functions considered satisfy these 
Points in the s plane, 


The points at which a function (or its derivatives) does 


f the function. In this section, the 

ly isolated singularities in the finite 
part of the plane: on there are only a finite number of 
singularities, or, € singularities do not possess a limit 
point in the finite part of the s plane 


i ance in characterizing the 
function of a complex variab] 2 ion and nature of the singular- 


nd e iunetion throughout the entire plane. 
Because of this Importance, the singularities are the basis for the classi- 
fication of functions, 


; t For example, a function with no singularities in the 
8 plane (including the point at infinity) must be a constant. A function 
with no finite singularities, but possibly with a singularity at infinity, 18 
termed an entire function, finite singularities are divided 
according to the natu gularities, 

here are three types of si i rtane 


: Singularities of j in t lysis and 
design of fee dback i gu S o! Importance in the ana. y 


(1) Poles 
(2) Essential singularities 
(3) Branch points 


arit; ;& le. ; TIT 
can be found oeil that 7$, 18 defined as follows 


im [s — $1)"G(s)] 
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has a nonzero, finite value, s; is a pole of G(s), and the pole is of order n. 
In other words, the denominator of G(s) must include, at least implicitly, 
the multiplicative factor (s — s:)".~ Since any rational algebraic function 
can be written as the ratio of factored polynomials, 


(s — a)(s — | ASN © Moe m) 
(s —a)(s — B) =t S (s — v) 


all singularities of rational algebraie funetions are poles. In the form 


above, the poles are ata, B, . . . , v. If j of the denominator factors are 
identical, one of the poles is of order TA 
$. 


An essential singularity can be 
viewed as a pole of infinite order. 
Rigorously, an essential singularity 
should be defined in terms of the 
Laurentexpansion.f For the appli- 
cations here, however, the rigorous 
definition is not especially impor- 
tant, since most essential singulari- 
ties encountered in network theory 


are associated with exponential func- ms rama 
tions. The function e™, for exam- 
ple, possesses an essential singularity 
at infinity, while e7'* has an essen- t 


Fia. 1.2. Closed path around a branch 


tial singularity at the origin. point. G(s) = V/s. 


Branch points are singularities characterized by the phenomenon that 
complete traversal of a path enclosing a branch point does not result in a 
return to the original value of the function. vs is the simplest function 
with a branch point, in this case at the origin. If the path shown in 
Fig. 1.2 is followed, the value of a/s starts as Ve = e, or +1; when 
point b is reached, the value is Ve, or +j; as point c is approached, the 
value tends to V e°", or —1, and the multivalued character of the func- 
tion is apparent. A single encirclement of the branch point at the origin 
results in a change in the value of G(s). In this case, a second encircle- 
ment would result in the original value of the function; consequently, the 
branch point is of order two. The logarithmic function In s is an example 
of a function with a branch point of infinite order, since every positive 
encirclement of the origin increases the imaginary part of In s by 2r. 
Branch points also may be characterized by the behavior of G(s) as s 
approaches the singularity. Thus, M/s has a zero-type branch point at 


ed singularity. In other words, if the pole is at sı, it is always 


+ A pole is an isolati 2 
ll circular region around s; such that no other singularities lie 


possible to find a sma 
within this region. 

ł The Laurent expansion ab 
of terms. As ordinarily defined, 
singularity but may, for example, 


out an essential singularity contains an infinite number 
an essential singularity need not be an isolated 
be the limit point of a sequence of poles. ~ 
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the origin since V's tends to Zero as $ approaches zero; on the other hand, 
the origin is a pole-type branch point for the function 1/ Vs. u 

Behavior of a Function in the Vicinity of a Pole. Since the singularities 
characterize the function, the analysis and synthesis procedures empha- 
size the singularities, and the behavior of the function in the vicinity of a 
singularity is of fundamental importance. The majority of functions to 
be considered throughout the succeeding chapters are transfer functions 
of linear, lumped-constant systems and, hence, are rational algebraic 
functions with poles as the only singularities, Accordingly, the behavior 
of a function in the Vicinity of a pole is of considerable interest, 

If G(s) has a pole of order n at s = $1, the singularity is isolated, and, as 
a result, it is possible to draw a small circle centered at s, such that the 
pole is the only Singularity within the circular region. The function 


(s — 51)"G(s) must be analytic, within this circle and can be expanded in a 
Taylor series about 81: 


(s — s)"G(s) = A_, + A-n — 1) oe g A_a(s — sı)" 


Ekale — n) + Bole — e) 4. Bí(s—s) 4 -.- (112) 
At any point (except s:) within the region, G(s) is given by division of 
both sides above by (s — sj)»: 
Axa A s A k, 
G(s) = ——— , Aan | ee =e "EI 
(s) (s — sı)" x (5 — sy + + (s — s)? s S— 8 


+ Bo+ Bys — B) e 48) 


Laurent series for G(s), a series which is 


singularity [ie., except for s, the Series has the Same region of validity as 
the Taylor series of Eq. (1.12)]. 


The sertes consists of two quite distinct parts: the first, termed the 
principal part, includes all t i 
the second part, including 
nents, is analytic in the vi 
The letter A is used for th, 


of the coefficient 4A. has led to a Special 
function in the pole at $1. Through- 
: is used to denote this residue. + 


Laur I if a region sufficiently near the 
singularity is considered, the behavior of the function is given by the 


As, 
G(s) ma ae (1.14) 


ing the Pole resultg j 
integral is independent of the other coefficients in the Laur 
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All other terms in the Laurent series become small compared to this term 
if |s —s,| is taken sufficiently small. : 

'Thus, the behavior of a function in the 
vicinity of an nth-order pole can be de- 
scribed by a single term. In circuit 
applications, this single term is ordinarily 
divided into two components: the magni- 
tude and phase of G(s), or the real and 
imaginary parts. 

The magnitude and phase are con- 
veniently investigated by introduction of 
the substitution 

s= sı + re” (1.15) 
As indicated in Fig. 1.3, the value of s of 
interest is specified by r, the radial dis- 
tance from the pole, and 9, the angle of the 
vector from the pole to s. Substitution of Eq. (1.15) in (1.14) gives 


s-plane 


Fig. 1.3. Definition of r and 6 
coordinates. 


Al, a 
G(s) = 7 ei"? (1.16) 
Thus, 
|A_.| 
|G(s)| ae (1.17) 
/G(s) — /A_n — n8 


As s approaches s; along any radial line emanating from s;, r decreases 
monotonically, and the magnitude of G(s) increases monotonically and 


IG) [G(s) 


0 
Magnitude Variation 


Phase Variation 
(a) (5) 


Fic. 1.4. Magnitude and phase near & pole of order n. 


independently of the angle 0. The variation in magnitude of G(s) is 
shown in Fig. 1.4(a). Correspondingly, as 6, the angle of s — si, increases 
from 0 to 2m, the angle of G(s) decreases monotonically from /A_,, to 
/ A-n — 2n, as indicated in Fig. 1.4(b). E 
Thus, in the vicinity of sı the magnitude of G(s) behaves in a precisely 
defined way. The monotonic increase of |G(s)| with decreasing r is an 
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important characteristic of the pole type of singularity. If s; is an essen- 
tial singularity, in contrast, the value of |G(s)| varies wildly as s tends to 
31. Indeed, the Casorati-Weierstrasse theorem of complex-function 


theory states that within any small 


N je circle around an essential singu- 
d heat larity, the function must assume at 
[Ee on Se pn least once every value except pos- 


sibly one (for example, e'* takes on 
every value except zero inside any 
small circle around the origin). 

The behavior of the real and im- 
aginary parts of G(s) in the vicinity 
of the nth-order pole at s; is clear 
if Eq. (1.16) is used to write G(s) 
in rectangular form: 


Negative Imag Positive Imag. 
Part Part 


G(s) = al cos [/A_, — n6] 
=j lá- sin [/A_, — n6] (1.18) 


r^ 


Equation (1.18) states that for an 
nth-order pole the real part of G(s) 
is positive in n sectors around the 
pole, negative in the other n sectors. 
Figure 1.5, showing the regions of 
positive and negative real parts for 
poles of order one, two, and three, 
clarifiesthisinterpretation. Figure 
1.5(a), drawn for a simple pole, 
illustrates the most important of 
the three cases. If /A_, (in this 
case, ka) is zero (k,, real and posi- 
tive), the real part is positive every- 


where to the right of the pole, nega- 
tive to the left. 


(c) Triple Pole 


Fia. 1.5. Regions of posit; F shown in Fi i E. 
real and imaginar, positive and negative Fig. 1.5. The lines rep 


BÍ & pol Parts in the vicinity eSenting the zero imaginary part 


vicinity of the pole. d 
are significant, the loci ane ter terma of 
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are the lines of steepest ascent: the lines along which the real part increases 
most rapidly toward infinity as s tends to sı. These lines are evidently 


given by the expression 
9 aRe G()] | 
98 or zi (1.19) 


The differentiation yields the result that the lines of steepest ascent are 
the loci of the zero imaginary part, a result which might be expected 
since these loci are angularly midway between the lines of the zero real 
part. 

Derivation of the Laurent Series. The Laurent series, shown in Eq. 
(1.13), describes the function at all points (except the pole) inside a circle 
centered at the pole and passing through the nearest singularity. Thus 
the Laurent series is similar to a Taylor series, but is an expansion about A 
pole-type singularity. The most direct method for calculating the 
coefficients of the Laurent series is based on 
Eqs. (1.12) and (1.13). The coefficients of 


the Laurent series for G(s) are identical with 
those of the Taylor series for (s — s)"G(s). 
The basic procedure is illustrated by con- 
sideration of the function 
De T. 


69 = Ge +4) 
G(s) possesses two poles: a double pole 
at +1 and a simple pole at —1. The Er edis Asan Gf ee 
Laurent series about the pole at +1 iscon- Laurent. gion of validity for 
sidered first. ‘The expansion is a valid de- rent expansionahouy T2, 
scription of G(s) inside a circle of radius 2 about +1, as shown in Fig. 1.6. 
The series is developed in the following steps: 


(1.20) 


0) @- 1):G(s) is determined: 


(s — 1:00) = 552 


$41 (1.21) 


(2) The Taylor series for (s + 2)/(s + 1) about the point +1 is determined from 
the formula for the coefficients. 


$2. 4d kaG — D- Bole — D! Bie — D*-b +++ 0.22 


ipa (+2) 
Hag EE E T dd 


etc. (1.23) 
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Thus, 
i (s— D'G) -$—i6 —1.-$6 — 1)? — dg — 1p +--+ (1.24) 


(3) Division by (s — 1)? yields the desired Laurent series 


3 1 
COE. MEC E T. TOR Ley TE 1.25) 
G(s) t-i qom +3 —re(s-—1) + ( 


In an exactly similar procedure, the expansion about the simple pole at 
—1 can be evaluated, with the result 
i 
G(s) — Gan tit wet) +6414 Ho + 1) + e. 
' — (1.6) 


Equations (1.25) and (1.26) are two representations of G(s), valid 
within the appropriate circles of convergence except at the poles. The 


8-plane 


Fro. 1.7. Regions of validity for two Laurent expansions. 


two regions of convergence are shown in Fig. 1.7, which indicates that in 
the vicinity of the origin either expansion is valid. Ats = 0, for example, 
Eq. (1.25) gives 


90) = F348 a. (1.27) 
The series on the right is sim 


with a sum equal to 2, the y 
Equation (1.26) also gives t 


ply a geometric series (after the first term), 
alue of G(0) as determined from Eq. (1.20) 
he zero-frequency value of 2 from the seri 


es 
G0-itirfií-h -ür... 

Evaluation of the Laurent series by differentiation is a tedious process 
which can be avoided in most cases of engineering interest, Any series of 
the proper form—i.e., the form shown in Eq. (1.13)—must be the Laurent 
series. If G(s) is à rational algebraic function and the expansion about 
the pole at sı is desired, the function (s — $)"G(s) is formed. Substitu- 
tion of u for s — s, (replacing s by- u + sı) r 


esults in a rational function 
which is to be expanded about the origin. Simple division of the denom- 


(1.28) 
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inator into the numerator can be used to determine the coefficients in this 
expansion. 


Derivation of Eq. (1.25), the expansion of SD about the 
pole at +1, illustrates the procedure: 
Q) (s — 1)?G(s) is formed, 
(s — 1G) = § i (1.29) 
(2) sis replaced by u + 1, to give the fraction 
(s — DEO = ES (1.80) 


(3) The denominator is divided into the numerator, with both polynomials written 


in ascending powers of u: 


$ —4u + but — youl + ++ 


2+up3+ u 
343 
—ġu 
—-iu- ju 
ly? 
re taw 
—$4u! 
—lu — pout 
rout 
Spt e eae | 1 1 
via P cC ek (1.31) 


(4) wis now replaced by s — 1 and the series divided by (s — 1)? to give 


3 1 
T 


EN 
(s-1)? (s- 1) 


Gs) = t$-iss-D-cee (1.32) 


Since the form is appropriate, the expansion must be the Laurent series 
for G(s) about the pole at +1. 

A variety of other procedures can be used in special cases to obtain the 
coefficients in the Laurent series. If G(s) is not rational algebraic, it is 


often possible to replace transcendental terms (such as e-*) by series valid 

in the vicinity of the pole in question. As an example, the function con- 

sidered is 

l-e 
s 


ae) = (1.33) 
sion is desired about the pole at the origin. Since 
denominator go to zero as s tends to zero, the pole is 
not of order four [that is, s*G(s) does not have a nonzero, finite value at 
s = 0]. The order of the pole can be determined by differentiation of 
the numerator, but it is simpler to investigate at once the behavior of 


G(s) in the vicinity of the origin. Near s = 0 the exponential term can 


The Laurent expan: 
both numerator and 
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be replaced by the appropriate Maclaurin series, 
si 


s? : 
p eb I 


pee (1.34) 
Substitution of Eq. (1.34) in (1.33) gives 


e uA a 1 , 

(Dua tá Hata att (1.35) 
Equation (1.35) is then the desired 
tion of G(s) within any circle of finite radius. 


order three [since s*G(s) approaches unity as s — 0]. 
Other Properties. 


plex variable are of importane 


Many problems requiring an inverse 

the synthesis of à network from a 
st readily solved if the function is 
on expansion. The partial-fraction 
on two properties considered in the 
last section: 


(1) A function of a complex variable which has no singularities in the entire 
s plane (including infinity) must be a constant. 


(2) In the vicinity of a pole, a function of a complex variable can be represented 
by a Laurent series, containing two parts: the Principal part, which includes all terms 


involving s — s; raised to negative powers, and a part which is analytic in the vicinity 
of sı. 


The partial-fraction expansion of a rational al 
sists of the sum of all principal parts of the 
about the various poles plus a polynomial des 
as s tends to infinity. 


In this section, primary interest is focused on the partial- 
expansions of rational algebraic functions. 
the partial-fraction expansion can be clarified in terms of a general 
rational function, G(s), which has finite poles at sı, 82, . . . , Sm of order 


Ni, Na, . » . , Nm, respectively. The Laurent expansion about the first 
pole (s:) takes the form 


gebraic function, G(s), con- 
Laurent expansions of G(s) 
cribing the behavior of G(s) 


fraction 
The nature and derivation of 


G(s) = His) + Fi(s) (1.36) 
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H,(s) is the principal part, containing n; terms: 


Ags Ate aay k. 
H = ——— ER oc & ele ay 
1(8) (s = s)" | (s — 8)" F Pg (1.37) 


F,(s) is the remainder of the series and is analytic within at least a small 
region around and including si: 


F(s) = Bo + Bi(s — 8) + Bs 8)! + cc (1.38) 


In the derivation of the partial-fraction expansion, the principal part, 
H,(s), is subtracted from G(s), leaving the function G(s), where 


Gi(s) = G(s) — Hi(s) (1.39) 


The properties of G(s) are of interest. Since Hi(s) is analytic at ss, 
83, «oso, Sm, Gi(s) has all the poles present in G(s) except the pole at sı. 
Furthermore, in the immediate vicinity of these poles at S2, $3, . . . , Sm, 
G,(s) and G(s) behave in exactly the same way: if, for example, both G(s) 
and G(s) were expanded in Laurent series about sz, the principal parts of 
the two series would be identical. 

The reduction of G(s) by subtraction of a principal part is performed m 
times, corresponding to each of the m poles of G(s), with the result 


G(s) = G(s) — (Hi(s) + His) + ++ + H,,(s)] (1.40) 
The properties of G,,(s) are now considered. G,,(s) is a function with no 
poles in the finite part of the s plane. G,(s) is an entire function, with the 


only possible singularity at infinity. Accordingly, G,(s) can be repre- 
sented within any circle of finite radius by the Maclaurin series 


G(s) = ao + ais + as? + ++ (1.41) 


Substitution of Eq. (1.41) in (1.40) gives 

G(s) = Hi(s) + H2(s) + °° * + Hm(s) + ae + ays + as? + ++ + 
1.42 

But if G(s) is the ratio of two polynomials in s, pen 


G(s) d Ks? (1.43) 


Here p, the difference between the degrees of the numerator and denomi- 
nator polynomials of G(s), must be finite. Consideration of Eq. (1.42) in 
view of (1.43) indicates that, since each H;(s) tends to zero as s — ©, all 
ajs after a, must also be zero. In other words, G(s) can be written as the 
sum of the m principal parts and a polynomial of degree p. 
G(s) = Hi(s) + Hols) - 7^ + Hals) + ao + as + * c + aps? 
(1.44) 
+ Gi (s) is not synonymous with F;(s), although both functions have the same Taylor 
expansion about s. F(s) is an entire function (having a singularity at infinity only), 
while G;(s) has all the singularities of G(s) except the pole at sı. 
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Equation (1.44) represents the partial-fraction expansion of G(s). This 
representation places in evidence the contribution of each pole, including 
the pole of order p at infinity. 

Derivation of the partial-fraction expansion involves determination of 
the principal parts of the various Laurent expansions and the polynomial 
describing the behavior at large values of s. Details of the methods for 
writing the expansion are described in terms of two examples. 

Example 1. The partial-fraction expansion is desired for 


= s+2 
09 = GHD > 


The form of the partial-fraction expansion can be written at once: 


A: k k. 
G(s) = - = 1.46 
Qu- si rT (1:46) 
Principal part Principal Behavior 
for pole at +1 part for at infinity 
pole at 


Evaluation of the coefficien 


l [ ts is performed by equating G(s) and the 
partial-fraction expansion: 


84-2 A 


ts ae 
e- e+) ^ 6-D*'5-1*541^?9 (040 


Multiplication of both sides by (s — 1)? leaves 


8t2-* k_i(s — 1)? 
epi Ath 04 E D s gag (1.48) 


If s is now made equal to +1, A_2 is determined, 


A_.=4 (1.49) 
Differentiation of Eq. (1.48) with respect to s yields 
1 st2 — ha 2k_i(s — 1) .oka(s — 1)? 
s+1 (s+1P s+1 (s + 1)? 


+ 2(s — 1)p(s) + (s — 1)?p'(s) (1.50) 
Substitution of s = +1 in Eq. (1.50) yields the value of ky: 


1 
kı = -¢ (1.51) 
The operation described above is simply the evaluation of the coefficients 
in the principal part of the Laurent series about the pole at +1. The 
evaluation is effected by forming the function (s — 1)'G(s) analytic in 
the neighborhood of +1, and determining the first two terms in the cor- 
responding Taylor series. 


The residue &. , is found in the same manner. In this case, the pole at 
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—1 is simple, and no differentiation is required; k_, is the value of 
(s + 1)G(s) for s = —1, or 
s+2 


kı = 
lo - i]. mee 
ka-t (1.53) 


All principal parts corresponding to finite poles have now been deter- 
mined, and the given G(s) can be written 


3 1 1 


ee ge ee 
teper Gel aot ari 99 0 


p(s) is evaluated from the behavior of G(s) as s tends to infinity, but, for 
8— œ, (s + 2)/[(s — 1)*(s + 1)] tends to zero. Hence, 

p(s) = 0 (1.55) 
The complete partial-fraction expansion for G(s) is 


3 1 1 


s+2 A a SUNDPME 
(s — 1)*(s + 1) (s—1)? s—1 s+1 


A rapid, partial check on the expansion is available here by considering 
Eq. (1.56) as s tends to zero: 


(1.56) 


2 ee 
wma ~ittté (1.57) 


The expansion is correct at zero frequency. 
Example 2. The second example involves the function 
st + 4s? + 6s? + 4s + 1 
s?+2s+2 


The only finite poles are at —1 + jl. Since both poles are simple, the 
partial-fraction expansion takes the form 


G(s) = (1.58) 


st + 4s? + 6s? + 4s +1 - kan Eae 
+ 2s 2 Pied pena © MO) 09 


The residue k_14;1 is evaluated in the usual way: 


„n st + 4s? + 6s? ++ 4s +1 
kaya = [e +1-)) Le ài (1.60) 
mE ty) 
kaya = |; T1414) ` (1.61) 
;4 
kay = " (1.62) 
kaa = E (1.63) 
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Since all coefficients are real in the numerator and denominator poly- 
nomials of G(s), the residue k_;_;; is the conjugate of k 1,5, or 


kia = cj (1.64) 
Equation (1.59) can now be written 


at + 4sh+6e%+4e+1 -ji js (1.65) 
a+ 2s 2 rem erin A 


In this example, p(s) is certainly not zero, since G(s) approaches s* as 


8— œ. p(s) is a polynomial of the form as + ais + 8*, and Eq. (1.65) 
becomes 


8* + 48? + 6s? + 4s 4+ 1 EE " ji 
8* -- 2s 4-2 8tl1—-j 8a+1+j 


+ ao + as + 8? (1.66) 


Evaluation of a; is most readily effected if s? is subtracted from both sides 
of Eq. (1.66), in order that aıs may describe the infinite-frequency 


behavior of the right side 
at + 4s? + 65? + 45 4-1 -jt js 
a Oe d LA 0 JY 0 
8! -- 28 4- 2 8tl—-j s+14+j 
+ ao + ais (1.67) 
Collection of terms on the left side over a common denominator gives 


2s! + 45? + 4s +1 —jt jt i 
———a————— a oJ y 
#+2+2 Cyi-jtaxig; tetas (1.68) 
If s tends to infinity, the left side approaches 2s*/s? or 2s, the right side 
438; hence, 
a=2 (1.69) 
The procedure is repeated with 2s subtracted from both sides of Eq. 
(1.68): 
2e +4 Asl 2, R ja 


8' +28 +2 +a (1.70) 


Equation (1.70) can be written 


(8$41-j sqT1-cj 


1 NE iz 
Fe stij :4314;7*^ (1.71) 
The high-frequency behavior of Eq. (1.71) indicates that Qo is zero. 
Accordingly, 


the complete partial fraction expansion of G(s) is: 
G+) /—— -# jt 
++ Fi i apip ete (172) 
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The determination of p(s) can be performed in a single step if p(s) is 
recognized as a polynomial representing the behavior of G(s) at high fre- 
quencies. If the denominator is divided into the numerator of G(s), with 
both polynomials arranged in descending powers of s, an expansion for 
G(s) results in the form 

[. 281 a: 


G(s) = as? + asas! + °° tas bat ++ ERS 
eea 
p) ZH; 


(1.73) 


The integer p is the difference between the degree of the numerator and 
the denominator. In this expansion, the terms with s raised to a non- 
negative power constitute the p(s) of the partial-fraction expansion; all 
other terms, tending to zero as s approaches infinity, represent theexpan- 
sion of the sum of the various principal parts of the Laurent series. 
Thus, in the example considered above, with G(s) given as 


st + 4s? + 65? + 4s + 1 
s* ++ 28 +2 
p(s) can be found directly: 


s1 + 2s + 2[s* + 4s? + 6s? + 48 +1 


at + 2s? + 2s? 


283 + 48? + 4s +1 
2s* + 4s? + 4s 
: 2 
2 
icu 
22.2 
s si 
m4 WA 
ete d 
3 ——4 (1.74) 
sta 


GG) =t- 


(The division need be carried out only until a term with a negative 
exponent is obtained.) Equation (1.74) indicates at once that p(s) is 
simply s? + 2s. 

Differentiation of the Denominator. The evaluation of the coefficients 
in the partial-fraction expansion can frequently be simplified, particularly 
if the pole is simple, as assumed throughout this paragraph. The func- 
tion G(s) is written as p(s)/q(s), the ratio of two polynomials. It can 
then be shown that the residue of G(s) in a simple pole at 8; is 


= Phs) 
~ q'(s) aam 


Here g'(s; denotes the derivative of q(s) evaluated at sı. 
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irectly if g(s) is written in terms of 
The proof of Eq. (1.75) follows direct ( 
another polynomial, ¢:(s), defined by the equation 


a(s) = (s — sı)gı(8) (1.76) 
kı, the residue of G(s) in the pole at 51, is then 


i, = P) (1.72) 
' gls) 
Differentiation of Eq. (1.76) yields 
qd'(5) = ails) + (s — as)ai(s) (1.78) 
If s is replaced by s, in Eq. (1.78), 
q'(5)) = qi(si) (1.79) 


Substitution of Eq. (1.79) in (1.77) gives the desired relation, (1.75). 


If G(s) is a rational algebraic function, the above method for caleulating 


residues is in most cases no easier to apply than the basic techniques 
described previously. Application of 


Eq. (1.75) is illustrated by the 
function i 
E 8*--2s8 4-8 1.80) 
S = 3 ee IG IE ( 
G(s) possesses a simple pole at —1 ; the corresponding residue is 
sí. 84-28-4-8 181 
d Ge + s AN (181) 
ky =F 


(1.82) 
Although the relation (1.75) is derived above on the basis of a rational 
algebraic function for G(s), the equation is also valid if G(s) is expressed as 
the ratio of two entire functions (i.e., two functions with no singularities 
in the finite part of the s plane). G(s) need not have only a finite number 
of poles, but may be a general meromorphic function—i.e., a function 
with an infinite number of poles, but only a finite number within any 
finite region in the s plane.t 


For example, the relation can be used to evaluate the residues of the 
function 


"s (1.83) 


The function has simple poles at the zeros of 1 + €, or at 


(1.84) 


poles as the only types of singularities at 
; no essential singularities are admitted except at infinity. In other 
words, the poles cannot have a limit point for finite s. The function 1/sin s is mero- 
morphic, with simple poles at 0, +z, t2x, t3m, The Mittag-Lefller theorem 
establishes that 1/sin s can be expanded in partial fractions, 
of Functions,” Part II 


Cf. K. Knopp, “Theory 
» PP. 34-57, Dover Publications, 


New York, 1945. 
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[The fact that G(s) does not have a pole at the origin is clear if the expo- 
nential functions are replaced by the first few terms of the Maclaurin 
series.] The residue of G(s) in the pole at 4-jnx is given by Eq. (1.75): 


T ( 1 — e~ 
jnr eara) On (1.85) 
Substitution of jnr for s, with n odd, yields 
2 
Kine = — 
j ins (1.86) 


As described in Sec. 1.5, the G(s) in this example represents the Laplace 
| transform of the square wave shown in Fig. 1.8, and the residue of Eq. 
| (1.86) is proportional to the amplitude of 
the nth harmonic in the. corresponding 
Fourier series. 

The Remainder Theorem. Even if ra- 
tional algebraic functions only are con- 
sidered, residue calculations with the for- 
mulas described above frequently present 
computational difficulties, particularly if the 
numerator and denominator polynomials of — pa 1.8. Time function with the 
G(s) are of high degree, if a large number 11 — e~ 
of significant figures is required, or if com- transform G(s) = pipe 
| plex poles are involved. Calculation of 
residues involves evaluation of a polynomial or the derivative of a 
polynomial at a specified point in the s plane. Thus, if m(s) is a general 
polynomial, methods are needed for the determination of m(s;) and 
m'(s)). In both cases, the remainder theorem provides a significant 
simplification in comparison with the conventional method of substituting 


828. 
If sı is real, the remainder theorem states that m(si) is the value of the 


remainder if m(s) is divided by s — sı. The relation is established by 
considering the equation for the division 
m(s R 
m. n(s) + 


s— sı S cc l 


(1.87) 


n(s) is the quotient, and R the remainder. Multiplication by s — sı in 
Eq. (1.87) yields 


m(s) = (s — s)n(s) + R (1.88) 
If s is set equal to sı, the theorem is established: 
m(s) = R (1.89) 


If sı is complex, m(si) can be determined in the same way, but division 
by s — s, necessitates an undesirable manipulation of complex number: 
If m(s) is divided by the quadratic (s — s:)(s — 81), where 8; is the coi" 


eT NOU aT 


Oty _ 
128 
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jugate of sı, the remainder is a linear function of the form Res + Rs, and 

the division and subsequent multiplication can be described by the 
uation 

a m(s) = (s — ai) (s — 3)n(s) + Ros + Rp (1.90) 


The remainder theorem states that the value of m(s:) is simply Ras; + Rs. 
Thus, the evaluation of a polynomial of any degree at a complex value of 
frequency s; can be effected by simple division followed by substitution of 
sı in a linear polynomial. This method avoids completely the usual, 
tedious procedure of writing s; in polar form, raising s; to a high power, 


then converting back to rectangular form, and finally adding a number of 
complex quantities. 


If s, is real and the value desired ig m’ (sı), the appropriate relation can 
be derived by differentiating Eq. (1.88): 


m'(s) = n(s) + (s — a)n’ (8) (1.91) 
Substitution of s, for s gives 
m'(8)) = n(s;) (1.92) 
Hence, m'(s;) is the remainder after the second division bys— s. 
_ When s; is complex and m'(s;) is desired, Eq. (1.90) is differentiated to 
give 
m'(8) = (s — 81)n(s) + (s — 81)n(8) + (8 — a3)(s — 8))n'(s) + Ra (1.93) 
Substitution of s = 8 yields 


m'(aj) = (a, — 51)n(s1) + Ra (1.94) 


Evaluation of m'(s,) requires not only two divisions, but also the intro- 
duction of the factors 8: — 8: and Ra. [If s; is a zero of m(s), Ra is zero, 


pad pee is (3, — 81)n(8), where s, — 8, is just twice the imaginary part 
of 8. 


The use of the remainder theorem can be illustrated by calculation of 
all the coefficients in the partial-fraction expansion of the function 
8* + 4s? ++ 2848 
90 = iG E29 s 3G T8) (1:95) 
Tf the denominator is expanded, G(s) can be written as 


8? + 4s? + 2848 
90 = SE Wee Bast + eT +128; — (190) 


The residues are desired in the poles at 0, —2, —0.5 + 41.9365, and —8; 
in addition, the coefficient, of 1/(8 + 2)? is re 


illustrative purposes the remainder theorem i 


ko = [sG (8)].—o (1.97) 
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Inspection of Eq. (1.96) indicates that 
ko = ras = 0.0625 (1.98) 


(2) If the numerator and denominator polynomials of G(s) are 
denoted p(s) and q(s), respectively, the residue in the pole at —8 is 


_ p(—8) 
k-s = F8) (1.99) 


p(—8) can be found from the remainder theorem if p(s) is divided by 
& +8: 


s! — 4s + 34 
s -8|? 44s! -F 28+ 8 
8? + 8s? 
—43?+ 2+ 8 
— 4s? — 328 
348+ 8 
34s + 272 
— 264 
Hence 
i p(—8) = —264 (1.100) 


Determination of g'(—8) requires two divisions of g(s) by s + 8:f 
i gi 13 52 116 176 128 0 


8 40 96 160 128 0 
1 5 12 20 16 0 0 — Remainder after 
8 —24 288 —2144 17,280 first division 


1 -3 36 —268 2160 —17,280 ~—— Remainder after 
second division 


The remainder after the first division is zero (since s + 8 is a factor of q), 
and the first quotient is 
s5 + 5s* + 12s + 20s* + 16s 


A second division results in a remainder of —17,280; hence, 


q'(-8) = —17,280 (1.101) 
On the basis of Eqs. (1.100) and (1.101), (1.99) gives 
—264 
= = 0.015278 i 
= ETR (1102) 


(8) A- the coefficient of 1/(s + 2)? in the partial-fraction expan- 
sion, is the value of [(s + 2)G(s].--» The simplest method for evalu- 


ating A. ; involves writing G(s) in the form 


x 1.103 

GG = T+ 27h) $100 

f In the division of g(s) by s + 8, 88 shown here, the powers of s are not written 
Since they convey no useful information. 
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With this definition of the polynomial h(s), 


- P(—2) 


T (1.104) 
t5 A(-23) 
h(s) ean be found by dividing q(s) twice by s + 2: 
1 2[ 13 52 116 176 128 0 
2 22 60 112 128 0 
111 30 56 64 0 0 
2 18 24 64 o0 
1 9 12 32 0 0 
h(s) = st + 9s? + 128? + 325 (1.105) 


One more division yields a remainder equal to h(—2): 


1 211 9 12 32 0 


À(—2) = —72 (1.106) 


2: a | 
12 -2 12 
p(—2) = 12 (1.107) 
4.4 is given by Eq. (1.104): 
12 
A —À T72 m —0.16667 (1.108) 
(4) The residue in the pole at —2 is found from the relation 
= [2 |2) 
nam l2 Fal. SMS 
Differentiation yields 
"(= 2)h(—2) — p(—2)&(—2) 
Ü ones ZODA) — p(—2)h'(—2) 
2 1-2) (1.110) 


À(—2) and p(—2) are already known. 


í p'(—2) and À'(—2) can be 
evaluated by additional divisions by s + 2, 


with the result; 
p'(—2) = —2  W(—2) = 60 


(1.111) 
Substitution of Kgs. (1.106), (1.107), 


and (1.111) in (1.110) yields 
ka = —0.11111 (1.112) 
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. (5) The residué in the pole at —0.5 + 71.9365 is determined by divid- 
ing s$? + s + 4 into p(s) once and into g(s) twice: 


Division into p(s): 


1 3 
11 4l 4 2 8 
i i 4 
3 -2 8 
3.3 BR 
—b —4 — Remainder 


1 12 36 32 O 
1 1 4{1 13 52 116 176 128 0 


L 1 4 
12 48 116 
12 12 48 
36 68 176 
36 36 14 
32 32 128 
32 32 128 
0 0 0 
0 0 0 


0 0 — Remainder is zero 
since s? + s + 4 is factor 


of q(s). 
Second division into q(s): 
1 11 21 
1 1 4| 12 36 32 0 
I 1l 4 
11 32 32 
11 11 44 
m ia) 0 
21 21 84 
—S3 -—84 — Remainder after second 
division 


Hence, from Eq. (1.94) and the discussion associated with Eq. (1.90), 


—5s — 4 


, ale E EM 113) 
k—o.s+j1.9365 Perce: = ohne (1.113) 


Substitution of the value of the pole gives a residue of 0.027217 / —52.24°. 
(6) The residue in the pole at —0.5 — 71.9365 is the conjugate of the 


above value, or 
k—o.s—j1.9388 = 0.027217 /52.24° (1.114) 
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Thus, the partial fraction expansion of G(s) takes the form 
s? + 4s? + 25 + 8 0.0625 , 0.015278 
s* + 1385 + 52st + 116s? + 176s? + 128s 8 s+8 
= 0.16667 , —011111 | 0.027217 / — 52.24* 
* (s + 2)? " s+2 s+ 0.5 — 71.9365 
0.027217 /52.24° 
s + 0.5 + 71.9365 


No polynomial in s is included in the partial-fraction expansion since 
G(s) tends to zero for large s. Actually, 


(1.115) 


G(s) —4 (1.116) 


Consequently, the sum of the residues in the expansion must be zero 
[otherwise, the right side of Eq. (1.115) would be proportional to 1/s ass 
tends to infinity]. This sum provides a simple and convenient partial 
check on the calculation of the residues, since an error in any one residue 


would be apparent. In the case of Eq. (1.115), the sum of the residues is 
given by the expression 


Zk = 0.0625 + 0.015278 — 0.11111 + 2 X 0.027217 cos 52.24° (1.117) 


Collection of terms yields the desired value of zero. 

Graphical Calculation of Residues. The coefficients in the partial-frac- 
tion expansion can also be calculated graphically after the poles and 
zeros are located on a sketch of the s plane. The partial-fraction coeffi- 
cients can be determined from the magnitudes and angles of the vectors 
connecting poles and zeros. 


The appropriate relations are clear if the function G(s) is written in 
factored form: 


G(s) = K CHG + (etz) 


A— Ng * * * (8 Fee) y 

(cp) p)--- (6 p.) cue) 
Here the poles are located at —P1, —P2, +++, —ps and the zeros at 
—21, —22, .. ., —Zm. The poles and zeros are indica 


ted in the complex 
a), where a pole is 
In this figure, it is assumed that all 
here are four distinct finite poles and 


plane, with a typical configuration shown in Fig. 1.9( 
indicated by an z, a zero by an o. 
poles and zeros are simple and that t 
one finite zero (n = 4, m = 1), 

If the pole at 


—pı is simple, the corresponding residue, Ko 
the expression 


[(s + 21)G (5)... 
Equation (1.118) indicates that the residue can be written 


= K| au. @ +2) 
at ala lé + ?3)(s + Pa) ©- * (8 + 7 NS (1.119) 


is given by 
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The factor (s + z:),-—,, can be represented by a vector from the zero at 
—z; to the pole at —p:. Hence, k_,, is simply the constant K multiplied 
by the vectors from the various zeros to — p; and divided by the vectors 
from each other pole to —p:. Thus, if G(s) has the pole-zero configuration 
indicated in Fig. 1.9(a), the residue of G(s) in the pole at —pı can be 
determined from the vectors shown in part (b) of the figure: 


E 


Scb (1.120) 


ky, = K 


The other residues can be evaluated in the same way. 
If the pole at —p; is second-order, two associated coefficients in the 
partial-fraction expansion must be determined. The coefficient of 


=z, 


Fi 
s- plane 


-p;x 


(a) Pole-zero Configuration (b) Vectors for kp, 
Fra. 1.9. Graphical calculation of residue. 


1/(s + p1)? is evaluated in the same way as the residue of a simple pole, 
since this coefficient is simply 


[(s + 03)*G(s)].-—5. 


The vectors can also be used to calculate the residue, and in this case the 
advantage of a graphical procedure is pronounced. Differentiation of 
(s + p:)°G(s), with G(s) written in factored form, demonstrates that the 


residue is given by the equation 


1 i 1 
ka = let On |e t rERT CU tag 
LL. De 1 | 
stp +P os a, 


The first term in brackets in Eq. (1.121) is the coefficient of 1/(s + pi)3; 
the second term represents the sum of vectors and, accordingly, can be 
determined graphically from the measured vectors. Of course, any part 
of the graphical analysis can be replaced by an analytical procedure. 
The polynomial, representing the infinite-frequency behavior of the 
partial-fraction expansion, is so readily caleulated analytically that a 
Graphical procedure seems unwarranted. Furthermore, in the majority 
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of transfer functions of interest in feedback control, G(s) tends to zero us 8 
becomes large, and no polynomial is present in the partial-fraction expan- 
sion. Indeed, in the usual case, as s tends to infinity, G(s) goes to zero at 
least as fast as 1/s*, with the result that the partial-fraction expansion 
has a double zero at infinity (7.e., the sum of the residues is zero). 


(b) Vectors for k-147 


Imaginary 
Axis 


Real Axis 


(c) Vectors for A_z 


(d) Vector Summation 
Fie. 1.10. Graphical calculation of coefficients for G(s) = 8 So 
(s + 2)*(s* + 2s + 2) 


One example illustrates the details of the graphical analysis. The 


function considered is 
8 s8+1 
(s + 2)*(6? + 2s + 2) (1.122) 


Figure 1.10(a) shows the location of the finite poles and zeros. 
is a third-order zero since G(s) — 8/s* (in other words, 


G(s) = 


Infinity 
the total number 
ma 

of zeros and poles must be equal if infinity is included and each pole and 
zero is counted the number of times equal to its order). The partial- 
fraction expansion includes four unknown coefficients: 


A_s ka kan ka 
Ge) Gtxoti.itiri-jtirlg; (1.128) 
The residue in the pole at —1 -+ J1 is calculated from the vectors shown 


in Fig. 1.10(b): 


= ee 
Eun ET ETE Gare) 


The vector from the double pole at —2 to the pole at —1 + jl is included 
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twicé. Similarly, the coefficient A_2 in Eq. (1.123) is determined from 
the vectors of Fig. 1.10(c): 


As =8 


—1 
r=) 
The residue k_: can be evaluated from Eq. (1.121) and the vectors shown 
in part (c) of the figure: 


—1 1 1 1 
t- [serere Sr p 


The vector addition indicated by the second term is performed in Fig. 
1.10(d). Simplification of the last three equations results in the partial- 


fraction expansion 


(1.125) 


Slick Dh eee 8 
GHDs + 28+2) CFA s+2'sti—j 
j2 

rcp (1.127) 


The graphical procedure as outlined above is primarily significant 
because of the assistance it offers in the rapid estimation of the various 
residues (and other coefficients in the partial-fraction expansion). The 
residues indicate directly the effects of certain poles on the system per- 
formance characteristics. For example, the amplitude of a particular 
component of & time function is directly related to the residue of the 
Laplace transform of the time function in the pole which generates this 
component. The ability to make a rapid estimate of the residues is also 
desirable if the design problem requires a study of the effects of varying 
certain poles or zeros. Similar graphical analyses are useful in a number 
of related problems (e.g., determination of the root loci, as described in 
Chap. 4) and are one of the basic building blocks for the successful applica- 
tion of all design methods based on control of the zeros and poles of the 
system transfer functions. 

1.3. The Potential Analogy. Although the transfer function G(s) is 
characterized by its poles and zeros and a multiplicative constant, the 
greatest part of the servomechanism literature is concerned with the 
behavior of G(jw), the transfer function evaluated for real (sinusoidal) 
frequencies. Even if system design is effected primarily in terms of the 
poles and zeros of G(s), it is ordinarily desirable that the designer be able 
to evaluate the performance of his system when it is driven by sinusoidal 
signals. Although Chaps. 3 to 8 are almost exclusively concerned with 
pole-zero design methods, complete system design frequently must 
utilize the very significant information in the gain and phase functions 
(in other words, in the transfer functions evaluated for s = jw). 

The determination of G(jw) from G(s) can be accomplished in several 
ways. Clearly, G(jw) can be evaluated analytically if s is replaced by ju. 
If plots of the magnitude and phase of G(jw) as functions of w are desired, 
straightforward analytical computation becomes tedious ın any but, the 
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simplest cases. An alternative approach is furnished by the logarithmic 
plots described briefly in Sec. 6.4 and in detail in standard servomecha- 
nism texts.[ In this technique, both the logarithmic gain and the phase 

jo are determined for each multiplicative 
factor, and the over-all gain and phase 
are then evaluated by adding the com- 
ponents. If accurate plots are desired 
(e.g., within 1 db of gain or a few de- 
grees of phase), this method is rapid and 
simple. 

It is also possible to determine G(jw) 
from G(s) by a graphical procedure. 
G(jw.) represents the function G(s) eval- 
uated at a specific points = jw, on the jw 
axis. If G(s) is factored to separate the 
effects of individual poles and zeros, each 
. factor is of the form s + a, where —a is 
o OQ) Vectors for calculation the particular critical frequency.t At 

8 = joy, the factor can be considered as 
the vector from —a to the point jo; Thus, G(jw:) is proportional to 
the product of the vectors from the zeros to jw: divided by the product 
of the vectors from the poles to joi. The graphical analysis, exactly 
analogous to that described in the last section for the evaluation of 


residues, is illustrated by Fig. 1.11, showing the vectors for the deter- 
mination of G(j3) when 


84-1 
G(s) = C42 zz (1-128) 
With a transfer function of moderate 
complexity, graphical evaluation of G(jo) 
becomes almost as complex as straight- G(s)-. 2ta. 
forward, analytical computation, and the stb 
logarithmic plots constitute a more useful 
method of analysis. If G(s) issimple, the FIG. 1.12. Transfer function of 
variation of |@(jw)| with w can be visual- Pasive lead network. 
ized merely by considering the way the magnitudes of the pertinent 
vectors change with w. For example, if G(s) is the transfer function of a 
simple, passive lead network, the appropriate vectors are shown in Fig. 
1.12. As the tips of the two vectors move up the jw axis, it is clear that 
|G(j«)| increases monotonically with frequency. 
In many cases, an approximate picture of the variation of |G(jo)| with 


-b 


tG. S. Brown and D. P. Campbell, ‘Principles of Servomechanisms," Chap. 8, 
John Wiley & Sons, Inc., New York, 1948; and H. Chestnut and R. W., Mayer, 
“Servomechanisms and Regulating System Design," Chap. 12, John Wiley & Sons, 
Inc., New York, 1951. 


1 The term “critical frequency” is used to denote a value of 2 which is either a pole 
or a zero, 
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w can be obtained much more simply from the analogy between potential 
theory and network theory. In order to demonstrate the analogy, the 
function G(s) is written in the form 


_ a (s taps +22) + + + (8 + 2m) 
GG) = Ky pe +p) > (+ p) 


The effects of the various poles and zeros can be separated if the loga- 
rithmic transfer function is considered: 


In G(s) = In K + In (s +21) + +++ + In (s + za) — In (s + pi) 
—+++—In(s+ p.) (1.130) 


If the real and imaginary parts are separately equated, Eq. (1.130) 
becomes 


(1.129) 


In |G(s)| = In K + 1n [s + zl: nds + Zal — In |s + pil 
=. ciah ep Gist) 
[G() = /staut+-** d n lc M d 
(1.182) 


Equation (1.131) states that the logarithm of the magnitude of G(s) can 
be expressed in terms of the magnitudes of the vectors from the various 
zeros and poles to the particular s point of interest. This relation is, of 
course, the basic starting point for a description of the logarithmic gain 
urves. 
j A somewhat different interpretation of Eq. (1.131) is useful. In par- 
ticular, the equation has the same form as the expression for the two- 
dimensional electrostatic potential if unit positive point charges are 
located at —21, —22 ++ +» —7m and unit negative point charges at 
—py P» —p»t Likewise, Eq. (1.132) demonstrates that the 
phase of G(s) is analogous to the electrostatic stream function of potential 
theory; the contours of constant phase, for example, correspond to the 
loci of constant electric flux density. On the basis of the analogy, Table 
1.1 can be constructed to indicate the more important equivalences. 
Electrostatic potential theory is used above merely to illustrate the 
analogy, which actually is broader, relating network theory to potential 
theory in general. As a consequence of this analogy, the characteristics 
of transfer functions can be determined by considering the behavior of 
potential and stream functions. The electrolytic tankt provides a con- 


at the system is two-dimensional implies that the charge and 
dent of the third coordinate. In other words, the potential V 
is a function of e and w only and independent of the orthogonal coordinate. The 

hen in actuality line charges, with a constant density 


int charges considered are t t t de 
in the z aleekin, They are referred to as point charges because only one point in the 


is involved. 2 ? 
roce used in evaluating the electrostatic potential can be chosen such 


ion for the potential has exactly the same form as Eq. (1.131). 
SESS Denim Mab OR by the Use of Potential Analogues, Proc. IRE, 
vd ie i US, Angust, 1963; and. A. R. Boothroyd, E, C. Cherry, and R, 


1 The statement th 
potential are indepen 
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venient method of determining the gain and phase functions or pneri 
response corresponding to given pole-zero configurations and can be use i 
as the basis for a trial-and-error design procedure in which the critica 
frequencies are adjusted until the desired performance characteristics are 
ss portion of the research in network theory during the past fve 
years has been aimed at exploiting the analogy, particularly in the 


TABLE 1.1 
THE POTENTIAL ANALOGY 


Network function Analogous electrostatic potential function 


Logarithmic transfer 
function 
In Gis) = « + j8 


W (8) Complex potential, 
Ws) = V tjv 


Real part of logarithmic 


V(s) Real, electric potential 
transfer function y 
Gain (nepers) V (jw) Potential along ja axis 
| 
Imaginary part of loga- v(s) Stream function 
rithmic transfer func- 
tion e 
Phase shift ¥(jw) Stream function along jw 
axis 
ee Cs 
Derivative of attenuation dV (w) E Electric field intensity in 
along jw axis dg Bucs) w direction along jw axis 
p NE dei — 
Time delay 


_ dlw) = Eelo) Electric field intensity inc 
d direction along jw axis 


approximation problem in which the synthesist is asked to find a network 


e characteristic along the jw axis.t| The 


a problem involves determination of a 
rational algebraic function, G(s), with suitable gain or phase. Once G(s) 


is known, the network can be found using the procedures described in 
Chap. 3 or extensions of these methods. An appropriate set of poles and 
zeros for G(s) is chosen by using the established methods of potential 
theory to find the charge distribution yielding a potential or stream func- 
tion similar to the specified gain or phase. 

In most feedback-control applications, the designer is not concerned 
directly with the approximation problem, but instead uses the potential 
analogy to obtain a physical picture of the correlation between the pole- 


Makar, An Electrolytic Tank for the Measurement of Steady-state Response, Tran- 
sient Response, and Allied Properties of Netw 


orks, Proc. Inst. Elec. Engrs. (London), 
Vol. 96, pp. 163-177, May, 1949. 


ts. Darlington, The Potential Analogue Method of Network Synthesis, Bell 
System Tech. J., Vol. 30, pp. 315-365, April, 1951. 
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zero configuration and the gain characteristic, |G(jw)|. The clearest 
picture of the problem is obtained if the potential is assumed to denote 
the potential energy of a stretched membrane. The s plane is repre- 
sented by an elastic membrane (e.g., a rubber sheet) under uniform radial 
tension. On the circular membrane, the c and jw coordinates are marked. 
Before the poles and zeros are introduced, the appropriate analogy must 
be selected. For example, if the magnitude of G(s) is of interest, that 
analogy is selected which makes the gain correspond to the potential. 
Accordingly, at the poles, the membrane must be pushed upward to 
infinity by an infinitesimally small rod (practically, to a high value by a 
rod of small diameter); and at the zeros the sheet is pushed downward in 
the same way. All rods are of the same diameter and displaced the same 
distance with reference to the neutral position of the membrane. The 
resulting position of any point on the membrane compared to the neutral 
position indicates the Value of In |G(s)| at that value of s. In particular, 
the variation of the position of the jw axis part of the membrane indicates 
In [GGe)|. 

The model described above is clearly unnecessarily crude and subject 
to very significant inaccuracy. Errors are introduced by the nonzero 
diameter of the rods (particularly if the poles are close to the jw axis), the 
finite size of the membrane (resulting in the edge of the membrane being 
held at zero displacement even though the potential problem may not 
require this boundary condition), and the distortion of the coordinate 
lines by the deflection of the membrane. Such sources of error can be 
more easily controlled if an electrolytic tank is used rather than a rubber 
membrane, but the simple membrane interpretation suffices for the very 
qualitative applications utilized throughout this book. j : 

The usefulness of the analogy is apparent if a specific G(s) is considered: 


2(s + 1) 
G(s) = 325 4-2 (1.133) 


With the transfer function as written, the zero and two poles are in a line 
parallel to the jw axis. The total distortion of the jw axis of the mem- 
brane is the sum of three components shown in Fig. l.13(a). The total 
gain function is indicated in part (b) of the figure. If the zero-frequency 
value is used as a reference, it is clear that the gain increases as w Increases 
from zero toward unity. When e = 1, the point on the jw axis opposite 
the pole at —] + jl is under investigation. If the zero at —1 and the 
pole at —1 — jl were not present, the gain would reach a maximum at 
this w. Because the zero at —1 is nearer +j1 than the pole at -1- jl, 
the gain actually reaches & maximum slightly beyond w = 1; thereafter, 
the gain falls with frequency until, at a high w, the three critical fre- 


quencies together 

The qualitative e É 
ent. As the zero approaches the origin, 
decreases rapidly, but at large values of 
wise, as the zero is moved away 
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at w = 0 becomes less pronounced and eventually is identical with - 
minimum produced by the two poles alone. In a similar fashion, a 
approximate evaluation of motion of the poles can be deduced from very 
qualitative reasoning. 


in|G,Gw)] 


Zero at —1 


In |G, Ge) 


Pole at - 14-j 


In l856«)| 


(a) Individual Contributions to Gain, 
In |G Go) 


(b) Total Gain Function. 
Fic. 1.13. Membrane deflection. 


Glo) = f” ge at (1.134) 
t Strictly, the equation should be written 


Ge) = lim [ li * gine at] 
T— 9 


For engineering Purposes, however, the form of (1.134) is adequate, 
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1 etie 
——' ta 
g(t) 2d fin G(se*ds, t>0 (1.135) 


Equation (1.134) is the direct Laplace transformation, giving the Laplace 
transform G(s) in terms of the associated time function g(t). Equation 
(1.135), with g(¢) described in terms of G(s), is the inverse transformation; 
here c, the abscissa of absolute convergence, must be larger than the real 
parts of all singularities of G(s). Equations (1.134) and (1.135), relating 
the time function and its Laplace transform, can be abbreviated as 


g(t) — G(s) (1.136) 


g(t) and G(s) are said to constitute a transform pair. 

Introduction of the transformation permits consideration of analysis 
and design problems in terms of functions of the complex frequency 
8 =o + jo, rather than in terms of 
the timefunctions. Theusefulness 
of the Laplace transform stems 
primarily from the fact that differ- 
entiation of the time function cor- 
responds to multiplication of the Fie. 1.14. Linear circuit. 
transform by s: the differential : . 
equations in time become algebraic equations in s. Likewise, the analysis 
and synthesis problems for linear circuits are simplified if the time func- 
bed by the transforms and the network characteristics by 


tions are descri i € ; 
an appropriate transfer function depending on s. Thus, in terms of the 


notation of Fig. 1.14, 


Analysis problem: C(s) = G(s) E(s) (1.137) 
C(s) 


Synthesis problem: G(s) = E(s) (1.138) 


Network with 
Transfer Function | Output. 
G(s) 


Inputs), 


Analysis involves formation of the product of E(s), the transform of the 
input, and G(s), the transfer function; synthesis requires determination of 
the ratio C(s)/ E(s). 

Formal Analysis Procedures. Analysis is ordinarily effected by forma- 
tion of the product G(s) E(s), as indicated in Eq. (1.137). The output 
c(t) is then the inverse transformation of C(s). In the majority of cases 
of interest in the analysis of feedback control systems, C(s) is a rational 
algebraic function, the ratio of two polynomials in s. The inverse trans- 
formation can be carried out by consulting published tables of Laplace- 
transform pairs or by consideration of Eq. (1.135). If the latter, more 
general method is used, & complex integral must be evaluated along the 
path of integration shown in Fig. 1.15(a). d 

Direct evaluation of the integral is difficult, but if G(s) approaches zero 
as s tends to infinity [that is, G(s) > K/s", where n 2 1), the path of 
integration can be closed along & semicircle of large radius in the left-half 
plane [part (b) of Fig. 1.15]. If Eis sufficiently large, the integrand is 
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igi nd this semicircular contour, and the two paths of Fig. 
a re The integral can then be evaluated from the pis 
of residues, which states that the integral of a function around a cum 
contour in the complex plane is 2xj multiplied by the sum of the resi os 
in the poles within the closed contour. Thus, the value of g(t) in Eq. 
(1.135) is given. by the relation 


g(t) = 2xj b k, (1.139) 


where k, are the residues of G(s)e" in the poles in the left-half plane. 


jw ji 


c 


(a) Path of Integration for 


(b) Equivalent Path 
Inverse Laplace Integral 


Fig. 1.15. Paths of integration in complex plane, 


A simple example illustrates the g 


eneral method for evaluating the time 
function from the frequency functi 


On. The transform considered is 
8+2 
CO ^ GE DeF pe 


The integrand for the inverse transformation is 


2 t 
G(s)e" = whe (1.141) 


G (s)e'' possesses two simple poles, at —1 and —3. 


The two residues can 
be written by inspection: 


e~ 

ka- E (1.142) 
gt 

k = EX (1.143) 


Hence, 
g(t) = &(e + ev) (1.144) 

Practical application of the Laplace transform usually utilizes a partial- 
fraction expansion of G(s), rather than G(s)e". If the poles are simple, 


the residue of G(s)e* in the pole at 81 is simply e^' times the corresponding 


LAPLACE-TRANSFORM THEORY 37 


residue of G(s). Hence, the functions ke and k,,/(s — 8:1) form a 
Laplace-transform pair, as indicated in the first row of Table 1.2. If the 
poles are complex, they are most conveniently considered in conjugate 
pairs, as indicated in the second row of the table. If the poles are of 
multiple order, the relation between the residue of G(s) and that of 
G(s)e" leads directly to the transform pairs of the third and fourth rows. 
Thus, Table 1.2, although abbreviated compared to the usual table of 
Laplace-transform pairs, actually contains all the information required 
for the inverse transformation of a rational algebraic function which has 
a denominator polynomial of higher degree than the numerator. G(s) is 
written in a partial-fraction expansion, and the terms are transformed 


TABLE 1.2 


RATIONAL ALGEBRAIC LAPLACE TRANSFORMS 


Time function Transform 
nden l 
i kas 
Rae's 8-8 
MENU oe 
jo, LOB 


jk, e*t sin [wit-+ 23k] ams en 


s =o, d ji 


MM n 


A 
a oa 
SSS 
aon p-ten!, nis & positive integer Gane 


individually. If the degree of the numerator polynomial equals or 
exceeds that of the denominator, the partial-fraction expansion contains 
a polynomial, and the corresponding time function includes impulses, as 


described in Sec. 1.5. | 
Even when the poles and zeros of G(s) are known, the plotting of g(Z) is 

a tedious process if G(s) contains more than a few poles. If the design of 
feedback systems is to be effected in terms of the poles and zeros of the 
it is very desirable that the designer be able 


inent transfer funotions le 1 
Jem idly the significant characteristics of the time function 


to estimate rap! 
directly from the critical frequencies of the transform. Fortunately, the 
in design frequently can be reduced to the 


transfer functions of interest n i a duc 
a small number of critical frequencies are significant; &8 


nl; ; R 
erteni tabo 7t this simplicity, the general shape of the time function 


o : 1 
eid atei without extensive calculations. The remainder of this 
section is devoted to & description of the time functions corresponding to 
several simple pole-zero configurations. ` e 
MN Dith Two Poles, No Zeros. The simplest significant pole- 
zero configuration for G(s) includes one pole and no finite zeros. If the 
pole is at — pı, the corresponding impulse response is & decaying exponen- 
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tial, e", and the step-function response is A(1 — e”). The next case 
in increasing complexity is a G(s) with two poles and no finite zeros. If 
G(0) is unity, 


wa 
87 + Wns + oi 


The pole-zero configuration is shown in Fig. 
1.16. If the poles are complex, w, is the 
radial distance from the origin to either pole, 
and t is the cosine of the angle between the 
radial line to the pole and the negative real 
axis. As tis increased, with w, constant, the 
poles move along the circle of radius o, Sk 
: meet ats = —w, (t = 1):the then separa 

Faa, 1.16. Pole configuration and move along real a Cant oan and 
for Gi(e). infinity. 

The corresponding step-function Tesponse [the inverse transform of 
G(s)/s] is characterized by wn and r. €» the undamped natural fre- 
quency, can be considered to determine the frequency or time normaliza- 


Gi(s) = (1.145) 


tion: doubling o, corresponds to moving the poles radially twice as far 
18 


M 


[ | 


12832445 6 7 8$ 
Gnt 


Fro. 1.17. Unit-step-function Tesponses for system with transfer function 


- 
o 


"4 


8 + Rens + ol 
(From H. M. James, N. B. Nichols, and R. S. Phillips, 


MIT Radiation Laboratory Series, Vol, 26, p. 143, M. 
New York, 1947.) 


from the origin or, in terms 
any given response. Thus 
response is determined by ¢, as indi 


e Theory of Servomechanisma," 
cGraw-Hill Book Company, Inc., 
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tion of G(s)/s, an approximate picture of the response can be obtained 
from the following facts: 


(1) The time constant of the envelope of the damped oscillation (f r « 1) is the 
reciprocal of the real part of either pole: i.e., the time constant is 1/tw,. The time 
required for the system to settle to an essentially steady-state value after the applica- 
tion of a step function is between three and 
five time constants, the specific value de- 100 
pending on the quantitative definition of 
settling time. š 80 

(2) The overshoot also varies with f, as E 
described by Fig. 1.18. & 

(3) At! = 0, the response and the first. 
derivative are both zero, since the trans- 8 
form G(s)/s is proportional to 1/s* as s 220 
tends to infinity. 

(4) The first maximum occurs for o2 04 06 08 10 


á . 1.18. Overshoot variation with [. 
t-A (1.146) Fre. 1.18 
os V1-— t? 


"This value of time represents one half period of the damped oscillation. 


Thus, the step-function responses of Fig. 1.17 can be sketched approxi- 


mately directly from 8 knowledge of the pole configuration. : 
Since ihe analia response is the derivative of the step-function 


response, the curves of Fig. 1.19 represent the impulse responses for à range 


Wn 


H ———— 
Fra. 1.19. Impulse response for transfer function <a aa 


tep-function response can be found 


hoot of the s' 
dia ages eines es pulse response: if the area under the impulse 


from the corresponding eet of the first zero is denoted 1 + z, vis the 


response from £ = 0 to the ue of the step-function response 


i he maximum val 
desired overshoot. The is first zero of the impulse response. 


i tht Ise 
“Two E pri Tf a single, finite zero 18 introduced (Fig. 
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1.20), the step-function response is modified, as G(s) now becomes 
a 1.147) 
(8) = 218 F eons F wa ( 


i i iplicative factor 
Equation (1.147) represents (1.145) with the added multiplicative 
ar TAN or 1 + 8/z;. Multiplication of the transform by 1 + s/zi 
corresponds to an addition to g(t) of the 
jv factor (1/2)g'(t): 


g(t) = git) + PLU (1.148) 


If the step-function response (denoted by 
f) is considered, 


Ai = AQ +2 HQ (1149) 


Since the derivative of the step-function 
response is the impulse response, 


Fic. 1.20. Pole-zero configuration 


1 
fors). f) =O + Fal) (1.150) 
Since addition o 


f gi(t) to fi(t) represents addition of a positive value up 
to the time the first i 


maximum is reached, f2(t) exhibits & poorer relative 
Stability than fı(t). The overshoot as a function of the zero position is 
sketched in Fig. 1.21 for three values of t (0.25, 0.5, and 0.707). 


S 88 
=a 
va 


o 
E 
a 
o 
X 
e 
o 
S 
L 


Cas, 
Fig. 1.21. Overshoot variation with 2, 

Three Poles. The effect of adding an additional real pole to the trans- 
form is in almost every case stabilizing, with the additional term increas- 
ing both time delay and rise time in the step-function response. Figure 
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1.22 illustrates the effect of an additional pole when the original ¢ is 0.5. 
Even if the time constant associated with the real pole is one half of that 
resulting from the complex poles (ps = 2 in the figure), the overshoot is 
very small and the response simulates that of a critically damped, 
second-order system. The curves of Fig. 1.22 indicate that the two con- 
figurations of Fig. 1.23 can be made nearly equivalent. The lower ¢ 


Step- function Response 


3 
(i p3) (525 4) 


0 1 2 3 4 t 
Fio. 1.22. Effect of an additional pole. 


(a) $705 (b) $-03 


Fra. 1.23. Two pole configurations giving similar transient response. 


in the three-pole case is offset by the presence of the real pole. The two 
curves of Fig. 1.24 show the similarity between the step-function responses 
Fig. 1.23. 


i ith the configurations of i j 
po Poles. The presence of additional poles well to the left in 
the s plane does not alter significantly the characteristics described above. 


A specific numerical example illustrates the effects of such additional 
poles. If the two configurations of Fig. 1.25 are considered, 


4 
Gib) = wae (1.151) 
4ps 
ENE LC ee nd 1.152 
G(s) = (s? + 2s + 4)(s + ps) ( ! 
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The two step-function responses assume the forms 


fif) = 1 + A~ sin (V8 t + 63) (1.153) 
fit) = 1 + A~ sin (VB t+ 0) + Bue?! (1.154) 


Comparison of f;(t) and f4(t) requires two investigations: : 

(1) One effect of the introduction of the additional pole is the presence 
in f.(t) of the term B,e-?*.— But, if p: is large, this term tends to be neg- 
ligible for two reasons. First, the 
time constant of the term is 1/ps, 
or a small number; consequently, 
the term dies out before the step- 
function response attains a signifi- 
cant value. Second, the coefficient 
B, is small (compared to unity), 
since B, is 4p; divided by the two 


Chaya vectors from the complex poles to 
à 04 TU Esri — p: and the vector from the origin 
E B to —ps. If pi» 2, the two com- 

92 MATT T rs erry} k LE 


plex vectors are of the order of 
magnitude of p;, and the residue i8 

ele? I3 4-5 6f of the order of magnitude of 4/p} 

A uM Step-function responses for (or wi/p3). If ps is only 5w,, the 
eae . value of By is roughly 0.04. Thus, 
not only does this term, B,e-»«, decay rapidly toward zero, but it never is 


the | oatt=0. In other words, 
the response is slightly slower starting. 
(2) The second effect of the additi 


3 onal pole is evidenced by the 
change in the amplitude and phase of th ‘ i 


€ damped-oscillation term in f(t). 


je 


-14+j/3x 


-1-j/3x -1-j/3x 


G3 (e) G, (s) 
Fra. 1.25. Pole configurations. 


Comparison of A, with A; and 0, with 6; is simplified if a graphical inter- 
pretation is used. For either system, Ae? ig 2jk. | +iva Where k_, mv 


is the residue of G(s)/s in the pole at —1 + j v3. Multiplication of G(s) 
by p;/(s + ps) modifies both the magnitude and angle of ka iya Since 
the residue is multiplied by p3/(ps — 1 +j V3). : 


For any specific 
these changes can be rapidly calcula’ dis "E 


ted graphically, 


LAPLACE-TRANSFORM THEOREMS 43 


Thus, the introduction of real, large-magnitude poles in G(s) changes 
only slightly the form of the step-function response. The criterion com- 
monly adopted in design is that any real poles which are to contribute 
negligibly to the step-function response should be placed at least six 
times as far from the jw axis as those poles governing the response. 
Clearly, it is largely irrelevant whether such poles far from the jw axis are 
actually real; complex poles are also negligible as long as the magnitude 
of the real part is much larger than that of the significant poles. 

Dipoles. An analogous line of reasoning indicates that addition of a 
dipole (a pole and a zero close together) modifies the step-function 
response only slightly. Figure 1.26 shows 
the pole-zero configuration for the transfer 
function 

E 4.4(s + 1) 
G(s) = Gry 2s + 4) + 13) ga 


The corresponding step-function response 
includes a term of the form Ae", but a 
graphical evaluation of the residue indicates 
that A is small (0.133) because of the presence 
of the zero at —1. Likewise, the damped- 
oscillation term is changed only slightly by 
the inclusion of the term 1.1(s + 2)/(s + 1.1) 

in the transform. Bids -1-j¥3* 

As a result of the feasibility of neg ecting 3 , " 
poles far from the jw axis, dipoles, etc., the react Py i 
majority of pole-zero configurations encoun- 
tered in the design of feedback control systems resolve to two or three 
poles and one or two finite zeros. In terms of the classical Nyquist- 
diagram approach to design, à smooth tangency of the frequency locus and 
the circle representing the selected, maximum closed-loop gain ordinarily 
implies a design with transfer functions which can be effectively character- 
ized by a very few critical frequencies. The possibility of such simplifica- 
tion means that the significant characteristics of the transient response 


can be rapidly estimated from the pole-zero configuration without recourse 


to the exact inverse transformation. 

1.5. Special Relations in Laplace-transform Theory. In the last sec- 
tion, the basic relations of Laplace-transform theory are summarized, 
with particular emphasis placed on the information deducible from a 
knowledge of the pole and zero positions. The pole-zero configuration 
of G(s) indicates directly both the frequency-domain and the time- 
domain characteristics of the system described by G(s). The form of 
the Laplace integrals (Eqs. (1.134) and (1.135)] giving the relation between 

ial properties of the Laplace trans- 


t) and G(s) leads to & number of speci 
ore hich are important if full advantage is to be gained 


form, properties W I : 
from. tes of the transform as 4 design and analysis tool. This section 
and the following contain & summary of those special reiations of most 
importance in the study of feedback systems. In general, only & brief 
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i ion i i vi is di he applica- 
ion is possible here, with emphasis directed toward t 
lag d in later chapters; the reader is referred to standard texts 
for derivations and additional examples. . 
Pésübndiue Theorem. The final-value theorem gives the final value 


of the time function in terms of the behavior of the Laplace transform as 
s tends to zero. Specifically, 


lim g(t) = lim sG(s) (1.156)* 


Equation (1.156) is valid only if the function 8G(s) is analytic on the 
jw axis and in the right-half plane. 


The theorem can be illustrated with two examples: 


uum EHE 157 
G(s) = RE Ed 5) (1 9 ) 
seS .158 
Gi(s) = ae — 8) (1.158) 


In each case, the lim sG(s) has the value $. 
20 


inverse transform of G,(s), is actually $, 
tion plus a damped sinusoid. As i— 

negligible, and the final value of gi(t) is si 
[or the residue of Gi(s) in the pole at 
pole in the right-half plane (at +5), 
tion g(t) actually increases without 


The final value of g,(), the 


since g:(f) consists of a step func- 
%, the damped sinusoid becomes 
mply the step-function amplitude 
the origin]. Because G(s) has a 
the theorem is inapplicable; the func- 
bound as ¢ increases: 


git) = & — $e"! (1.159) 


t Among the many texts which have been 
Gardner and J. L. Barnes, “Transients in 


New York, 1942; and B. Van der Pol and H. Bremmer, “Operational Calculus Based 
on the Two-sided Laplace Integral,” 


land, 1950. " 
1 Actually, validity of the equation also requires that g(t) and 9' (D) be functions for 
which & Laplace transform exists. 


$1f such a final-value theorem existed, 


it could of course be used for stability 
analysis 
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[K/s(s + 1)]e-?* 


E zn ——— TX UENCOA 
RO = T+ K/s + Die (1.160) 


Routh’s test cannot be used since the expression placing in evidence the 


C 
poles of R (s) takes the form 


s(s + 1) + Ke-™ 
The transform of the response of the 
system to a unit step function is 
Ke” 
s[s(s + 1) + Ke-?'] 


If the system is stable, the final value of the response is 


Fic. 1.27. Closed-loop system with time 
(1.161) delay. 


C(s) = 


li Er EE zd (1.162) 
um s(s + 1) + Ke-™ E . 
Analytical or graphical approximations must be used, however, to estab- 
lish the stability of the over-all transfer function before the final-value 
theorem can be used. 


a(t) 
Because Eq. (1.156) indicates that 


15 
Balt) the final value of g(é) is established 
10 by the zero-frequency value of sG(s), 
g,0 the statement is often made that the 
0.5 nature of g(t) for large values of ¢ is 


determined by the behavior of G(s) in 

t the vicinity of the origin in the s 
p 2 4 6 8 10 12 Jane. Such a correlation must be 
Fro. 1.28. gr(t) and 9:9. used with considerable caution. A 

ple example illustrates the difficulty. The two time functions 


very sim 
shown in Fig. 1.28 correspond to the transforms 
1 
Gi(s) = FOE (1.163) 
E 0.09 T 
G(s) = ss F 0.18s + 0.09) (1.164) 
8Gi(s) and sG;(s) possess the Maclaurin expansions 
sGi(s) = 1 — 2s + Se r5 (1.165) 
sG.(s) = 1 — 2s — TIbt.M 55 (1.166) 


Clearly, in the immediate vicinity of the origin, the two transforms 
behave identically; on the other hand, the similarity between the two 
time functions, even for moderately large t, is certainly not impressive. 
The invalidity of this attempted correlation between large ¿ and small s 
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is considered again in Sec. 1.7, when the limitations on the use of the 
i coefficients are discussed. 
i ne a pe The initial-value theorem states that 


* 
lim g(t) = lim sG(s) (1.167) 
0+ pe 


iti iti have Laplace trans- 
dition to the conditions that g(t) and g (t) must have Ls ans 
us mo theorem requires only that the lim sG(s) exist: i.e., the limit 


E 
i i i i i ion, the number of 
st be finite, or if G(s) is a rational algebraic function, 
finite poles of G(s) must exceed the number of finite zeros by at least 
unity. p p 
If G(s) is rational algebraic, this the 
that the transform of g'(t) is sG(s) 
not only the initial value, but more 
function. As an example, the func 


orem, plus recognition of the faot 
— 9(0+), permits determination o 
generally the initial part of the time 
tion considered is 


ae = 1.168) 
90 ^ Fate FA 
Equation (1.167) indicates at once that 
lim g(t) = 0 (1:109) 
10+ 


As a result of this zero initial value, the transform of g/(t) can be written 


“90 = aS TUS T3 pe 
Hence, g'(0) is also zero, and 
£[g"(0)] = EEEE in 
Application of the initial-value theorem then gives 
POH - 4 (1.172) 
Hence, for small values of t, g(t) can be written as 
g(t) = 20 + (higher powers of t) (1.173) 


In diner if G(s) behaves as 
sufficiently small values of t, as [K/(n — 1) Nem 

The above correlation between small ¢ and large s can be extended Bi 
demonstrate the relations between the behavior of g(t) for small ¢ anı 
G(jo) for large o. If g(t) behaves as [K/(n — 1)! for small t, 


; K A 
Go —, — .,.. A O 1.174) 
Ge) wa (jw) + (jo) ( 
where A is a constant. 


$ : The first term suffices to establish the behavior of 
I@(ja)| and Lalu) w) 88 w—> co, since the magnitude decreases as 1/w” an 


K/s" as s becomes large, g(t) behaves, for 
-1 
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the angle approaches —n7/2 rad; if the behavior of the real and imaginary 
parts of G is of interest, both terms are required: 
If n is odd: 
constant 

Re G(jw) —> rT 
a (1.175) 
F constant 
Im G(jo) — — — 

oo Ww 

If n is even: 
constant 


u^ 
: constant (1.176) 
Im G(je) — n - 


Re G(jw) — 


The high-frequency behavior of either the real or imaginary part alone is 
not sufficient to establish uniquely the value of n. For example, if the 
real part behaves as 1/w‘, n may be either 3 or 4; if the imaginary part 
behaves as 1/w*, n may be 2 or 3. : 

Time Delay. Delay of the time function by T sec corresponds to 
multiplication of the transform by e-7*.. In the direct, Laplace transform, 
the statement is often made that the value of the time function for nega- 
tive time is immaterial, since the integration is over the range of values of 
i from zero to infinity. When the delayed function is considered, how- 
ever, the value of the original function from —T to zero is of interest, 
and the theorem requires that the time function be considered zero for 
negative values of time. ; ; 

Determination of the transform of the square wave shown in Fig. 
1.29(a) illustrates the use of time delay. The square wave is considered 
as the sum of step functions, alternately positive and negative, as shown 
in part (b) of the figure. Since the transform of a unit step function 
starting att = nT is (1 /s)e™, the transform of the complete square wave 


18 
1 2 2 2 
F(s) = P = 2p + sext a set Tee (1.177) 


The series for E;(s) can be written in closed form if Eq. (1.177) is first 


rewritten a8 
E,(s) = — i + z (1 —- etetett.) (1.178) 


The parenthetical expression is a geometric series with the sum 


Loi s 
(1 + e) 


Hence, 


1-—e* 
Es) = sa e) (1.179) 


48 INTRODUCTION 


Transient and Steady-state Components. If the transform of E Mp 
signal, such as a square wave, can be written in closed form, it is possible 
to evaluate simply the response of a network to such a signal. The pro- 
cedure is most readily explained in terms of the simple example illus- 
trated in Fig. 1.30. The response is to be determined when a square wave 


1 


—t 
à 


0 


| ee 


nj 


(a) Square Wave 


42 E 
(b) Step- function Components => 


0 2 
Fic. 1.29. Decomposition of & square wave, 


with a period of 1 sec and a peak amplitude of unity is applied to the net- 
work with the transfer function 


1 
Go) = a Ta (1.180) 
The product oi the transfer function from Eq. (1.180) and the input trans- 
l— e 3 
form, AIT e» from Eq. (1.179), is E2(s), the transform of the output 
1 1— e 
E.(s) = FE su es (1.181) 


Consideration of Eq. (1.181) indicates that there are two components 
of the output: transient and steady-state. The transient component 
contains natural frequencies which are the poles of the network transfer 
function, while the steady-state component is characterized by the fre- 
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quencies of the excitation (the poles of the transform of the input signal). 
In the specific case of Eq. (1.181), the only pole generating a transient 
term is that at —$; the steady-state terms result from the poles of Es(s) at 
the zeros of 1 + e-**, or at 


s = tj2nx a= 1,3, 5, 5+. (1.182) 


If the inverse Laplace transformation is made in the usual manner, E:(s) 
is expanded in partial fractions and the inverse transform is determined 
term by term. In this example, H.(s) possesses an infinite number of 
poles, and the expression for the output, ex(L), contains a term of the form 
Ae- plus an infinite number of sinusoidal terms. In other words, the 
partial-fraction expansion leads to an output time function written as & 


Amplifier 
with 
Gain=3 


ries for the periodic or steady-state com- 


transient term plus a Fourier se 
convenient if the waveform of e(t) is 


ponent. Such a form is not 
desired. 


A simple evaluation of ex(t) involves the following steps: 


(1) The transient component is determined for all t. 

(2) The total output during the first period is evaluated. 

(3) The steady-state component during the first period is found in closed form by 
subtracting the transient during the first period from the total output. 


(4) The total output during any period is the steady-state component plus the 


transient term evaluated during this period. 

e determination of the total output without a 
n which the solution in any period is found 
from the initial conditions determined by the final conditions for the 
preceding period. When applied to the example of Eq. (1.181), these 


four steps take the following form: 


These four steps permit th 
period-by-period evaluation i 


(1) The transient component results from the pole at —3. Kk, the, 


is found in the usual way, with the transcen- 
ts entirety. Thus, 


residue of H2(s) in this pole, 
dental factor considered in i 


he Fe T 
47 13a + e) J (1.183) 
Substitution of the value of s gives & k of 0.25. Thus, the transient 


component, a single term in this example, is 
en(t) = 0.250% (1.184) 


The subscript ż is used to denote the transient component. 
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(2) Evaluation of the total output during the first period is initiated 
by writing E;(s) in the form 


à 1 mia ts $ gla e erf 1.185) 
E()-41,:50-£90-e6ec ert ) Á 


If the two transcendental functions are multiplied, 


1 -s ~ie 2x .186 
E) = apa (1 — teh + 2e — 2e" 4- ) (186) 


Since a term of the form e~* represents a delay of a sec, a transform E 
the correct output during the first period can be found from Eq. ar 
by disregarding all terms involving e~ with a equal to or larger tha 


unity. (The period is 1 sec.) Hence, the total output during the first 
period can be determined from the transform 


Ex(s) = GE (1 — 2e) (1.187) t 


The inverse transform of Eq. (1.187) gives 


en) = 30 — e) — ei — eb, — 4) — (188) 

dm 
Here u(t — 4), the notation for a step function starting at t = 3, 18 
included to make the second term zero for t lessthang. An alternate way 
of writing Eq. (1.188) is 


_ [8l — e 0<t<4 1.189) 
en(t) = | =3 +4.09 Lope] ( 


3 — 3.25e-« 0cixi 
ss Ec PIE. EE "idi 
(5 The total output during the second cycle (as an example) is deter- 
mined graphically as shown in Fig. 1.32, or can be found analytically bY 
adding steady-state and transient components: 


enli) = 0.25e# 4 3 — 3.25e-1«-5 

0.25e-t _ 3 + 3.84e4¢-» 

t It should be emphasized that the inverse transform of En (s) is equal to the correct 

total output during the interval 0 <4 < 1, but has no significance for t > 1, eve” 

though es; (t) may be nonzero for t>1, 

1 The curves of Fig. 1.31 are very nearly straight lines, Actually, the curve? 

represent the first part of exponentials. The similarity to straight lines arises because 
the half period (0.5 sec) is much less than the time constant (3 sec). 


1<t<15 q191) 
15 <1<2 
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IN, Total Output During 
First Period 
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output during any cycle. 
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Fia. 1.32. Construction of total 
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Multiplication by e. Multiplication of the time function by e-*' cor- 
responds to replacing s by s + a in the transform. In other words, 


If g(t) — G(s) - 
then g(t)e-* > G(s + a) (1.192) 


"This relation demonstrates the changes in g(t) which result from identical, 
real translations of all poles and zeros of G(s). 

The relation is useful in considering the effects of incidental dissipation. 
Figure 1.33 shows two networks, with B obtained from A by inserting in 


Network A 


Elements 
L 


Network B 


Elements 
L aL 


Output 


R; Ri 


Input Output 


R2 


Ga (s) 


G(s) 


Example 
Fic. 1.33. Addition of dissipation in a network, 
ee jas inductance L a resistance aL and in parallel with each 
í e © a conductance is 
readily shown that j bC, where a and b are constants. It 


a ; 
related by the equation "ges equal, the two transfer functions are 


Gals + a) = Gafe) (1.193) 
Spe addition of 
tion of the poles and zer t 

equal, but each is small has left by an amounta. Ifa and b are not 


iti : y an amount (a + b)/2, With lysis of this 

d penne ito ve; Ea ae errors in G(s) resulting from the losses 
a ; \ ; 

in the transient response, " 1192) ean be used to estimate the changes 
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Equation (1.192) is also useful in the analysis of modulated systems. 
An amplitude-modulated wave can be described by the relation 


en(t) = A[1 + e(2] cos wot (1.194) 


Here en(t) is the modulated signal, A is a constant amplitude, wo is the 
carrier frequency, and e(t) represents the modulating signal. The trans- 
form of em(t) in terms of e(t) can be found by application of Eq. (1.192) 


JEGw)| |Em Gel 


Es m Ep(5)- seen 


Fra. 1.34. Spectrum in amplitude modulation. 


after cos wot is replaced by the sum of two exponentials. Thus, 


8 E(s — joo) , E(s | 
E,.(8) = A Er Tu dI NE 3r IUe (1.195) 
If E(jw), the spectrum of e(t), is zero for w > wo (that is, the energy of the 
modulating signal is exclusively in a frequency band below the carrier), 
the relation between Em(jw) and E(jo) is that shown in Fig. 1.34. Ampli- 
tude modulation simply translates the spectrum in both directions by an 
amount wo and introduces the carriercomponent. In suppressed-carrier 
amplitude modulation, the As/(s? + c) pulsa 
term above is absent. 
Impulse Functions. The impulse func- 
tions are basic tools for the analysis and 
synthesis of linear systems. The unit im- 
pulse function uo(t) can be defined in a 7 + t 
number of ways; perhaps the simplest defini- % 
tion in terms of conventional Laplace-trans- aye Tus for definition 
form theory is indicated by Fig. 1.35, showing Is ampitiens 
& pulse of width o and amplitude l/o. The unit impulse is defined as the 
function resulting from considering the limit as æ tends to zero. Thus, 


1 
p 


E» 
uo(t) = lim = [ua(t) — ua — 91 (1.196) 
a0 
Here v. (t) is used to denote a step function with the jump att = 0. The 
unit impulse, as defined above, is characterized by the fact that the ares 
under the pulse is unity, regardless of the value of o. 


The transform of the pulse of width a is e - : La ) The behavior 
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of this transform for small values of e can be determined from a Mac- 
laurin expansion of 1 — e~* about a = 0: 


262 ^ 
r-enei-(r-me EIS) (1.197) 
Substitution of Eq. (1.197) into the transform gives 
«S , a's* 


As a tends to zero, the above ex 


pression approaches unity, with the 
result 


u(t) —— 1 (1.198) 


A number of a; 
detail in the next 


pplications of the impulse function are considered n 
Section. There are several additional properties ana 
applications of u(£) which are o 
Output — COnsiderable importance in the de- 
C(s) Sign of feedback control systems. 
(1) The fact that the —— 
i i ns tha 

Fia. 1.36. Two-terminal-pair network, iio td d poros transfer 
function of a 


Input 
E(s) 


physical system is the i 


mpulse response. With the notation 
of Fig. 1.36, 
Cle) = G(s) B(6) (1298 
If e(t) is a unit impulse, E(s) — 1, and 
C(s) = G(s) (1.200) 


system excitation, 
(2) If impulses are introduced, the difficulties occ. 

with initial conditi i 

be considered ag 


SO] = sG(s) — 90+) (1.201) 


functions are considered. Thus, 
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if g@) is a unit step function, G(s) is 1/s and sG(s) is unity; hence, g’(é) is 
the unit impulse at ¢ = 0. Likewise, any jump discontinuity in g(¢) 
results in an impulse in g'(0). 

(3) The unit impulse function is identical with the Dirac delta func- 


tion or the Green’s function for a point source or sink. The function is 
zero everywhere except at t = 0, and 
Doublet Pulse 


[92-1 (1.202) 


Higher-order impulses can be defined in a 
similar manner.[ For example, w:(¢), the 
unit doublet impulse, is defined from Fig. 
1.37 when the limit is considered as « tends 
to zero, The transform pair resulting is 
Fic. 1.37. Pulse for definition 
u(t) — $ (1.203) of unit doublet impulse. 


Similarly, if w(t) denotes the impulse of 


(1.204)1 


1.6. Transform Multiplication. The Laplace transform of the output 


of a linear system is the product of the system transfer function and the 
transform of the input time function. The system of Fig. 1.38, for 
example, is described by the 


equation 
C(s) =G(s)E(s) (1.205) 


In the analysis problem, with e(¢) 

Fro. 1.38. Transfer system. and G(s) known, the output c(t) is 
customarily determined by evaluation of E(s), formation of the product 
G(s) E(s), and inverse transformation of C(s). 

In a number of important problems, this use of the frequency domain 
for the evaluation of system response breaks down completely. In many . 
cases, failure occurs because e(t), the driving function, does not possess & 
rational algebraic Laplace transform; e(t) may be known only graphically 
or experimentally or the transform of e(t) may be such a complex expres- 
sion that evaluation of c(t) from C(s) becomes impossible. In such 
situations, it is desirable to be able to perform the transform multiplic&- 
tion indicated by (1.205) by working with the two time functions g(t) 
and e(t), the inverse transforms of G(s) and Es), respectively. The 
multiplication in the frequency domain 1s equivalent to convolution in 
the time domain; in other words, in terms of the time functions, Eq. 


(1.205) takes either of two equivalent forms: 


u(t) is the derivative of u(t). 


order j + 1, " " 
Uj —3À 


es of Applied Mathematics—Theory of Distributions, 


NYU Research Rept. EM-47, pP- 100-102, October, 1952. 
1 The notation used throughout this book is described by Eq. (1.204). Thus, the 
unit step function, with the transform 1/s, is denoted u(t). The subscript associated 


with u equals the power of s involved in the transform. 


+B. Friedman, Techniqu 
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e) = [7 oet — 2) dz (1.206) 


«t = [7 «(e(t — z) dz (1.207) 


Since in the usual Laplace-transform theory, g(t) and e(t) are both 
assumed zero for t < 0, Eqs. (1.206) and (1.207) can be written 


elt) = ff g(a)e(t — 2) dz (1.208) 
c(i) = fi egt — 2) de (1.209) 


A direct physical interpretation can be placed on these two convolution 
integrals. The latter, for example, states that c(t), the output at any 
e(x) 


gí(x) 


e(x)g(t-x) 


a(z) e(t-x) 


0 t x 
nds Integrand of the convolution 


Oo t * 
Fig. 1.40. Integrand of alternate 00? 
volution integral. 


k input, e d the impulse response; 
g(z), are plotted as functions of z. i S Ds Mono ced reflecte 
about the z = 0 axis to form g( —). This reflected wave is advanced in 
time by ¢ sec and then multiplied by e(z). The area under the product 
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represents the value of c(t). Thus, g(z), the system impulse response, 
can be considered as a weighting function; the output at any instant 
depends on the input at the same time and at all earlier times; the impor- 
tance of the various parts of the past input is determined by this weighting 
function. 

The interpretation of g(é) asa weight- elt) 
ing function is also evident from Eq. 
(1.208). In this case, the input signal 
is reflected and translated (Fig. 1.40). 
The output at any time ¢ depends on 
the input a sec earlier multiplied by 
the value of the impulse response g(a), — e(t) 
where o is allowed to vary from zero to f. 


The significance of the weighting func- 1 
tion is considered further with the aid of 
three examples. o1 t 


Example |. In the first example, the 
output of a network is desired when the Fra. 1.41. Time functions in 
input and the unit-impulse response are Example 1. 


as shown in Fig. 1.41. Since the trans- d 
form of the output is the product of the transfer function and the trans- 


form of the input, 
c(t) = g(t) * «(0 (1.210) 
Here the symbol » is used to indicate convolution. 
Direct application of Eq. (1.209) yields the desired output waveform. 
d about the z = 0 axis and 


The system impulse response is reflecte x 
advanced (sec. Finally, the product e(z)g(t — =) is integrated from 0 to 


t. Clearly, in this specific example, the output is zero until t = 2, since 
the product is everywhere zero until the two pulses overlap. As t 

increases from 2 to 3, both pulses 
are present during an increasingly 
longer interval. During this time, 
the output, increasing quadratically 
with ¢, starts at zero and increases 
monotonically toa value (when t = 3) 
of $. The complete location of the 
parabolic segment can be established 
from any single additional point or 


c(t) 


3 in E le 1. 
Bis bep dues. characteristic: e.g., from the fact that 
the derivative of the output is unity att —2. — 

pe : the g(t — x) pulse lies entirely within the 


In the interval 3 < t <4 


e(z) pulse, and the output increases 


output is determined from the two 
=3 c(t) 
LES 


linearly with time. The curve of the 
end points, evaluated by inspection: 


5 
: 1 (1.211) 
During the interval 4 < t « 5, the output decreases to zero along & 
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parabolic curve, with a derivative of —2 att = 5. Thus, the complete 
output, shown in Fig. 1.42, can be determined with essentially no calcula- 
tions. Alternatively, of course, the values of the functions could be sub- 
stituted in Eq. (1.209) and the integral evaluated. 

Ezample2. Effect of an Added Pole or Zero. In the second example of 
convolution, the effect of multiplying a transforin by a/(s + a) is inves- 
tigated in the time domain. In other words, what is the relation between 


g2(t) and gi(t) if 
a 


G(s) = iv Gi(s) (1.212) 


If gi(f) is known, what characteris- 
tics of g2(t) can be readily deduced 
by describing g2(t) as the convolu- 
tion of g,(t) and ae-*', the inverse 
transform of a/(s +a)? The func- 
tion ae~* is sketched in Fig. 1.43 for 
a variety of values of a. Consider- 
ation of the form of ae leads 
directly to the following conclusions: 

(1) If gi(f) is never negative, 
g2(t) likewise never goes negative if 
a is a positive real number. This 
statement can be substantiated by 
considering reflection and transl- 
tion of the function ae-*. The 
product of g;(z) and ae-*t-? is posi- 
tive or zero for all x; accordingly, 
X can never be negative. An 
is derived by considering gi(t) and 
If gi(t) is never negative, the corres 
integral of g,) exhibits no overshoot. 


Specific locati 
(2) The above Se ie of the poles. 


tion of G;(s) b H 
tho Ur x Sr in always a stabilizing change in the sense tha 
statement is substantiated by E ; ponse always decreases. This 
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approaches a step function of amplitude a, and f2(¢) becomes a times the 
integral of fi(t). 

Thus, the interpretation of transform multiplication as convolution of 
the time functions is useful in the approximate evaluation of changes in 
the transform function. The ideas of the simple example considered 
above can be extended in a number of directions. For example, multi- 
plication of Gi(s) by the function T's + 1 corresponds to convolution of 
g(t) with Tu;(t) + wo(t), where w(t) and uo(t) are unit doublet and 
simple impulses, respectively. The resulting function is Tgi(t) + gi(t), 
with g/(D) denoting the derivative of g:(). Thus, knowledge of gi(0) 
permits rapid evaluation of the inverse transform of (Ts +1)G,(s). 

The same line of reasoning indicates the changes in the time function 
if G,(s) is multiplied by (s + @)/(s + b), or 1 + (a — b)/(s + b). If 
gi(t) is the inverse transform of Gi(s), g:(¢), the inverse transform of 
[(s + a)/(s + b)]G,(s), can be written 

galt) = gilt) + (a — b)e™ + gilt) (1.213) 
(t) a time function formed by the convolu- 
tion of (a — b)e™ with gi(t). Since the result of this convolution (before 
combination with gi) is a waveform exhibiting greater relative stability 
than the original gi(f), the general effect of adding the convolution 
product is ordinarily stabilizing if a > b. In contrast, if b >a, Eq. 
(1.213) indicates a subtraction, and the effect is usually destabilizing, 
since the amount subtracted in- 
creases with time and is less at the 
time of peak overshoot than in the 
steady state. 

Example 3. The Superposition 
I jp In the third example of Figg 1.44 \Traneduees: 
convolution, the system of Fig. 1.44 is considered, with 

C(s) = G(s) E(s) 


c(t) = fy «gt — 2) dz (1.215) 


a form of the superposition integral, can be applied 
f e(t) cannot be conveniently evaluated. The pro- 
h the time function of Fig. 1.45(a), a func- 
ber of fire-control problems. e(t) can be 


g2(t) is formed by adding to gı 


E(s) 


(1.214) 


Equation (1.215), 
even if the transform o I 
cedure can be illustrated wit! 


tion characteristic of a num 
written 
t<0 


0 
e(d = lartan(10— 0 — £70 


e system considered is & single-section EC low-pass 


(1.216) 


For simplicity, th 
filter as shown in Fig. 1.45(b): 


G(s) = — (1.217) 


The output c(t) is to be evaluated for the first 10 sec after £ = 0: i.e., the 
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output is desired from the time the input is applied until the input func- 


tion again reaches zero. 


(a) Input 
Fic. 1.45. Input and network for Example 3. 


RC-1 


(b) Network 


Use of the Laplace transform in the evaluation of c(f) requires the 


c (3) Area 
Under Curve 


a 1.46. Evaluation of c(9) in Example 


t = 9 is most important i 
important by the factor e 


n determini 
75 e(7) by e-?, ete, 


inverse transformation of E(s)G(s). 
In this example, E(s) is & com- 
plicated combination of exponen- 
tials, sine integrals, and cosine inte- 
gralsofs. A more reasonable prob- 
lem results if e(t) is approximated 
over the interval from 0 to 10 sec 
by a combination of polynomials or 
exponential functions. The pri- 
mary disadvantage of such & pro- 
cedure arises because of the diffi- 
culty of evaluating the effects of the 
approximation error on the output 
waveform. The convolution (or 
superposition) integral provides an 
&pproach which is markedly simpler. 

If the appropriate values of e(/) 


and g(t) are substituted, Eq. (1.215) 
becomes 


c(t) = f arctan (10 — z)e-*-? dz 
(1.218) 


For any given value of t, the inte- 
gral can be evaluated graphically, 
either with a planimeter or with any 
of the customary methods for the 
approximate numerical evaluation 
of integrals. Figure 1.46 shows the 
steps required fort = 9. Thefunc- 
tion e=» corresponds to the 
Weighting: i.e., the value of e(t) at 
ng the output att = 9; e(8) is less 
Clearly, the output at any 


TRANSFORM MULTIPLICATION 61 


time depends primarily on the input during the previous 3 sec, since the 
weighting function decreases by 95 per cent over the course of 3 sec. 
This graphical interpretation of convolution is also termed superposi- 
tion because it is equivalent to considering the input function as a 
sequence of very short pulses. In the example of Fig. 1.46, the same 
value of c(9) is obtained if the input function is replaced by a series of 
pulses, each pulse of sufficiently short duration that the impulse response 
(or weighting function) does not change significantly during the pulse. 
Each pulse can then be replaced by an impulse, where the impulse ampli- 
tude is equal to the pulse area and the impulse occurs at the center of the 
pulse. The output is then the sum of the outputs resulting from the 


various impulses: that is, c(9) is one point on the sum of a number of 


impulse responses. À , i 
The superposition integral as given in elementary electrical-engineering 


texts ordinarily is phrased in terms of the step-function response rather 
than the impulse response.. The input and output transforms are 


related by the equation 
C(s) = G(s) E(s) (1.219) 
If the right side of Eq. (1.219) is multiplied and divided by s, 
C(s) = go sE(s) (1.220) 


The corresponding convolution integral CN 
c(t) = Ji e'(z)g P(t — 2) dz (1.221) 


Here e’(x) is the derivative of the input and go P(E — x) is the integral of 
the impulse response (i.e. the step-function response) after reflection and 
translation. Equation (1.221) corresponds to approximation of e(t) 

here the amplitude of each step depends 


by a series of step functions, wl f | 
on the change (or first derivative) of the input, and evaluation of the out- 
put is the summation of the responses to the component step functions. 


Impulses Used to Simplify Analysis. The primary disadvantage of 
analysis based on the convolution integral derives from the fact that the 
determination of the output at each value of time requires a separate 
integration. Sufficient information to permit plotting of the total output 
of a network can be obtained only by à number of integrations of the 
product of two time functions. If the transform equation is used, how- 
ever, the entire output is determined in one operation: evaluation of the 


inverse transform of the output, or 
C(s) = G(s)E(s) 
n and E(s) is the input transform. 


i i i be expressed as 
he impulse response g(t) or the input e(t) can be expresse 
or e opus evaluation of the convolution integral is simplified. 
For example, if g(¢) and e(t) are the functions shown in Fig. 1.47, convolu- 

» 


where G(s) is the transfer functio! 
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tion requires the reflection and translation of the train of four impulses. 


As an impulse is moved across the 
time function g(t), the integral of the 
product of the impulse and g(t) is 
simply the value of g(t) at the time of 
the impulse multiplied by the impulse 
area. In other words, if uo(¢ — £j) isa 
unit impulse occurring at t = ty, 


Iut-odidi- g(ts) (1.222) 


This equation follows directly from 
the fact that, since the integrand is 
zero for all ¢ except t = t, g(t) can be 
replaced by the constant value g(t). 
When g(t) is taken outside the inte- 
gral, the equation results. f 

y s Consequent! , the convolution of a 
Fio. 1.47. Impulse response and input, time re ea of) with an impulse oc- 
curring at t = t and of area c is the time function ag(t — ty)us(t — ti): 
that is, the original time function multiplied by œ and delayed by tı 
e(t) 


06 


05 Component from 


Impulse at t=0 
04 


0.3 


Component from 
Impulse at t-28 


Component from 
Impulse at t=09 


Component from 
Impulse at 0,5 
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If both time functions are sequences of impulses, the convolution 
product is also an impulse train. In the special case for which both 
sequences have the same sampling period (time between successive 
samples), the output can be determined by simple multiplication. Figure 
1.49 illustrates the problem, with e(t) and g(t) impulse trains with a 
period of 0.2 sec. The convolution of e(t) and g(t) can be effected by 
reflecting and translating g(1). The output at ¢ = 0 is simply an impulse: 
of area equal to the product of the 
areas of the initial impulses of e(t) 
and g(t). In terms of the signals of 
Fig. 1.49, 

c(0) = 6uo(t) (1.223) 


The area of the output impulse at 
t = 0.2 is the product of the first pulse 
of e(t) times the second pulse of g(t) 
added to the cross product in the op- 
posite direction. Thus, 


c(0.2) = (3 + 8)uo(t — 0.2) (1.224) 


Similarly, the output pulse att = 0.2n 
depends on the n + 1 cross products 
between the e(t) and the g(t) impulses. { 

In terms of the Laplace transforms, G(s) and E(s) can be written 
0.48 — Qe-0-68 — Be-0-* — 2e* — € 


04 4 4g- 9 + 3079 + 2e" +e 


Fria. 1.49. ‘o(t) and e(t) impulse trains. 


ak ea Qu E o5 


E(s) = 3 + 4e-*" + 5e 


n term by term gives the series for the output, 


Multiplicatio 
C(s) = 6 + l1e-9^ + 11e-9* + 30-0: rex 12e-9 5 -— 25e^* = 3371” 
— 33e" — 2767+" — 18e-15 — 10e” — 4g-?35 — e-?^ (1.220) 


Thus, the output train can be determined simply by considering the suc- 
f the impulses of both g(t) and e(t) as the coefficients 


cessive amplitudes o of be : 
of polynomials and by then multiplying the polynomials for g(t) and 


e(t).¢ For the signals of Fig. 1.49, the total output is found from the 


multiplication 

rmer theoretical basis than indicated here. 
ansform of a train of impulses, g(t), is 
the function of Eq. (1.225) becomes 


concept rests on & fi 
detail in Chap. 9, the z tri 
laced by z. Hence, 


f The polynomial 
As described in some 
defined as G(s) with c?* rep! 


G(z) is a polynomial in the variable 1/z and with coefficients equal to the impulse areas. 
Chapter 9 includes a more detailed description of the characteristics and permissible 
manipulations of z transforms. 
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21-1 -2 -3 -2 -1 
aa 3 2 1 ! 
6 3 -3 -6 -9 -6 -3 

8 t —RO =8 -B —8 = 


10 5 -5 -10 -15 —10 -—5 
8 4 —4 -8 -12 -8 -4 
6 3 -3 -6 -9 -6 -3 
4 2 -2 -4 -6 -4 -2 
2 1 -1 -2 -3 -2 -1 
61 11 83 —1 —25 -33 -33 -27 —18 -10 —4 -1 


The output, shown in Fig. 1.50, consists of the train of impulses of areas 
6, 11, 11,8, —12, —25, —33, —33, —27, —18, —10, —4, and —1. 
c(t) 


-33 -33 , 
Fio. 1.50. Outpvt for Fig. 1.49. 
The usual problems 


of analysis involve continuous functions of time, 
and the determination of 


the output of a network directly from the input 
time function and the impulse vd 
Sponse is not possible. In a wi T. 
variety of cases, an approxima 
plot of the convolution product 


c(t) = g(t) * e(t) 


can be obtained by approximating 
either g(t) or e(1) (or both) by ? 
Sts? of regularly spaced impulses. 


oS Tio both g(t) and e(t) are replaced X 
^ 9, 15 20 25 39 i iplication as 

e 1.51. e~ and corresponding impulse impulses, multiplicati 

rain. 


f 
scribed above gives the samples A 
; the output at thesampling instan 
The conventional method of approxi 


H h i us 
mation is to replace the continuo 
1 The approximation of contin 
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time function by a train of impulses, with each impulse having an area 
equal to the function at the sampling time. Figure 1.51 shows the ex- 
ponential function e~‘ and the corresponding impulse train if the sampling 


period is 0.2 sec. 


10 15 20 25 30 


15 20 25 30 0.5 


15 20 25 30 


10 


15 20 25 30 05 


05 10 


(b) Time Functions Replaced 


(a) Actual Time Functions 7 
by Impulse Trains 


R 
c(t) 


e(t) m u(t) c 
RC=1 


(c) Network 
r convolution o! 


etions shown in Fig. 1.52(a) can be 
used to illustrate this approx The two functions are 
e(t) = ual) 90 = et (1.227) 


nvolution product of e(é) and g(t), is the step-func- 
f Fig. 1.52(c). The output is determined 


Fi. 1.52. Example fo f two time functions. 
o time fun 


The convolution of the tw 
imate procedure. 


The output c(£), the co 
tion response of the network o! 
in the following steps: , , 

(1) Each Eos function is replaced by a train of impulses {part 
(b) of Fig. 1.52, where the starred notation 1S used to indicate the 


approximation] , 
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(2) The two pulse trains are convolved by the multiplication 
1 0.819 0.670 0.549 0.449 0.368 0.301 0.247 0.202 0.165 0.135 


11 1 1 1 1 1 1 1 1 1 
1 0.819 1.819 2.489 3.487 3.855 4.156 4.403 4.605 4.770 4.905 
1 0.670 0.549 


1.819 2.489 3.038 


(3) In the approximation of each time function, an irapulse is used to 
represent the value of the time function during an interval of 0.2 sec (the 
sampling period). It is desired that multiplication of two impulses 
Should correspond to multiplying the two time funetions (assumed con- 
stant over 0.2 sec) and integrating over the interval of 0.2 sec. But the 


Approximate Output 
Exact Output 


Output Samples 


10 15 20 25 30 35 
Fig. 1.53. Output for system of Fig. 1.52, 


0.697 03771 0.831 0.881 0.921 0.954 
0.981 1003 1.021 1.036 1048 1.058 


sm an approximation of more satisfactory 
accuracy. The principal error in thi 


f Alternatively, the impulse a; 
might be multiplied by 0.2; in or, 
appropriate area of the continuo: 


than that discussed in the text, 


Tea in the two approximatin, 
der that the area of each impulse might represent the 
us function. This would be a more logical procedure 
but representg slightly more work, 


g functions [Fig. 1.52(b)] 


TRANSFORM MULTIPLICATION 67 


product (1)(1) is given a weight equal to that of later samples, even 
though it is more logical to consider the samples as representing the func- 
tion over an interval of 0.1 sec on either side of the sample. This 
interpretation would require reduction of the first sample product by 


4, hence would decrease all output samples by 0.1. The approximate and 


accurate outputs are then very nearly identical. 
The error in the above analysis results from the approximation of a 


time function by a train of impulses. A slight modification can be made 
in the procedure to improve the approximation without discarding the 
simplicity of the method. The problem 
considered is illustrated by Fig. 1.54. 

Here the network is characterized by the E 
transfer function «(Dc sn R 


s 
G(s) = Eua (1.228) Fro. 1.54. Second example. 


The output is desired when the input is & damped sinusoid, 
elt) = e~ sin t (1.229) 
ed in the following steps: 
(1) The input is approximated by & set of straight lines, as indicated 
in Fig. 1.55(a). For reasons discussed below, the break timest of the 
broken-line approximation are selected to be harmonically related, with 
as large & fundamental interval as possible. In other words, it must be 
possible to describe the various break times as nTo, where n need have 
only integer values. Furthermore, T, should be as large as possible, 
consistent with the desired accuracy of approximation. For example, 


in Fig. 1.55(a), the breaks occur at 0, 0.5, 1, and3sec. These values have 
the common fundamental period of 0.5. In general, it is always possible 
to satisfy this relation among the break times by changing slightly the 


straight-line approximation. 
(2 The straight-line approximation e*(t) is differentiated twice to 
obtain impulses at ¢ = 0, 0.5, 1, and 3, as shown in Fig. 1.55(b). 

(3) These impulses comprise an approximation to el(t). The set of 
impulses can be considered as the nonzero components of a train of 
impulses occurring every 0.5 sec, 0.25 sec, or any other submultiple of the 


fundamental interval. à f 
(4) Oneof these submultiples is 


The output is determin: 


now selected as the sampling interval. 


The particular value chosen depends on the accuracy desired and the 
nature of g(t). If g(t) is & rapidly varying function, a short interval is 


required. In this example, the sampling period is chosen as 0.25 sec. 
(5) The output c(t) is the convolution of e"(0) with the second integral 
of g(t). In other words, in terms of the Laplace transforms, 
co = eB 2 (1.230) 
E 
f The term “break times" denotes the values of tat which the straight-line approxi- 


mation changes slope- 
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e*(1) 


20 25 30 3$ 


(a) ett) Approximatec by Broken Lines 


Approximate Output with Broken line. 
Approximation 


* Values for Output Obtained 
if Input Approximated by 
Four Impulses (at 0.5, E 
15 and 2 sec) 


a 25 30 


35 


(€) Actual and Approximate Outputs 
Fig. 1.55. Broken 


(b) Two Differentiations of e*(£) 
-line approximation for convolution. 


The inverse transform of G(s)/s? i determined; in particular, the ien 
every 0.25 sec is required, In this example, the time function is 1 — €^ 
and the samples are 


0 0.221 0.393 0.528 0.632 0.714 0.777 0.826 0.865 082 

0.895 0.918 0.936 0.950 0.961 0.970 0.8 
(6) The train of i 
plication of the se 
samples above. The multi 


separated by 0.25 sec. The 
s shown in Fig. 1.55(c). 
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Several comments concerning this procedure are appropriate at this 
point: 


(1) Asindicated by Fig. 1.55(c), the accuracy of the approximation is improved sig- 
nificantly if the time function is approximated by straight linea rather than impulses. 
The disadvantage of this approach arises from the necessity of integrating the time 
function which is not approximated. If both the input and the impulse response are 
given graphically, a double integration must be performed. Although numerical 
analysis provides a variety of formulas for evaluating the integral numerically, f the 
method described above for evaluating the output is most accurate and simplest 
when the transform of one of the time functions is known and the double integration 
is simply equivalent to division of the transform by s*. Under these conditions, the 


35 40 
05 10 15 20 25 30 t 


Fig. 1.56. Staircase approximation. 


output determined is exactly the time function which would be obtained if the broken- 
line function were used as the network input. 


(2) A staircase type of approximation might be used rather than the broken: 
method described above. Figure 1.56 shows a stairc: 
sinusoid previously considered. The first derivative 
and g(t) need be integrated only a single time, 
with the broken-line approximation if the same nui 

(3) The breaks of the broken. 


-line 

ase approximation of the damped 

of e*(t) is then the set of impulses, 

The accuracy is in general better 

mber of break points is used. 

-line approximation are chosen harmonically related 
the output has to be considered as the sum of the 


1 For example, cf. F. E, Nixon, 
Prentice-Hall, Inc 

1 n AZ 
* yee Air F . ; 6581, WADO, pp. 9-13, May, 1951; and I. J. Schoen- 


i: 5 of Approximati f Equidi 
lytical Functions, Quart, Appl. Math., April and inne, = Bold 
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(8) Clearly, if the output is desired during only & finite time interval starting at 
zero, it is necessary to sample the impulse response only during the same interval. 


The method described above permits rapid approximate calculation 
of the convolution product: eg. the determination of the out- 
put of a network from the input time function and the impulse 
response or transfer function. The method is particularly useful when 


Exact c(t) 


Fra. 1.57. Approximate output when broken lines used with duration 0.25 sec. 


the transforms are of high degree or when the input time function is 
specified graphically or given analytically in a form with no simple trans- 
form. Because the method develops the time function progressively 
toward larger values of time, the calculations can be stopped whenever 
sufficient information about the output is available. 

Closed-loop Transient Response from Open-loop Characteristics. The 
possibility of evaluating the convolution integral rapidly when the time 
functions are represented by im- 
pulses provides a useful approach 
to a number of problems which were 
previously troublesome because of 
the necessity of working in the fre- 
quency domain and then taking Xi Li Siipletloopleyeten: 


inverse Laplace transforms. For 
example, one of the classical problems of servomechanism analysis is the 


determination of the closed-loop transient response from the open-loop 
characteristics. In the notation of Fig. 1.58, the problem as usually stated 
requires the evaluation of e(t) or c(t) when r(t) is a unit impulse or step 
function and the forward transfer function G(s) is known. 

The problem is phrased analytically as follows: G(s) is known; if r(t) is 
a unit impulse, R(s) = 1, and E(s), the transform of the actuating signal, 


can be written 


1 
E(s) = IFO (1.231) 
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Even if G(s) is known in factored form, determination of the exact inverse 
transform of E(s) requires factoring of the denominator polynomial of 
E(s), evaluation of the various residues, and summation of the compo- 
nents of e(t). The tedious labor imposed by this direct approach can be 
avoided in two ways: (1) A number of authors have plotted extensive 
charts relating the characteristics of e(t) with the behavior of G(jw), and 
these computational results can be used to estimate the time function; or 
(2) the inverse Laplace transform for e(t) in terms of E(s) can be evaluated 
approximately. 

The latter approach is exemplified by Floyd's method.f As the first 
step, the inverse Laplace integral is manipulated into a real integral, 


e(t) — z7 Re [E(jw)] cos wt dw (1.232) 


, for example, uses a group of trapezoids, 
and the e(t) resulting is the sum of (sin wt)/wt functions. 

tions provide a different and often much sim- 
em of calculating closed-loop transient response. 
as represented by Eq. (1.231), is studied in the 
time domain, the relation between e(t) and g(t) can be established. The 
dependence of e(t) on G(s) 


can then be investigated from the time func- 
1.231) can be written 


E(s)1 + G(s] = 1 


(1.233) 
In terms of the time functions, 


elt) * [us(£) + g(0] = ult) (1.234) 


termination of an 


appropriate e(t) from a given g(t) is difficult. The problem is illustrated 


in Fig. 1.59(a), drawn for 


=a- Ge) =A (1.235) 


z = 0 axis. This reflected function is now 


1G. 8. Brown and D. P. Campbell, “Principles of Servomechaniams ” rs) 11 
John Wiley & Sons, Inc., New York, 19. niams,” Chap. 11, 
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Thus, an e(f) must be found such that the integration yields zero at all 
times except ¢ = 0. 

Clearly, if the only impulse in ue(t) + g(t) is that of uo(f) [in other 
words, G(s) > 0 as s— œ], e(t) must contain a unit impulse at ¢ = 0. 
The remainder of the e(t) function is 
bounded. As the reflected function 
is moved to the right, Fig. 1.59(b) 
demonstrates that the product of 15 
uo(t — z) + g(t — x) and e(z) con- 
tains the following components: 


uo(t)+a(t) 


(1) The impulse in e(z) at z = 0 multi- 
plied by the value of uo(t — z) + g(t — z) 
atz = 0. 05 10 15 20 25 30 

(2) The impulse wuwo(t — z), located a) Example of Eq. (1.231). 
at z = t, multiplied by e(t). (a) Example of Ea: (1252) 

(3) The product of g(t — z) and instel 
e(z) — uo(z) over the time range 0 € z € t. mots) gua) 


t 


ug(t-x) 

Integration of these three com- 
ponents yields the following three 
terms, respectively: 

(1) uo(t) + g(D, since the integral un- 5 n x 
der an impulse is simply the area of the 
impulse. e(x) 

(2) e(t). 


(3) Theintegralofg(t — z)[e(z) — uo(z)] 
from zero to t. 


The sum of these three components 
must be zero. The last component 
is the one causing trouble, because 
the appropriate value of e(t) depends 
on the value of e(t) and g(¢) for smaller 
values of t. This difficulty enn be 
avoided if the time function g(t) is 
approximated by a train of regularly 


Unknown Waveform 


(b) Two Terms in Integrand of Convolution 


spaced impulses, ed described with Integral Shown for a Single Value of t 
the following example: Fro. 1.59. Nature of functions. 


(1) For the single-loop system of 
Fig. 1.58, the forward system is described by the equations 


G(s) = GED (1.236) 
g(t) = 2(1 — e”) (1.237) 


mpulse response e(t) is to be determined. 
mated by a train of impulses as shown in Fig. 1.60, 
a is chosen equal to the value of g(t) at the sampling 


The corresponding i 
(2) g(t) is approxi 
where the impulse are 
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CALCULATION 12 


Impulses representing e(f)—1 — —0.902 
.970 1.984 1.991 |1 
0.902 1.398 1.669 1.818 1.900 1.945 1 
3 0.271 0.419 0.500 0.545 0.570 0.584 0.591 0.595 0.597 1 0.902 


—0.902 
Impulses repre- —0 902 
senting uo(t) + g(t) 


instant. The approximation is denoted g 
indicate the impulsive nature, 


taken equal to the correspondin, 
g(t) at the sampling instant 


*(D), with the asterisk used to 
(Alternatively, the impulse area might be 
g area under the g(t) wave—i.c., equal to 


multiplied by the sampling period, here 
0.3 sec.) 
a(t) g“ (t) Iuo(£) -g* (t) HE | 
20 qat iem 


20 EE 


05 10 15 20 25 30 
Fia. 1.60, Approximation of g(t). 


15 20 25 30 
Fig. 1.61. Impulse train uo(t) + g*(D- 


(3) The function uo(t) + g*(t) is shown in Fig. 1.61. 
mate e*(t) is the function which when convolved with u(t) 


a unit impulse at ¢ = 0. Hence, e*(t) must be a train of im 
ming every 0.3 sec. Consideration of the 
that the amplitudes of th. 


The approxi- 
+ g*(l) gives 
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CALCULATION 1.2 (Continued) 
—1.184  —0.988  —0.626 —0.247  --0.021 +0.161 +0.196  --0.161 


1.398 1.669 1.818 1.900 1.945 1.970 1.984 1.991 
—1.898 1.0600 —1.818 1.900 .—1.945 —1.970 —1.984  —1.991 
—0.244  —0.368  —0.451  —0.492  —0.514  —0.536 —0.532  —0.536 
—1.154 1.801 -—1.357 -—1.408 —1.431 —1.444 —1.452 —1.455 
—1.184 —0.313  —0.473  —0.577 —0.629 —0.656 —0.674  —0.680 
—0.988  —0.894  —0.831  —0.802  —0 788 —0.778  —0.775 
—0.988 —0.268 —U.414  —0.491  —0.538 —0.562 —0.576 
—0.620  —0.417  —0.308 —0.250  —0.216 —0.199 

—0.626 —0.170 —0.262 —0.313 0.31 —0.357 

—0.247  —0.0416  4-0.003  -F0.125 +0.158 

—0.247 —0.067 —0.104 —0.124  —0.135 

X0.021 +0.167  4-0.249  +0.293 

+0.021  4-0.006  --0.009 +0.011 

-F0.161 +0.240 +0.282 

+0.161 +0.044 +0.068% 

+0.196 +0.214 
+0.196 +0.053 
+0.161 

+0.161 


train for e(t) can be found from the polynomial representation of the 
transform 1 + G(s). Under these conditions, if the area of the impulse 
in e(t) at t = 0.3n is denoted E,, the amplitudes E, can be found from the 


relation 


E, E, E. Es Ex .. Jl 0.902 1.308 1.669 rmi 
Sit CMa dl MONEE) 


Here, the first term in brackets represents the impulses of e(t); the second 
term, the impulses of uo(t) + g(t); and the right side, the convolution 
product. Thus, the first term can be found by dividing the second term 
into the right side by long division, considering the successive amplitudes 
as the coefficients of polynomials. 

(4) The analysis of the last paragraph is based on the assumption 
that the impulse train of Fig. 1.61 represents wo(t) + g(t). In actuality, 
however, only the first impulse (at ¢ = 0) is a true impulse; all others 
represent samples of the continuous g(t). In the sequence {Ex}, like- 
wise, Eo represents à true impulse, but all other E, are samples of a 
continuous function. Whenever a sample from the first term of Eq. 
(1.238) is multiplied by a sample in the second term, the product must in 


addition be multiplied by the sampling period 0.3. 
(5) 'The sequence {En} is now obtained by division, as indicated in 
Calculation 1.2. 
The row of numbers under the divisor (i.e., the row beginning 0.271 
0.419 ...)in Calculation 1.2 is written to facilitate inclusion of the 
factor of 0.3 discussed above. Each term of this row represents the 
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j ipli litude in 
ber just above multiplied by 0.3. Whenever a sample amplitude 
a(t) (thai is, —0.902, — 1.154, etc., but not the first term, 1) is multiplied 
by a sample in [wo(¢) + g*(t)], this second row is used. en i 
"S The resulting e*(t) is shown in Fig. 1.62. As indicated in the 
figure, the continuous e(t) is obtained by passing a smooth curve through 
the sample values. É : : 
Although the above description of the procedure is lengthy, if the dis- 
cussion is omitted, the essential steps 
are only three in number: 


(1) The time function g(t) must be 
evaluated; in particular, the values of g(t) 
at the sampling instants are needed. 

(2) The polynomial representing these 
samples plus uo(t) is divided into unity. 

(3) A smooth curve is drawn through 
the sample amplitudes determined for e(t) 


If g(t) can be obtained without undue 
labor, the method is considerably 
simpler than conventional techniques 
for finding e(t). The division, even 
with the accuracy and the number of 
samples used in the example above, 
is not tedious, particularly if a desk 
NUR PT DAI Dm calculator is used. The number of 
IG. 1.62. Closed-loop impulse response. samples required depends on the 
(Actuating signal with r(/) = (0-1 nature of g(t); if g(t) contains a large- 
amplitude, lightly-damped sinusoid, the number of samples may be 
excessive, but in this case the conventi 
also present computational difficulties, 

1.7. Specifications. The 
preceding sections of this chapter are t 
back systems. Although the wid. 
difficult to formulate generalities, i 
three parts: 


(1) Insofar as possible, the specifieations are interpreted analytically (ie, in 
terms of constraints on the mathematical functions describing system characteristics). 

(2) A number of systems are determined, each meeting the analytical specifications 
derived in (1), 

(3) One system is selected on the basis of specifications whi 


phrased analytically: e.g., Such practical constraints on desi 
values, the number of elements 


of the system, etc. This part 
tion and adjustment of the desi 
or on the actual equipment, 


The extent to which the design leaves t| 
approaches pure synthesis is measured b; 
steps (1) and (3) above. 
logical development from specificati 


he realm of analysis and 
y the relative magnitudes of 
synthesis implies a straightforward, 
ons to final system; design by analysis, 
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in contrast, denotes an empirical adjustment of the system to obtain 
satisfactory performance characteristics. Historically, the feedback art 
has seen a steady progression toward more nearly complete synthesis 
procedures, although even today it is indeed an unusual problem which 
can be treated as synthesis alone. 

The extent to which the designer is able to apply synthesis techniques 
is dependent directly on his ability to utilize the analytical tools available. 
These mathematical methods can be used most advantageously only if 
the designer is able to interpret the specifications in mathematical terms 
It is the purpose of this section to outline briefly the nature of such inter- 
pretations and the physical significance of the mathematical terms 
available. 

The discussion is handicapped at the outset by the impossibility of 
settling on a typical set of specifications. In the practical design of 
feedback systems, the specifications range from such qualitative state- 
ments as “the system should be as nearly perfect as possible" to definite, 
quantitative descriptions of system performance. By the very nature 
of the problem, however, it is clear 
that the specifications in general de- 
scribe the system in both the time 
and frequency domains, whether the 
system be a feedback amplifier to 
transmit pulses or a feedback control 
system. In the following discussion, 
attention is focused on feedback con- 
trol systems, but the comments are 
also applicable to more general feed- 
back systems. Furthermore, only Fic. 1.63. Gain-frequency character- 
performance specifications are in- isto (Linear frequency scale.) 


cluded; no consideration is given to 
specifications concerning the nature of certain components which must be 


used for economic or availability reasons (such as the motor in a servo- 
mechanism). Constraints of this nature are considered in subsequent 
chapters. 

Frequency-domain Specifications. The bandwidth is the characteristic 
of the frequency response which is most often specified. Ordinarily the 
bandwidth is defined as indicated in Fig. 1.63, although the 3-db figure 
may be changed in certain special applications. The bandwidth is 
significant because it indicates the rise time or speed of response (as 
described below), it measures in part the ability of the system to repro- 
duce the input signal, and it approximately describes the filtering char- 
acteristics of the system. This filtering action is illustrated by Fig. 1.64, 
showing a common form for the frequency spectra of the signal and of 
noise superimposed on the signal. If the noise spectrum extends to 
frequencies well above the highest significant frequency in the signal 
spectrum, the bandwidth is a measure of the noise-rejection character- 
istics of the system. The concepts of Chaps. 7 and 8 are useful in a more 
quantitative analysis of the filtering properties of the feedback system. 


Bandwidth» 
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In many design problems, not only the bandwidth is specified, but also 


Energy 
Per Rad/sec 


8 


Signal Spectrum 


Ener, 
Per Rad/sec 


Noise Spectrum 


Gain 
(Signal Ratio) 
1 


the characteristics of the cutoff :e.g., 
the rate of cutoff just beyond the 
cutoff frequency or at very high fre- 
quencies. Figure 1.65 shows two 
frequency characteristics which are 
quite different, although both ex- 
hibit the same bandwidth. The 
characteristic of part (b) is desirable 
when the noise entering with the in- 
put signal possesses large amounts 
of energy at frequencies just beyond 
the end of the signal spectrum. In 
many problems, the feedback sys- 
tem is simply one of a number of 
tandem components, and the other 
elements afford sufficient attenua- 
tion at frequencies well beyond cut- 
off. In such cases, the curve of Fig. 
1.65(b) may be desirable, even if 


the attenuation is small at high 
frequencies. 

The above comments relate only 
to the nature of the gain character- 
istic; often the phase characteristic 
is even more important. The con- 
ditions for distortionless transmis- 
ndent of frequency and the phase a 


0 


È 


Possible Filter Gain Function 
Fic. 1.64. Filter characteristic, 


sion are that the gain must be indepe 
linear function of frequency, each 
over the frequency band within which 
the signal energy lies. In the trans- 
mission of pulses, phase distortion is 
at least as troublesome as amplitude 
distortion, and the specifications fre- 
quently include the permissible devi- 
ation of the phase characteristic from 
linearity over a specified frequency 
range. In control problems, the 
time delay of the closed-loop system 
is often significant, particularly if the 
system is one link in an over-all 
closed loop. The time delay is given 
by the relation 0 


I 
Bandwidth — 


(a) 


[ 
Bandwidth | 


(5) 


Fie. 1.65. Two filter characteristics 
where £ is the phase shift, or angle of With same bandwidth. 


output with respect to input (not the phase lag). 


Ta 


= 2 (1.239) 


In such cases, the 
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average value of d@/dw may be specified over the frequency band of 
interest. 

Clearly, a wide variety of other types of frequency-domain specifica- 
tions may be encountered in the design of feedback systems. For 
example, if noise is concentrated in a narrow band of frequencies, it may 
be necessary to design a system blocking the transmission in this band, 
but passing both higher and lower frequencies. 

Time-domain Specifications. Frequently, the desired characteristics of 
system performance are readily interpreted in terms of the nature of the 
transient response. Although a linear system is completely characterized 
by its response to any aperiodic signal, the step-function response is 
customarily considered. (The impulse response or ramp-function 
response is also a common means of description.) A typical step-func- 


Response Overshoot 


0.50 


0.10 


Settling Time 
Ta Ta 


+ 
Fia. 1.66. Typical response to unit step function. 


tion response for a feedback control system is shown in Fig. 1.66. The 
curve can be described approximately in terms of four quantities: over- 
shoot, delay time, rise time, and settling time. 

The overshoot (a percentage of the final value) is one measure of the 
relative stability of the system. The permissible values of overshoot 
depend on the application of the system and vary from 0 or 1 per cent in 
the case of certain measuring equipment to the 5 or 10 per cent allowable 
for video amplifiers (in television systems, for example) to the 25 per cent 
or more acceptable in certain servomechanisms. A 

The time delay indicates the time between the application of the step 
function and the appearance of a significant response. Although there is 
no universally accepted quantitative ‘definition of a significant response, 
time delay is ordinarily defined as the time required for the response to 
reach half the final value. 

The rise time is usually defined either as the time required for the 
response to go from 10 to 90 per cent of its final value (occasionally 5 to 
95 per cent) or as the reciprocal of the slope of the response at the instant 
the response is half the final value. In pulse transmission, the rise time 
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indicates the sharpness of the leading edge of the output pulse, or the 
precision with which this leading edge can be located in time. In control 
problems, the rise time is related to the signal distortion introduced by 
the system. In a system with a step-function response exhibiting less 
than 10 per cent overshoot, the rise time is related to the bandwidth by 
the approximate equation 


T.B = 0.30 to 0.45 (1.240) 


Here T,, the rise time, is measured in seconds, the bandwidth B, in cycles 
per second. In general, the value of the product T,B increases as the 
overshoot increases; values in the range 0.3 to 0.35 correspond to negligi- 
ble overshoot; values in the neighborhood of 0.45 refer to systems witb 
about 10 per cent overshoot. 

The settling time is usually defined as the time required for the oscilla- 
tion of the response to decrease to less than a specified percentage of the 
final value. Five per cent or two per cent are common criteria. The 
specific definition again depends on the application of the system. 
Clearly, the settling time is directly related to the largest significant time 
constant in the step-function response. 


The principal difficulty encountered b 
establish definite values or ranges of value 
arises because these quantities refer on] 
step function, while actual inputs even in simple cases are ordinarily more 
general. In an attempt to simplify the problem of correlating specifica- 
tions with system characteristics, the control engineer defines the error 
coefficients: the positional error constant K,, the velocity constant (or 
velocity error constant) K,, the acceleration constant K,, etc. The 
definitions and interpretations of these error constants are discussed in 
detail in the next section. 

1.8. Error Constants. The error 
Constants, or error coefficients, are 
defined below and then interpreted 
in terms of the characteristics of 
"ics performance in both the time 
Classical Definition. "The error ars ai ae i ag 


y the designer in attempts to 
s for overshoot, time delay, etc., 
y to a specific aperiodic input, a 


C(s) 


K, = lim G(s) (1.241) 
K, = lim sG(s) (1.242) 
Ka = lim s*G(s) (1.243) 


As a result of these definitions, only one of the error 
] 3 constants possesses a 
finite, nonzero value for any given system. For example, if G (9 Br 
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a simple pole at the origin, K, is infimte, K, is zero, and K, is finite 
and nonzero. Thus, only one of the error coefficients conveys useful 
information. 

The value of the nonzero, finite error constant describes the low-fre- 
quency behavior of the open-loop transfer function: the larger the error 
constant, the higher the loop gain as w— 0. Accordingly, this error 
constant is a measure of the effectiveness of the feedback. As discussed 
in detail in Chap. 2, the feedback is used primarily to reduce the sensi- 
tivity of system characteristics to variations of system parameters and to 
control the output impedance. The extent to which the feedback 
accomplishes these two objectives is measured by the magnitude of the 
loop gain or, at least in part, by the error constant. 

Steady-state Errors. The classical definition leads directly to the 
interpretation of the error constants in terms of the steady-state errors 
for the system of Fig. 1.67, with 


E(s) = R(s) (1.244) 


LA NE 
1+ G(s) 


If E(s) possesses poles in the left-half plane only, the steady-state error is 
given by the final-value theorem, 


sR(s) 
e, = lim TT G(s) (1.245) 
Three particular forms for r(/) are of interest: 
(1) r(t) a unit step function: in this case, 
" 1 
en = lim iG (1.246) 
Substitution of Eq. (1.241) yields 
T n 1 
e 7 DTE, with r(t) = u(t) and R(s) = F (1.247) 
(2) r(D a unit ramp function [r() = t, R(s) = 1 /s]: 
= lim QE lim COME SN 1.248 
e. = mi Go) 2:8)  K. eom 
(3) r(t) a unit parabolic function [r(t) = #?/2, R(s) = 1/s?]: 
1 
ipd (1.249) 


Thus, K,, K,, and K, are measures of the steady-state errors if the input 
is a unit step, a unit ramp, and a unit parabolic function, respectively. 

Generalized Definitions. The primary disadvantage of the above 
definitions rests in the limited amount of information available from the 
specification of the error constants, since only one constant is significant. 
The generalized definitions represent an attempt to circumvent this 

1H. M. James, N. B. Nichols, and R. S. Phillips, “Theory of Servomechanisms,” 
MIT Radiation Laboratory Series, Vol. 25, pp. 147-151, McGraw-Hill Book Com- 
pany, Inc., New York. 1947 
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difficulty by defining all error constants in terms of the low-frequency 
behavior of E(s)/ R(s), or 1/[1 + G(s)]. If 1/[1 + G(s)] is expanded in a 
Maclaurin series in s, the error constants are defined in terms of the suc- 
cessive coefficients: 
E 1 1 ES ES 2 xw 50) 
pou) Xe Ug Re b (1.250) 


With this definition, the value of any constant is not forced to be zero 
whenever the preceding constant is nonzero and finite. A comparison of 
Eq. (1.250) with (1.241) to (1.243) indicates that the definitions give the 
same values for all error constants up to and including the one which is 
nonzero and finite in the classical definition. Thus, the steady-state 
errors with step, ramp, or parabolic inputs are still measured by the 
generalized error constants. In addition, however, the generalized con- 
stants indicate several important aspects of system performance. 

Errors with Low-frequency Inputs. Equations (1.244) and (1.250) state 
ihat the generalized error coefficients define the relation between the 
error and the reference input: 


1 i 1 
13 EK, R(s) + x, EG + x,* FG) Tc: (1.251) 


If the inverse transform of the series of E 
and impulses at ¢ = 0 are neglected, 


= 1 Ties D 
«0 7 LX kr t xrO t0 — (38) 
In problems in which the above operation is valid, the error constants 
yield an expression for the error in terms of the derivatives of the input. 


Equation (1.252) describes the steady-state error. When the transfer 


function 1/[1 + G(s)] is replaced by its Maclaurin series, the transient 
terms of e(f) are discard 


5 ol ed. At best, then, Eq. (1.252) is a valid 

description of the error only after sufficient time has elapsed 

x er those terms in e(t) which are generated by poles of 

MR Sl i ve = insignificant amplitudes. Furthermore, the 
s of Eq. (1. evidently de idi 

Sn e Ween: vidently depends on the rapidity of convergence 


lt of considerations of this nature, c. b 
e seri care must be 
exercised in the use of the generalized error coefficients. t f 


E(s) = 


q. (1.251) is taken term by term 


A li ` t " * = * H 
Eie id of Eq. (1.252) is most easily illustrated if the input r(t) is a 
N 
D= Y aun (1.253) 


n=0 
1 Throughout this section, th 


e steady-state out 
the complex frequencies of the i; 


"i put is defined as that representing 
nput. In contrast, the transient output is character- 


^ n. Inoth i 
the solution of the nonhomogeneous differe S veia id n case cca gi 


ntial equation; the transient component of 


Fa. 
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The following discussion is made explicit by assuming an N of 2, or 


r(t) = ao + ait + at? (1.254) 
Substitution of Eq. (1.254) in (1.252) yields 
1 1 2 
e(t) = PS (as + ait + as) x (a1 + 2ast) + 7 a2 (1.255) 


Exactly the same results are obtained if the ordinary inverse transform of 
R(s)/{1 + G(s)] is taken and only the terms representing critical fre- 
quencies of R(s) are considered. 

Thus, if r(l is a second-degree polynomial, the steady-state error 
depends on the first three error coefficients: Kp, K., and Ka More 
generally, if the polynomial is of Nth degree, the first N + 1 error coeffi- 


Fr Interval B. 


Interval A——>4 Input r(£) 


Second Approximation 


First Approximation —-4 
L 


Fia. 1.68. Approximation of r(t) by polynomials. 


cients are used. In practice, it is possible to extend such results to more 
general input functions. The extension is customarily justified with the 
following line of reasoning, based on Fig. 1.68. The only permissible 
input functions are ones which can be accurately approximated by a 
quadratic polynomial over each of the overlapping intervals indicated. 
In interval A, Eq. (1.255) gives an accurate measure of the error after 
sufficient time has elapsed for the transient terms to decrease to insig- 
nificant magnitudes (/.c., after ta in the figure). Thus, Eq. (1.255) is an 
accurate description of the errorf from ta to (4. If interval B can be 
made to start sufficiently long before ta, (that is, if (4, — t», is long enough 
to allow the transient to die out), the equation adequately describes the 
error from ta, to ts, if the coefficients of the polynomial of the second 
approximation are used. Continuation of this type of reasoning leads to 
the conclusion that Eq. (1.255) is valid if the input is so slowly varying 
that it can be approximated by a set of quadratics in overlapping intervals 
much longer than the significant time constants of 1/[1 + G(s) Thus, 


1 For the unity-feedback system, the error is identical with the actuating signal. 
In the more general case, the error coefficients are defined in terms of the actual error 
function, rather than the actuating signal. 


n 
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when the input contains predominantly low-frequency energy, a few of 
the generalized error coefficients suffice to describe system performance. 

` This interpretation of the significance of the generalized error con- 
stants is not always valid, however, and there is no simple method for 
determining the validity. The trouble arises in part from the difficulty of 
evaluating the significance of errors in approximating the actual input by 
a set of polynomials. The proper significance to be attached £o these 
. errors clearly depends not only on r(/)? but also on the transfer function 
l/[l + G(s)]. For example, if when R(s) is a rational algebraic function 
there is a time constant associated with 1/[1 + G(s)] which is larger than 
any time constant in r(t), Eq. (1.252) can never be a valid description of 
the error, since the steady-state is never reached; the transient terms, 
those from the poles of 1/[1 + G(s)], last longer than the Steady-state 
components from the poles of R(s). 

How rapidly the series (1.252) converges, or even whether it actually 
converges, is not always obvious. For example, if the input r(t) is 
arctan (10 — £) in the interval 0 < ¢ € 15 and the series is to be used to 
investigate the error in the vicinity of ¢ = 10, it would appear that the use 
of the series is a valid approach as long as the time constants associated 
with 1/[1 + G(s)] are much less than 10 sec. However, the values of 
error given by the series do not agree, in general, with the accurate values 
calculated by the convolution of r(t) with the inverse transform of 
1/[1 F G(s)]. Investigation of the derivatives of arctan (10 — 2) in the 
vicinity of £ = 10 indicates the source of the difficulty, since 

arctan z = £ —$z pis digg... z? <1 (1250) 
The ee atte of arctan zatz =O are 1, — (20), 41, — (60), 
h , since the derivatives increase in magnitude, the successive error 
in must decrease very rapidly if Eq. (1.252) is to be valid. In 
Plo orm In (28 gr edel by fact that he et 
fesuide hebt he n Mf only B no significant indication of the error 


a finite number of terms į i 
s 8 in the series. 
Thus, the generalized error coefficients indic : 


ial; when r(t) is 


of Moments. 
ts of the impul 


system function. The relation is most 


Se response of the closed-loop 


combined with the equation uw perc d amid 
G(s) 
C(s) = ——— = i 
( 13 GG) R(s) = [: - ias] R(s) (1.257) 
Hence, 
C(s) = Ky 


1 
T+ x. RG) — K, 2O = E RO — +++ (1.258) 


ERROR CONSTANTS 85 


If r(4) is & unit impulse, c(t) is the impulse response, and 
_ Ky d. s d 2 
K. s (1.259) 

(1) Thus, K,/(1 + K;) is the area under the response to a unit impulse. If the 
final value of the unit-step-function response is unity, this area is also unity, or Kp 
is infinite. 

(2) —1/K,is the zero-frequency value of the derivative of C(s). But the Laplace 
integral states that 


C(s) = 


C(s) = E c(t)e™ dt è (1.260) 
Differentiation with respect to s gives 
C) = f 7 —te(t)er# dt (1.261) 
Substitution of s = 0 yields 
E = i, te(t) dt (1.262) 


Thus, 1/K, is the first moment of the impulse response, or the centroid of the response 
if the area is unity (Ky = ©). . 
(3) Differentiation of Eq. (1.261) gives 


C" (s) = h t*c(t)e7" dt (1.263) 
Bus from Eq. (1.258), —1/Ke is $C"(0), or 
1 LJ 
c e 4 f te(t) dt (1.264) 
The acceleration constant measures the second moment of the impulse response. 


In a similar fashion, the relations between the higher-order error coeffi- 
cients and moments are established. 

Time Delay and Rise Time. The relations between the error coeffi- 
cients and the moments have led to attempts to derive correlations 
between the error constants and the time delay and rise time of the step- 
function response.[ The relation between the velocity constant and the 
time delay is established by inspection of Fig. 1.69(a), showing a typical 
impulse response and the integral (the corresponding step-function 
response). Unit impulse and step functions are considered, and the 
assumption is made that the final value of the step-function response is 
unity. If the time delay is defined as previously (the time for step-func- 
tion response to reach 0.5), the time delay is approximately given by the 


equation 


Ta = (1.265) 


4 
K, 
Equation (1.265) is exact if the impulse response possesses symmetry 
about the line through the centroid, as shown in Fig. 1.69(b); in general, 
the required symmetry does not exist [as indicated in part (a) of the 
figure], and Eq. (1.265) is useful primarily in fixing the order of magnitude 
t W. C. Elmore and M. Sands, “Electronics,” National Nuclear Energy Series, 
Div. V, Vol. 1, pp. 137-138, McGraw-Hill Book Company, Ine., New York, 1949. 
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of the time delay for systems with small overshoot. If the overshoot is 
large, there is very little correlation between the time delay and K.. — 
If the step-function response does not exhibit large overshoot, there is 
a similar relation between the second moment and the rise time. Figure 
1.69(c), showing two impulse responses and the corresponding step-func- 
tion responses, demonstrates that the smaller the second moment of the 


Area=0.5 
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(a) Relation Between Time Delay and Centroid of Impulse Response 
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(b) Responses for which Eq. (1.265) is Exact 


Impulse Response Step - function Response 


1 (c) Two Responses with Same Time Delay 
Fic. 1.69. Relations between error constants and step-function response. 


impulse response about the centroid, the smaller 
function response. This second 


maller the rise time of the step- 
moment is given by the equation 


ot = j^ ° (t — t)e(t) dt (1.266) 


where £; is the centroidt of c(t) and c? is the second moment about t1- 
T4: is approximately equal to the time delay if the overshoot is negligible 
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Expansion of the squared term leads to 
a= Í telt) dt — 2 [7 te(t) at + Å |^ = e(t) dt — (1.267) 
Substitution of unity for Fhe c(t) dt and t, for the first moment gives 


o= f Pel dt — G (1.268) 


Equations (1.262) and (1.264) can be used to express c? in terms of the 
error constants: 


g*-—-—u (1.269) 
Thus, the quantity —2/K, — 1/Kiisa measure of the order of magnitude 


of the rise time if the overshoot of the step-function response is small. 
Elmore uses the specific relation for the second moment, 


1 
Pm oc (1.270) 
Hence, 
"a 2 1 
p» Tic xi (1.271) 


1.9. Conclusions. The last two sections summarize very briefly the 
nature of the performance specifications most commonly encountered by 
the designer of fee acksystems. Thesespecifications must beinterpreted 
in mathematical terms in order to state the problem in a form amenable to 
design and synthesis procedures. Certain common mathematical terms 
are described briefly. 

Once the problem is formulated analytically, the selection of a par- 
ticular design procedure is guided by the particular nature of the problem. 
Regardless of the design method, even if design is effected entirely in the 
frequency domain in terms of the classical Nyquist diagram, the success 
of the designer depends in large measure on his circumspection. He must 
be able to correlate the information obtainable from the variety of 
analysis techniques available. The complex-funētion theory and 
Laplace-transform theory, reviewed very briefly in the first six sections of 
this chapter, form the foundation for the various analyses and design 
procedures described in the following chapters. 


CHAPTER 2 


SIGNAL-FLOW DIAGRAMS AND FEEDBACK THEORY 


There are two concepts which are basic in the analysis of feedback 
systems. The first, and more fundamental, is the circuit concept, the 
visualization of a combination of physical components as a topological 
configuration of basic elements which obey simple natural laws. The 
second is the block-diagram approach to the analysis of complex systems, 
After the system is visualized as a circuit, the various independent sec- 
tions are analyzed individually. A set of transfer functions is developed, 
each function representing the transfer characteristics of one section. 
The block diagram portrays the interconnection of these various sec 
to form the over-all system, this interconnection of component bloc 
itself constituting a circuit. 

The success of the block-dia 
mately to design, is dependent 


tions 
ks in 


transfer functions. Clearly, 
single block with no da 
of the block- 


t It suffices at this point in the discussion to assum 
of linear lumped-parameter elements (R, L, and C in 
in mechanical Systems, etc.). 


Mrs assumpti iption of 
system behavior involves only li i i Qe. qn the deseription 
coefficients, not partial differenti; 
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for the elements in the block under investigation and the circuit transfer 
function is evaluated directly in terms of the complex frequency s by any 
of the numerous methods familiar to electrical engineers (e.g., the writing 
of loop or node equations). 

There are several fundamental limitations and disadvantages of the 
block-diagram approach to the analysis and design of feedback systems: 


. (1) In a complex system, it is extremely difficult to determine, from the simul- 
taneous equations describing system behavior, which group of elements can be isolated 
in a block. The interaction of one set of elements on another is not at all apparent, 
with the result that the block diagram drawn for the system frequently contains too 
few blocks, each with an unnecessarily complicated transfer function. 

(2) Once the block diagram is drawn, the designer loses contact completely with 
the flow of signals within the block. A single block represents, in general, & moder- 
ately complicated configuration of physical elements, with the entire configuration 
described by a single transfer function. The subsidiary transfer functions, relating 
the block input signal to other signals within the circuit represented by the block, can 
be determined only by & return to the simultaneous equations describing system 
behavior. 

(3) This loss of contact with the physical system is a distinct disadvantage if the 
effect of a single parameter on over-all system performance is to be studied in detail. 
For example, the effects of variations in a system parameter on the over-all system 
function are frequently desired in analysis. 

(4) Since the signals between blocks represent only a specialized few of the many 
signals actually present in the system, the effects of disturbances entering the system 
at points other than the input must be analyzed by modifying the block diagram of the 
system to such a form that the disturbance enters between blocks or through an 
artificial block to a point already present in the bleck diagram. 


The above disadvantages certainly do not mean that the block-diagram 
approach to analysis is not a useful tool of the engineer. On the con- 
trary, it is en invaluable aid in the analysis of the stability and dynamic 
performance of feedback systems. The difficulties do indicate, however, 
that, for a wide variety of feedback analysis problems, an alternate 
representation of the system is desirable, a representation which pictures 
the system in more detail than a block diagram, but which retains the 
visual representation of the flow of signals through the system. The 
signal-flow diagrams, originated by S. J. Mason, t provide this representa- 
tion of system performance. This chapter begins with a description of 
signal-flow diagrams and then illustrates the application of the diagrams 
in the derivation of certain basic relations of general feedback theory. 

2.1. The Signal-flow Diagram. The conventional analysis of a phys- 
ical system is initiated by writing the set of simultaneous equations 
describing system: behavior. The first step in writing these equations is 
the selection of the variables. The discussion is made specific by the 
consideration of a system with only one driving signal, zo, and with n 
dependent variables, zi zs, . . . , Tn The simultaneous equations take 


the general form 


+S. J. Mason, Feedback Theory—Some Properties of Signal Flow Graphs, Proc. 
IRE, Vol. 41, No. 9, pp. 1144-1156, September, 1953. 
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Goto + aizi + aizi +--+ d ac. = 0 
boto + biti + borg + +- - +4 bita = 0 (2.1) 
Noto + Zi + natz +--+ cona = 0 


If n independent equations are written, they can be solved for the n 
dependent variables from the known driving function zo. In the general 
linear lumped-parameter system, the coefficients 0j bj, .. . , nj, are 
integrodifferential operators. The equations are made algebraic by 
Laplace transformations, with the initial conditions modifying the terms, 
Goto, boto, . 2 2 y Not. 
The set of equations with n equal to 3 is sufficiently simple to permit 
detailed discussion: 
Goto + aii + arr, + azz, = 0 d 
bozo + biti + bor, + bits = 0 (2.2) 
Coto + Citi + cote + cata = 0 


The equations can be rewritten in the form 


Tı = toro + tit + inz + tziz 
Ta = loxto + trots + tata + tats (2.3) 
Ta = tosto + tiati + trta + lasta 


On one side of each of Eqs. (2.3), a dependent varia 


ble appears alone. 
The n equations now take the for: “4 


e f c m of expressions for the n dependent 
variables, in turn, in terms of the other variables. The tx factor repre- 
sents the contribution of T; to the value of z, with the equations in the 
form shown. The factors £j, are directly related + 


Bas. 22), o the aj, bj, and c; of 
nefe | al (2.4) 
EE. ie an 


-— 0 a 
gc -n-an 9. 
ai ay, ay; 
bo b b. 
Wale cim 3 
e a 
b, b, bs + (2.7) 
= Co e 
T3 = EU c ost 
C3 C3 c 


5 however, for, as soon as 


ents, the stability question 
hus, the above equations (2.7) are valid only if 
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none of the coefficients a;, bs, and c; takes on the value zero for the circuit 
parameters lying within their operating ranges. If the Laplace trans- 
forms of the equations are considered and ay, bz, and cs are functions of 
the complex frequency s, the zeros of ai, b», and c; must be restricted to 
the left half of the s plane if the 
various coefficients of Eqs. (2.7) are 
to represent stable transfer func- 
tions. It is more convenient to 
postpone these questions of stabil- 
ity to a later point in the analysis of 
a feedback system, rather than in- 
troducing the problems at the very 
outset. 

Rules for the Signal-flow Diagram. 
The form of the describing equa- 
tions (2.3) leads directly to the rep- 
resentation of system behavior in 
terms of the signal-flow diagram. 
The three equations can be repre- 
sented topologically as shown in n 
Fig. 2.1. The variables are repre- q ; x 
sented as nodes; the transmittances a Prai pae hs 2 
tj, as directed branches. The dia- 
gram is drawn on the basis of four rules: 


Rule 1. Signals travel along branches only in the direction of the arrows. 
Rule 2. A signal traveling along any branch is multiplied by the transmittance 


of that branch. 
Rule3. The value of the variable represented by any node is the sum of all signals 


entering the node. 


(a) Cathode Follower (b) Linear Incremental Equivalent Circuit 
Fig. 2.2. Circuit to illustrate construction of signal-flow diagram. 
Rule 4. The value of the variable represented by any node is transmitted on all 
branches leaving that node. 
Example of a Signal-flow Diagram. A very simple example illustrates 
the construction of the signal-flow diagram from a physical system. 
For the cathode-follower circuit of Fig. 2.2(a), the linear incremental 
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i ircuit is shown in Fig. 2.2(b), with the grid, plate, and cathode 
ee fated G, P, and ie. respectively. The set of equations 
describing system performance can take a wide variety of forms, but, if e 
effort is made to write the equations in an order corresponding to t e 
flow of signals through the circuit, a set similar to the following results: 


€; = € — & s (2.8) 
= 2.9) 

er STE eg ( 

€2 = 6; (2.10) 


The first equation, (2.8), describes the manner in which e; causes e,; the 


second, the e, resulting from this €s; and the third, the output resulting 
from ez. 


o o o * 
ey [L7] e, ez 
(a) 
1 
ET E ey 2, 
(5) Fa 
AR, 
1 Tp +R, 
(c) pt 
AR, 
1 Tot R, 1 
u ee er ez 
(d) n 


Fic. 2.3. Step-by-step construction of signal-flow diagram for cathode follower. 
The signal-flow diagram for the circuit is 
£o; €», and e; are located 

» depicted as shown i 


1 wo components, e 
€. by —1. In Fig. 2.3(c), the branch 


and Fig. 2.3(d) represents the com: 

the diagram can be drawn directly from the i Fig. 

2.2(a), without the int i on af i. Shemale pus 

and writing of the simultaneous e 
One feature of the signal- 


| tern © variables e, ¢,, îr, and es, 
hown in Fig. 24. The transmittance from 
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e, to e, is dimensionless, that from e; to i; has the dimension of mhos, and 
those from 7; to e, and ez have the dimension of ohms. 

The signal-flow diagram is governed by the four rules listed previously. 
There are two additional rules which are introduced merely for standard- 
ization and for convenience in the analysis described in the following 

A 
e [^1 TER. is ez 
1 R; 
-R, 
Fia. 2.4. Alternate diagram for cathode follower. 


sections. The diagram is always drawn in such a way that no branch 
enters the input node and none leaves the output. If the input repre- 
sents the drive, the former condition is always satisfied. The latter con- 
dition can always be met by introduction of an additional variable. For 
example, if the equations as originally written are in a form leading to the 
partial diagram shown in Fig. 2.5(a), 

where e; is the output variable, one addi- 

tional equation is written, 


lout = €2 (2.11) 


The output is now considered to be e, 
and the partial signal-flow diagram is 
shown in Fig. 2.5(b). No branch leaves 
the output node. 

What is gained by the introduction of (a) Output Section of Original Diagram 
the signal-flow diagram? 'The advanta- 
geous features of an analysis with signal- 
flow diagrams are described in detail in 
succeeding sections, but certain features of 
the diagram are evident from an example 
as simple as the cathode-follower circuit 
described above: 


e2 


(1) The signal-flow diagram pictures the 
passage of signals through the network. ^ s 3 

a) The feedback paths are placed in evidence DE Duk peer 
by the closed loops of the signal-flow diagram. in which no rasch test Mapa i 
For example, the diagram of Fig. 2.3(d) indicates ^ pode, YOR ONERU 
that in the cathode follower there is one feedback 
loop, present because er depends on e;, which in turn depends on ex. In more compli- 
cated systems, there may be a large number of complex, intermeshed feedback loops. 

(3) The signal-flow diagram presents exactly the same information as the cor- 
responding set of simultaneous equations. In a great many cases, however, the form 
of the diagram suggests a procedure for solving the equations, a sequence for the 
successive elimination of the dependent variables. This use of signal-flow diagrams 
is described in detail in Sec. 2.3 and is only poorly illustrated by the cathode-follower 
example, in which it is clear from either the equations or the signal-flow diagram that, 
if es/e is the desired transmission, €; should be eliminated first by substituting Eq. 


(2,8) in (2.9). 
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A Second Example. Construction of the signal-flow diagram for the 
circuit of Fig. 2.6 illustrates the procedure in a more comprehensive 
example and also indicates certain problems not brought to light by the 
analysis of the simple cathode-follower circuit. The construction is 
guided by the desire to maintain a correspondence between the diagram 
and actual signal flow. This desire is best satisfied if the successive steps 
in building up the signal-flow diagram are directed toward working 
through the circuit from the input signal to the output. The variables 
required to describe system behavior are defined in the process of tracing 
the path of signals through the network. In general, as many variables 
are defined as are required to permit the writing of the system equations 


A B+ 


Fro. 2.6. Circuit diagram for second example, 


(or the drawing of the signal-flow diagram) by j i i 
: r Signal-fic Y inspection. T} l- 
dor Seale d so Amped simplified, as outlined in Seo. 2.3 that it ic not 
esirable at this point to expend any signifi i i 
[o phe gd. tnn y significant effort toward a reduction 
The signal-flow diagram is 


correspond to the appropriate part of Fi 
in the circuit diagram of Fig. 2 


alent circuits. 


(1) The signal-flow 
nodes ein and epu. 


(2) Theinput Voltage causes a grid-to-cathode 


$n = Cin — e, 


(2.12) 
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Cin 1 gl eget 


Um -Rnh Ek 
Fra. 2.7. Development of the signal-flow diagram for circuit of Fig. 2.6. 
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signal path from input to output is through the first tube, acting as a 
degenerative amplifier, through the 8-voltage divider, and finally through 
the second amplifier stage. Alternatively, the primary signal flow might 
be considered to be through the intertube coupling afforded by the 
common cathode resistor. In more complicated systems, it is often less 
apparent which variables are primary and which secondary. In such a 
case, the diagram is redrawn after all equations are represented and the 
clearest form is apparent. 

(3) The grid-to-cathode voltage generates a plate current ip, which 
is given by the relation 

Bior — Ce 


tp = Ty E E, (2.13) 


where R}, represents the parallel combination of Ri and R. In the 
signal-flow diagram, Eq. (2.13) is represented by two directed branches 
into the 7,; node, one from ej; and one from ez. 

(4) If emphasis remains direct 
through the network toward the out 
from the plate of tube 1 to ground, 


ed on the flow of signals passing 
put, 25; causes an incremental voltage 


Cpn = = Ruin (2.14) 
(5) A fraction B of this plate-to-ground voltage is fed to the grid of 
tube 2 and combined with e, to generate a grid-to-cathode voltage, 


€02 = Boni — e, (2.15) 
(6) esin turn causes [T 
;.oQ Mr gr — ek 
MET (2.16) 
(7) The output voltage is the negative of the drop through R12 caused 
y 12, 
€ = — Evi, (2.17) 


(8) After the introduction of Eq. (2.17), the si i 
intr + (2.17), gnal-flow diagram has 
> inna a ea 2100. € signal path has been followed from 
t utput. e construction of this di iti he 
required equations) has necessitated Heind es ee 
variable ex, for whi 


1 must be at least one 
ependent node in the signal-flow diagram.) 


R apparent f ircui i 
illustrate two possibilities: P Tom the circuit, the following 


(int + ipa) Ri 
Mien — tar(tp + RA) (2.19) 


pe 
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equation can be a linear combination of other equations of the set. 
Equation (2.18) satisfies this requirement of independence, while (2.19) 
does not. In general, there is no simple way to determine what equation 
to write for e; to assure the independence of the set. This is not a diffi- 
culty characteristic of the signal-flow diagrams, but, rather, one which 
arises regardless of the method of analysis. Actually, the signal-flow- 
diagram method exhibits the advantage characteristic of most formalized 
methods for writing the simultaneous equations: the advantage that the 
orobability of two dependent equations occurring is reduced by the 
systematic procedure. As a guide in the selection of the equations, there 
is one necessary, although not sufficient, condition which can be used. 
Any circuit parameter which affects the gain must appear at least once in 
the set of equations. In the example considered above, it is clear that 
the gain of the system depends upon the value of Ry. If Eq. (2.19) is 
used for ex, R does not appear in the signal-flow diagram. The presence 
of R, in Eq. (2.18) does not guarantee that the use of the equation results 
in an independent set, but, if the set is not independent, the attempts to 
determine e,4/e; by reduction of the signal-flow diagram (cf. Sec. 2.3) 
demonstrate that the equations must be rewritten. "Therefore, Eq. (2.18) 
is used to complete the diagram, as shown in Fig. 2.7(A). 

Nature of the Signal-flow Diagram. At this point, several comments 
are relevant in connection with the above example. First, it is clear that 
the signal-flow diagram can be drawn without the necessity of writing 
Eqs. (2.12) to (2.18). They are included above merely to clarify the 
manner in which the signal-flow diagram is constructed. 

Second, both examples described in this section involve signal-flow 
diagrams in which all transmittances are constants. Clearly, these are 
both special cases, in the sense that in general the transmittances are 
functions of the complex frequency s. The node variables are then the 
Laplace transforms of the corresponding time functions. 

Third, there is considerable flexibility in the selection of the variables 
and equations. For example, the system of Fig. 2.6 can be described 
without the use of the two plate currents as variables, but with the equa- 
tions entirely in terms of the voltages throughout the circuit. In this 
way, the number of equations (and, hence, the number of nodes in the 
signal-flow diagram) can be reduced. The amount of the circuit to be 
lumped together and represented by one transmittance depends primarily 
on the facility the engineer has in analyzing circuits. 

Fourth, the nodes in the signal-flow diagram might be arranged in 
markedly different order. For example, if the analyst feels that the 
primary transmission from input to output is furnished by the coupling 
through the cathode resistor, the signal-flow diagram can be drawn with 
the primary signal flow from ei, to €j1 to & tO Cour. Although the order in 
which the equations are written is largely arbitrary, full utilization of the 
picture the signal-flow diagram presents of the paths of signals through 
the network requires that as much correlation as possible be retained 
between the diagram and actual operation of the circuit. The only time 
at which this correlation should be abandoned is when the specifications 
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require an investigation of the effect of one particular parameter on the 
over-all transmission. In this special case, it is desirable, as indicated in 
Sec. 2.4, to draw the diagram in such a way that the parameter under 
study appears in only one branch. . Ne 

The examples of this section illustrate the basic characteristics of the 
signal-flow diagram. Here, at the beginning of the chapter, it is appro- 
priate to emphasize the very distinct differences between signal-flow 
diagrams and block diagrams. The signal-flow diagram is a detailed 
picture of system behavior; the block diagram indicates the mode of 
interconnection of the various sections of the System. "The signal-flow 
diagram is useful in analyzing complicated Systems, in establishing basic 
relations of feedback theory, and in investigating the role taken by one 
particular parameter in the over-all feedback System; the block diagram 


-1 
flow diagram for simple servi 


Fic. 2.8. Block diagram and signal- omechanism. 


is known, the 
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be realized by a passive network, the techn 


onfi i i 
given system. Thus, although there is vg mas en ed 
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both diagrams for such a system. The example of Sec. 2.9, on the other 
hand, illustrates the very significant difference between the two methods 
of analysis. In a complex system, step-by-step reduction of the com- 
plexity of the signal-flow diagram can be used to derive an appropriate 
block diagram. 

2.2. System Order. The most important system characteristic placed 
in evidence by the signal-flow diagram is the order of the system, for this 
order determines the system complexity, which, in turn, establishes the 
degree of difficulty associated with the determination of the over-all gain 
and stability. The order of the system is essentially a measure of the 
number of independent feedback loops. 

The signal-flow diagram gives a pictorial representation of the feedback 
loops. For example, the diagram (Fig. 2.3) for the cathode follower 


T : 
p d 3 
RD NE D 


Sout 


Fra, 2.9. Feedback loops in diagram of Fig. 2.7(A). 


demonstrates that one closed (or feedback) loop exists in the system, the 
loop from e, to e; and back to ep. This feedback loop represents the 
cathode degeneration in the physical circuit. The more complicated 
signal-flow diagram of Fig. 2.7(h) indicates six feedback loops, as shown 
in Fig. 2.9: 

(1) ex to tp: to ex 

(2) erto eji to tp: to ex 

(3) erto ips to ex 

(4) ex to ep2 to ips to ex 

(5) ex to dpi tO eni tO 652 tO 15: to ex 

(0) ex to €pı tO dpi tO Epnı tO Ep2 tO dps to ex 


Loops (1) and (2) represent the effect of the cathode degeneration in 
tube 1 alone; loops (3) and (4), that of tube 2 alone; and loops (5)and (6), 
the effects of the intertube coupling furnished by the common cathode 
resistor. ; ‘ 

It is noteworthy in Fig. 2.9 that, as a result of the manner in which the 
signal-flow diagram is constructed, each physical feedback is represented 
by two closed paths in the diagram. The number of feedback loops is, 
thus, a result of the manner in which the equations are written, rather 
than an accurate indication of the complexity of the system. This 
vagueness in the definition of feedback runs throughout the literature on 
the subject. The absence of precise correlation between the feedback 
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loops obvious physically and those presented by the mathematical 
description of the system is even more startlingly demonstrated by an 
analysis of the simple ladder net- 
work of Fig. 2.10. The loop equa- 
tions for this circuit are 


E, = (2, + Z2)I, — Zola (2.20) 
0 = —Zi + (Z: + Zs) Io 
Fia. 2.10. Simple ladder network. Bs = 2 bue 
$c 342 H 
A signal-flow diagram can be drawn (Fig. 2.11) if the equations are 
written in the form 
i= M lees E + _ 42 I 2 22) 
Zi + Z; Z1cTZ ^ (228 
Z: 
Ana zh (2.24) 
Bi = Zal, (2.25) 


Tf the cireuit is analyzed as & voltage divider rather than by means of 
the loop equations, the signal-flow diagram of Fig. 2.12 is derived. The 


1 Zz 
Zı+Z2 Z2+Z3 Z3 
E; iN 1, Ez 
Z2 
Z\+Z2 


Fig. 2.11. Signal-flow diagram for circuit of Fig. 2.10 if loop equations used. 
apparent feedback of Fig. 2.11 is compl: i 

ren | 2; etel .12. The 
ambiguity here arises from the fact that M D. s 


X n : Physical r ing indicates 
that the circuit of F; i P eue ms 
mists Uf E € feedback: in the ordinary 
matically, the circuit do: an Mathe 
loop equations are used for analysi a e 
alysis. Thus, the Za 
number of feedback loops in the signal-flow diagram “122+ ZiZ3+Z2Z3 
f- o p 

measures the complexity of the particular set of Fi Ee 
equations used to dese Fia. 2.12. Signal-flow 

That the number of feedback loops is not an diagram for circuit of 
appropriate measure of system complexity is further Fig. 2.10 if voltage- 
indicated by Fig. 2.13. The two disgranatr divider equation used. 
sent the same system an i E. 
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from a signal-flow diagram to eliminate all feedback paths. Here, a node 
removal is interpreted as an equating of the value of the node variable to 
zero or, equivalently, a simple deletion of all branches leaving the node. 
Tip order of the signal-flow diagram is the minimum number of essential 
nodes. 

Figure 2.14(a) shows a signal-flow diagram of order one. Since both 
feedback loops (eise: and eiesesei)) pass through e; and ez, removal of 
either e; or e; eliminates all loops. Part (b) of the figure shows the dia- 
gram if the node e; is removed. Either e; or e: can be considered the 


v pum. 
1 1 
P fo OSS o (a) Original Diagram 
(a) b 
; e : ein (e1) a ez AG fout 
(b) ic (b) Diagram with e, Removed 


Fig. 2.13. Equivalent systems with Fic. 2.14. Signal-flow diagram of order 


different numbers of feedback loops. one. 


single essential node of the complete diagram. esis not an essential node, 
because removal of e; leaves the e1e2¢: loop unbroken. 

The diagram of Figs. 2.7(h) and 2.9 is a more elegant example of a 
system of order one. The essential node in this case can only be ex. 
Elimination of any other node leaves feedback loops in the diagram. 
The discussion of the next section demonstrates that the diagram of Fig. 
2.7(h) is basically no more complicated than that of Fig. 2.14 if the 


analysis is directed toward determination of the gain and stability of the 


over-all system. 
A diagram of order two is shown in Fig. 2.15. All three loops (e:¢2¢1, 


636463, and e105056461) can be eliminated only by removal of either e; or es 


e3 €s out 


ein ei 2 
Fic. 2.15. Signal-flow diagram of order two. 


In a complex diagram with order greater than two, 
erally a difficult task, requiring a trial-and- 
hich nodes form the essential set. Fortu- 
nately, it is not too important to be able to ascertain whether a system is 
of order four or five, for example. If the order determined is inaccurately 
high, the analysis is still valid, although more complicated in certain 
aspects. In the great majority of systems encountered in practice, the 
order is less than or equal to two. 

2.3. Reduction of the Signal-flow Diagram. The fundamental prob- 
lem in system analysis is the determination of the over-all system gain. 
If the system is analyzed from the set of simultaneous equations, the 


and either ea Or és. 
evaluation of the order is gen: 
error analysis to determine w 
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equations can be solved either with matrix algebra or by a one-by-one 
elimination of variables. In either case, the analyst rapidly loses any 
correlation between the equations and the physical system. If the 
analysis is carried through in terms of the signal-flow diagrams, this cor- 
relation can be retained. 

Basic Reduction Rules. System analysis with signal-flow diagrams 
involves a step-by-step reduction of the complexity of the diagram. Asa 


ty 
ei ta ez e tatty e? 


(a) Original Diagram (b) Equivalent Diagram 


Fic. 2.16. Combination of parallel branches, 


consequence of the rules (Sec, 2.1) under which the signal-flow diagram 
is constructed, the following manipulations may be carried out to reduce 
the complexity of the diagram: 


(1) Two parallel paths may be replaced by a single path with a trans- 
mittance equal to th 


equivalence is illustrated in Fig. 


(2) Two tandem paths are equivalent to a single path with a trans- 
mittance equal to the product of the two original transmittances. The 


a] z e3 ê, ez 
he t23 !12123* 


(a) Original Diagram 
Fre. 2.17. Combination of ta 
relation illustrated in Fig. 2.17 isa conseq 


(5) Diagram Equivalent to (a) 
ndem branches, 


t : be shifted one node if suitable 
changes are made : : iagram. In Fig, 2.18(a), the 
branch with transmittance t42 is to be shifted to enter node e; rather than 
€» The change is effected in three steps, represented by parts (b), (c), 
The variable e, is defined by the equation 
Gh = es dyes (2.26) 


In the second 
to start from 


The node variable e; is unch 


anged by this transformation. 
step [Fig. 2.18(c)], the bran 


ch from e; to e, is moved back 
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eh. Equation (2.26) indicates, however, that e, does not contain all the 
information present in es. In order to leave es unchanged, a branch must 
be added in Fig. 2.18(c) from e, directly to es. es represents any node 
receiving a branch from ez. Thus, if there is a branch from e; to e, in the 
original diagram, the added branch 
of Fig. 2.18(c) takes the form of a 
self-loop at nodee,. The final step, 
involving the elimination of e; from 
the diagram, results in Fig. 2.18(d). 
Thus, moving the terminal end of 
the branch t4: is a simple operation 
requiring only redefinition of the 
node variable e» if the only path 
leaving e» in the original diagram is 
the one to es. 

(4) "Thestarting end of a branch 
can be moved one node, as outlined 


t32 


tse 


tazt24 


(d) ea (b) Equivalent Diagram 
Fic. 2.18. Changes required if terminal Fic, 2.19. Changes required if starting 
end of n branch moved one node. end of a branch moved one node. 


in Fig. 2.19. Part (a) of the figure shows the original signal-flow dia- 
gram, in which the origin of the ta branch is to be moved ioc. The 
change can be determined either by manipulation of the signal-flow dia- 
gram or by consideration of the equations. If the latter method is used, 

t Alternatively, the translation can be accomplished by adding a branch from e, 
to es and replacing the node variable e; by a new variable e, equal to e + (tas/ts2)eu. 
In this case, the terminal end of the original 44: branch is moved along the la» path, and 
the final transmittance from e, to es is laz/la2. , This alternative procedure is not 
ordinarily used, however, because it involves dividing by the transmittance hes As 
indicated in Sec. 2.1, such a division means that the transmittances in the modified 


diagram may not be stable. 
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Fia. 2.20. Step-by-step reduction to an essential diagram 


(Resiat- 
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400 
-2+ 21 


ances in kilohms, currents in milliamps, voltages in volts.) 
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the equations for the original diagram are 


2.27) 
e, = tnez ( 7) 
ez = bares + tives + tases EM 
e = l2 + 5c (2.29) 


Substitution of Eq. (2.28) in (2.27) yields 


€4 = bgatoals -F braless A- taotayes (2.30) 


Equations (2.28) to (2.30) describe the diagram of Fig. 2.19(b). Clearly, 
if 4» and ty» are zero in the original diagram (ie., if the only branch enter- 
ing ez is from es), the translation of the origin of the to, branch is par- 
i rly simple. 

bu en nnn described above are useful if the reduction of 
the signal-flow diagram is to be effected by a step- 
The last two equivalences are used to manipulate the 
suitable for application of either of the first two. 
of the signal-flow diagram is most readily perfo: 
first reducing the diagram to an essential diagram 
input, output, and essential nodes), the second reducing the essential 
diagram to a single transmittance or gain. 

Step-by-step Reduction to an Essential Diagram. The signal-flow dia- 
gram of Fig. 2.7(h) is used to illustrate the procedure in a step-by-step 
reduction to an essential diagram. In order to simplify the presentation, 
the literal parameters are replaced by the following numerical values: 


by-step procedure. 
diagram into a form 
The complete reductior 
rmed in two parts, the 
(one containing only the 


Bi = pe = 20 Tp = Ty» = 10k 1 

H,— 10k Pn = Ra = 200k re 

With £ left unspecified, the signal-flow 
Currents are measured in milliamperes, 
This diagram is to be reduced to an 


diagram is shown in Fig. 2.20(a). 
voltages in volts. 

essential diagram which includes 
only three nodes: the input node, 
the output node, and the single 
essential node e,. The most general 
diagram of this form is shown in 
Wig, 221. As a result of the fact 
that no branch enters the input 
or leaves the output, only four 


ein T, eq,  Oranches are possible in an essential 
Fic. 2.21. General essential diagram of diagram of order one. Thediagram 
order one. 


of ae 2.21 is realized by the ae 
‘ Sive elimination of the nonessential 
nodes in Fig. 2.20(a). One possible seri ion i 
shown in Fig. 2.20 and listed felines mes of steps for the reduction is 

(1) The obvious nonessential node to eliminate first is epn. The 
equivalent diagram is shown in Fig. 2.20(b), where the tandem combina- 
tion of the transmittances —200 and 8 is replaced by a single transmit- 
tance — 2008. 
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(2) The removal of ¢,1 can be effected if the termination of the branch 
from e; to ej1 is moved one node forward, from e; to iji. This translation 
can be carried out if the transmittance —1 is multiplied by that from 
$3 to ipn The node which was eji is then ej; minus the contribution 
which entered along the —1 path, but ipı and all other nodes are 
unchanged. Figure 2.20(c) illustrates the modification and the same 
change in the —1 branch from e; to ég2. 

(3) The nodes cj; and ej; can now be removed in the same manner in 
which ej: Was originally deleted. In addition, the two parallel branches 
from e; to tp and the two from e; to ip: can be combined into single 
branches. The two simplifications are shown in part (d) of the figure. 

(4) The variables ij: and ip» must be eliminated before an essential 
diagram is obtained. If ij1is to be removed first, the origin of the branch 
from i,, with transmittance 10 is moved from ij: to e,. The signal-flow 
diagram takes the form shown in Fig. 2.20(e). The extra self-loop at 
node e; must be added, as indicated in Fig. 2.19. The transmittance of 
the self-loop is equal to that in Fig. 2.20(d) from e; to ipı and back to er. 

(B) The termination of the branch from ex to ii is moved to ips, and a 


new variable 7;, is defined, 


ij = ip — (—ro)ee (2.32) 


Figure 2.20(f) results. 
(6) The node ip is removed, and the two parallel branches from ex 


to ij are combined. Figure 2.20(g) demonstrates that the elimination 
of iji is now completed, and 5: is the only remaining node which does not 
appear in the essential diagram. 

(T) ips is eliminated in exactly the same way as 7,1; the steps are 
shown in parts (A), (i), and (j) of the figure. The result is the essential 
diagram, Fig. 2.20(7). 

The seven steps above illustrate the techniques for the step-by-step 
reduction of a signal-flow diagram to an essential diagram. Ordinarily, 
a number of branches can be combined at once, especially if the original 
diagram has been drawn without any particular efforts to minimize the 
number of variables used to describe the cireuit. The reduction is con- 
tinued by moving the terminating and originating ends of branches, 
corresponding to appropriate changes of variables, in order to realize a 
diagram in which nodes can be eliminated by inspection. Clearly, a num- 
ber of the steps listed in the example above can be combined; in fact, 
this combination can be carried to the point, wherc the reduction can be 
entirely effected in one step, as described in the following paragraph. 

Single-step Reduction to Essential Diagram. The original signal-flow 
diagram can be reduced to an essential diagram in the following manner. 
The reduction is illustrated by the previous example, with the signal-flow 
diagram shown in Fig. 2.22(a). The essential diagram contains the input 
and output nodes and essential nodes equal in number to the order of the 
diagram. In this case, the essential diagram takes the form shown in 
Fig. 2.22(b), with the nodes ei and e,4 and the single essential node ex. 
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Ín an essential diagram of order one, there are only four possible trans- 
i T, Ti Tio and Tat " : 
c^ Vett tate Tue of the essential diagram resolves to an Pra canon 
of these four transmittances. But the four transmittances can be foun 
by inspection of the original signal-flow diagram. As an example, Tio 
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(a) Original Signal- flow Diagram 
(Kilohms, Milliamps. and Volts) 


(c) Essential Diagram 
e-step reduction to essential diagram, 


Fia, 2.22, Singl 
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Hence, 
T, = (1) G3) (— 200) (8) G) (— 200) 
160,0 
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T, the total transmittance from the input to e, without departing 
from ex, is somewhat more complicated because of the existence of two 
parallel paths. From ej, there is only one possible path, to e,1. Again, 
from e,1 there is no alternative but the path to ip. From tpı, however, 
there are two parallel paths to ex: one direct path through a branch with 
a transmittance 10; the other, through epn, @2, and ipa The total 
Tx is the sum of these two transmittances: 


Tx = (1)(#x){(10) + (—200)(6) Gêr) (10)] (2.35) 
f= 53 — “arb (2.36) 


Tro, measuring the total transmission from the essential node to the 
output without entering the node e;, is the sum of four separate trans- 
mittances, representing the four possible paths of departure from e: 


Ty, = (—1) (Pr) (— 200) (8) (ar) (—200) + (—219)(— 200) (8) (r) ( 200) 
Departure toward es: Departure toward $51 
+ (-1(G)(-200)-- (—315)(—200) (2.37) 


Departuro toward cs: Departure toward $51 


Fx, also, can be calculated by considering each of the four paths leaving 
eg: 


Ta = (DEUO + (2000 
Departure toward eat 
+ (—3:9)[(10) + (—200) (8) (r)(10)] + (—1) Gr) (10) 
Departure toward i51 Departure to ward eo: 
+ (-s319)00) — (2.38) 


Se mcn ra SUL 
Departure toward sp: 


Actually a number of terms in each of the last two equations can be com- 
bined, but as a general procedure it is convenient to consider individually 
the paths leaving the node. The two equations (2.37) and (2.38) can 
be simplified to yield, with (2.34) and (2.36), the essential transmittances 
shown in Fig. 2.22(c). The values are, of course, identical with those 
derived in the step-by-step reduction process. 

This methodical procedure for evaluation of the essential transmit- 
tances can also be incorporated into the step-by-step reduction process. 
The elimination of any single node (except an essential node) can be 
accomplished by drawing the signal-flow diagram without the undesired 
node, All possible transmittances are shown in this diagram and are 
evaluated one by one from the original diagram. For example, the 
extended analysis required in connection with Fig. 2.20(e) to eliminate 
ipi can be carried out very simply with this approach. ae 

Exactly the same techniques are used to determine essential diagrams 
of higher order. The most, general forms for essential diagrams of order 
two and three are shown in Fig. 2.23. Once the order of the signal-flow 
diagram is determined, the essential diagram can be found by evaluation 


. of the required essential transmittances. 
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Characteristics of the Reduction. Regardless of the method used, reduc- 
tion of the signal-flow diagram to an essential diagram has one very 
important characteristic: the essential transmittances are the sums and 
products of transmittances of the original diagram. There is no division 
involved. Thus, if all transmittances in the original diagram are stable 
(i.e., without poles in the right-half plane), as is ordinarily the case if the 
diagram describing circuit behavior is written by inspection of the circuit, 
all essential transmittances are also 
stable. For the purposes of stabil- 
ity analysis, the simpler essential 
diagram can be used in preference 
to the more complex multiloop 


& A signal-flow diagram drawn from the 
put ) 


circuit. 

In terms of that manipulation of 
the equations which corresponds to 
reduction of the signal-flow dia- 
gram, the reduction to an essential 
diagram corresponds to elimination 
of variables in the original equa- 
tions by direct substitution. No 
dividing of coefficients is necessary. 
In a stability analysis, the essential 
diagram is a picture of the essential 
complexity of the feedback system. 

Reduction of the Essential Dia- 
gram. The essential diagram rep- 
resents an intermediate stage in 
the determination of the over-all 
system function. The reduction of 
the essential diagram to a single 
transmittance relating input and 
(b) Order Three output requires the removal of a 

Fic. 2.23. Essential diagrams, self-loop, a loop starting and end- 
the most basic form in Fig. 2.24(a). des de "Xp e gem E 
mittance tz, can be removed if all inputs * hed iS area! ‘aided 
by 1 — ty. This relationship is establis ee ug divide 


ini 


the system of Fig. 2.24(a): Petrom the squeienaresnibing 
€2 = e1 + trnez (2.39) 
as (2.40) 
Equation (2.39) can be written 
es ur e 
It (2.41) 


The corresponding signal-flow dia 


gram is shown i i 
equivalence of the two parts of Fig. eae ibo 


2.24 can also be deduced from physical 


- ee eee ee - 
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reasoning. If it is assumed, with reference to part (a) of the figure, that 
e; is unity, e; must also be unity. But the value of e» is the sum of the 
entering signals. Since the signal arriving on the /»; path has a value 
tas, the signal entering from e; must have the value 1 — t» Hence, e is 


23 
1 — is» and 
eo 1 
eet iste (2.42) 


The reduction of the essential diagram of order one depends upon a 
single application of this principle. 
Figure 2.25(a) represents the essen- 
tial diagram; part (b) of the figure, 
the simplified diagram if the self-loop 
at node e is removed; and part (c), 
the equivalent single transmittance. 
Once the loop is removed, the dia- 
gram possesses no essential nodes 
and the over-all transmittance is 
found from the addition of the trans- 
mittances of the parallel paths: 


Tix Tro 


(a) Essential Diagram. 


zu 2.43 
T=To+>7—p C43) 
1 t22 1 
e £2 es 
Original Diagram (b) Self-loop Removed, Order 
(a) Original Diag Reduced to Zero. 
Mb ae 
1—t22 1 Fin Ty T, e 
——— 0 — ——o-Ó „Sik = ho 
ei [7 e3 Tom x 
(b) Equivalent Diagram (c) Equivalent Transmittance. 
Fra. 2.24. Removal of a self-loop. Fra. 2.25. Reduction of essential diagram 


of order one. 


The reduction of the essential diagram of order two is a two-step pro- 
cedure. The general form of the diagram is shown in Fig. 2.26(a). 
The self-loop at node e: is first removed by dividing the transmittances 
of all other paths entering e; by 1 — t». The resulting diagram, Fig. 
2.26(b), is of order one with one nonessential node, e», and can be reduced 
to an essential diagram in the usual way. The self-loop at e; is then 
removed to reduce the order to zero and yield the over-all transmittance. 
The reduction of essential diagrams of even higher orders is effected by 
repeated application of the above procedure. 

The example considered in detail previously is used to illustrate this 
reduction. The essential diagram for the circuit of Fig. 2.6 is shown in 
Fig. 2.22(c). Substitution of the values of the essential transmittances 
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in Eq. (2.43) results in the over-all gain, 


Cour _ 160,000, | Gf — Er p)(20 — #26) 44) 
= T 400 (2. = 
a 441 3— SB 


T= 


One application of the circuit is as a limiter, in which case £ is adjusted 
to make the theoretical gain of the linear circuit infinite. The appropri- 
ate value of B is goo. The resulting input-output characteristic takes 
the form shown in Fig. 2.27, with a very sharp break in the curve in the 


(a) Essential Diagram 


(b) Order Reduced to One by 
Removal of Self - loop 


that. 
Tuntut Tope T+ Tale 
z 1-75 


e 


€4 


(d) Equivalent Single Transmittance 
Tu tae 200 
17t2; 


tsot. 
T,,7t55) 432722 
1-t2; 


(c) Essential Diagram of Order One 


Fro. 2.26. Reduction of essential diagram of order two. 
vicinity of zero input. (The slope at the origin is infinite if the system 
is linear.) 


The signal-flow diagrams provide 
rations in the solution of a set of 


{In much the same way the circuit can 
feedback control systems) if frequency-dependent negative feedback is added (no 
feedback at zero frequency, and feedback quency increases in order 
to Spe eid n E. Valley, Jr., and H. Wallman, “Vacuum Tube Ampli- 

ers,” iation Laboratory Series, Vol. 18, . 482-4; -Hi k 
Company, Inc., New York, 1948. ; a E Me Graw EUIS 
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between his mathematical manipulations and the physical circuit. If 
the original signal-flow diagram is drawn to correspond as closely as 
possible with the actual flow of signals, the analyst retains a picture of 
circuit operation. 

For example, if the circuit is essentially the tandem combination of 
two simpler circuits, the signal-flow diagram may place this equivalence 
in evidence in cases in which the set of simultaneous equations does not. 
If a complicated diagram can be manipulated into a form in which a line 
cutting through the diagram can be drawn such that all branches crossing 
this line are directed from left to right, the system can be considered as 
the tandem combination of two simple systems: one to the left of the line, 
the other to the right. This situation, portrayed in Fig. 2.28, is termed 


Output 
I 
[ 
' 
Input 
1 
i 
i 
Fra. 2.27. Output-input characteristic of Fic. 2.28. Diagram in form for 
cathode-coupled limiter. partitioning. 


by Mason partitioning of the signal-flow diagram. In terms of the 
simultaneous equations, the signal-flow diagram in the form amenable 
to partitioning is equivalent to the equations in such a form that the 
determinant can be factored into the product of determinants of lower 
order.t 

In every case, ‘the advantages associated with working in terms of the 
signal-flow diagrams are basically the advantages accruing from the 
pictorial representation of the equations. Nothing can be done with 
the signal-flow diagrams that cannot be done with the equations. Argu- 
ments for the use of the diagrams must be based on the greater ease 
with which analysis is carried out. Although such an argument can be 
convincingly presented in terms of the ideas presented in this and preced- 
ing sections of this chapter, the advantages of signal-flow diagrams are 
most pronounced when some of the more specialized aspects of feedback 
theory are considered. For example, the next section indicates the 
manner in which an analysis based on signal-flow diagrams simplifies the 
concept of return difference, a concept which tends to be elusive when 
described in terms of the simultaneous equations and the corresponding 
determinants. 

2.4. Return Difference. Although feedback may appear uninten- 
tionally in systems far more numerous than those in which it is purpose- 


f E. A. Guillemin, “The Mathematics of Circuit Analysis,” pp. 11-12, John Wiley 
& Sons, Inc., New York, 1949. 


114 SIGNAL-FLOW DIAGRAMS AND FEEDBACK THEORY 


sh d s F ; f 

introduced, the situations of primary interest to the designer o 
b systems are those in which he is using feedback for a definite 
purpose. Usually this definite purpose falls into one of the following 
categories: 


(1) Simplification of the practical realization of a specified transfer function 
(e.g., the low-frequency selective amplifiers using RC networks in the feedback path 
Joy 
to realize the characteristics of a tuned RLC network). 


(2) Reduction of the sensitivity of the system characteristics to changes in one or 
more parameters. 


(3) Control over the impedance seen looking into the system at various points. 


(4) Simultaneous control over a number of different transmittances, correspond- 
ing to multiple inputs to the single system. 


(5) Control over the stability, or instability, of the system, as in an oscillator 
circuit. 


In the first application mentioned above, feedback is used primarily to 
overcome limitations of the physical components. In all other cases, 

the however, feedback is introduced to 
effect a specific change in the charac- 
teristics of the system. A unified 
analysis of these four applications is 
based upon a mathematical description 
of the feedback. 

In all these applications, the effect 
of feedback can be measured by & 
b quantity termed the return difference. 
tio ^ The return difference referred to a 
Fia. 2.29, Signal-flow diagram for particular parameter k is most readily 
definition of return difference with defined in terms of the si LA dia- 
reference to k. n a AM 

gram. The diagram is drawn in sucha 
branch and as the transmittance of that 
the diagram is shown in Fig.2.29. In 
xists from input to output, a transmission 
ven if kis made zero. There is a branch 
a) from the input to the origin of the k branch, & 
branch (with transmittance to) from the terminal of the k branch to the 
System output, and a feedback branch (with transmittance tsa) around 
the k branch. 

A given signal-flow diagram, containing k as & multiplier in only one 
brazeh, can always be manipulated into this form, for, since no branch 
enters e; or leaves e;, the 


; r only other possible branches are those from £i 
to es (with transmittance te) and 


é 


way that k appears in only one 
branch. One suitable form for 
general, a leakage transmission e 
resulting in a system gain (tio) e 
(with transmittance 1; 


variable e; part way along the 
a X (1), and the diagram is then reduced to 
€a, €», and ev. 

The return difference with reference to k is defined in the following way: 
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the system is broken at the beginning of the branch with transmittance k. 
Figure 2.30 shows the break, with the points a and a’ on either side. 
From @’, a unit signal is transmitted, and the signal returning to æ is 
determined. (In this determination, the system input, e; of Fig. 2.30, 
is set equal to zero.) The difference between the transmitted and 
returned signal is the return difference. In terms of the transmittances 
of the diagram of Fig. 2.30, the return difference with reference to k, 
denoted as F+, is given by the relation 


F,21- kh. (2.45) 


With the transmitted signal equal to 
unity, the returned signal is kt. If the 
signal-flow diagram is always manipu- 
lated into the form of Fig. 2.29, the return 
difference might equally well be defined 
directly from Eq. (2.45). In general, the 
effort required to convert the diagram to | 
this form is unwarranted; the return 
difference can be calculated directly from 
the original signal-flow diagram drawn from the study of the physical system. 

The return difference with reference to a given element is a quantita- 
tive measure of the feedback around the element. In the single-loop 
system shown in Fig. 2.31, for example, the return difference with refer- 
ence to K is just 1 — 6K. As a quantitative measure of the feedback, 
the return difference not only indicates the effect of the feedback in 
controlling system impedances and sensitivity, but also serves as the 
basis for stability analysis. In the single-loop case, for example, the 


cA 


tio 


Fie. 2.30. Diagram broken for 
calculation of Fy. 


1 €a K ey 1 
= 
ei NS D £o 
B 


Fro. 2.31. Single-lcop system. 


location of the zeros of the return difference determines the stability of the 
system if both K and 8 are stable transfer functions. 

The cathode-coupled limiter analyzed in detail in the previous section 
can be used to illustrate the calculation of the return difference. The 
return difference with reference to the cathode resistance R, is desired. 
In the signal-flow diagram, shown in Fig. 2.7(h), the parameter R, 
appears as a multiplying factor in the transmittances of two branches, 
one from i,, to ex, the other from ij» to ex. f. The two branches represent 
the two components in the equation 


ex = Re (tp: + ip?) (2.46) 


The diagram can be modified to one in which R, appears only once if the 
current 7, is defined as the sum of the plate currents. Equation (2.46) 


TIf the reference element appears in the denominator of a transmittance, the 
Bignal-flow diagram (or the equations describing system behavior) mus: be rewritten. 
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js then equivalent to the two equations 


iv = ip tip (2.47) 
er = Riis (2.48) 


The signal-flow diagram is shown in Fig. 2.32(a). 

Fx, the return difference with reference to R, is calculated by setting 
Zia equal to zero and breaking the diagram at « and a’, shown in Fig. 
2.32(b). With a unit signal transmitted from a’, the signal reaching o 18 
measured. The calculations are simplified if numerical values are sub- 
stituted for all parameters except 8 and Ry. The values used are identical 


AL #2 


(kilohms, milliamps, and volts) 
(b) Diagram for Calculation of Fh, 
Fig, 2.32. Calculation of Fr, for cathode-coupled limiter. 
with those of Eq. (2.31) and are given in the figure. The signal leaving 
a flows to es, at which point there are four parallel paths. e, is trans- 
mitted along each of the four. If one path is considered at a time, 
Be 1S RADD + (—200)(8) (#r)(1)] 
+ Costo)[) + (—200) (6) ($1) (1)] 
+ (-1)Gr)(1) + (—bo)(1)} (2:49) 
The signal returning is actually equal to the essential transmittance Tr 
evaluated in the preceding section. Simplification of Eq. (2.49) yields 
Fa, = 1 — Rs + $$) (2.50) 


_This example is sufficiently simple that Eq. (2.49), for the return 
difference, can be written by inspection of the signal-flow diagram. In 
more complex cases, the returned signal can be evaluated by redrawing 
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the signal-flow diagram with a’ as the input node and a as the output 
and by applying the usual reduction techniques to obtain the over-all 
transmittance from @’ to a. Use of the signal-flow diagram results in the 
outline of a direct procedure for the calculation of the return difference. 


A B 


(b) Contribution to Returned (c) Contribution to Returned 
Signal from Tube 1 Signal from Tube 2 


Fro. 2.33. Determination of Fr, from circuit directly. 


The return difference can also be interpreted in terms of the physical 
circuit, In the above example, Fz, has the following significance: the 
loop is broken, at æ and a’, with the result that all feedback loops are 
opened. Changes in % no longer affect the cathode voltage ex The 
transmission of a unit signal from o^ corresponds to raising e; by Ry volts. 
The returned signal is the change in % resulting from this es. In the 
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circuit, the measurement is equivalent to placing across Ry a «pos of 
R, volts and measuring the resulting change in i. The test circui um 
shown in Fig. 2.33(a). Since there is no cathode degeneration, the two 
tubes do not interact and can be analyzed separately. ij, the change in 
the plate current of tube one, is found from the circuit of Fig. 2.33(b): 


LM (m + 1) R; (2.51) 
M Tra + E, 
With the numerical values of Eq. (2.31), 
ON = -hR (2.52) 


The change in the plate current of tube 2 is the result of the changes in 
the cathode and grid-to-ground voltages. If the cathode voltage alone 
is considered, the result is the same as that of Eq. (2.52), 

Tati = —risR, (2.53) 


ge considered zero, the grid voltage —BRirip1 
esulting from this grid voltage is 


With the cathode volta; 
is considered. The iyo r 


bn = c BRL nid 
Substitution of numerical values and i,, from Eq. (2.52) leads to 
in, = BR, (2.55) 
The total i, is the sum of the components given in Eqs. (2.52), (2.53), and 
Jh à = (—rs-- $18)R, (2.50) 
The return difference is 1 — tk, or 
Fg —1— R- + $18) (2.57) 


Thus, the return difference with refe 
be determined either from the si 
physical circuit. In either case, 


resistance, the returned signal is 
the resistor and measuring the resulting ch, 
parallel combination of resistor and generator, If k is a tube transcon- 
ductance gm, the returned signal is evaluated by assuming that the cur- 

i ivalent circuit has a value of gm amp and 
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Bt 
€: 
R, eme? 
(a) Cathode-follower Circuit 
mR, 
1 a 1 


Pe UC o DU. NEC. 


=i 
(b) Signal-flow Diagram for Calculation of Fz,, 


R 
1 A [22 1 
e es Cr ez 
-1 


(c) Diagram for Calculation of E; 


(d) Measurement of Fa, or E,, from the Circuit 
Fia. 2,94. Return difference in a cathode-follower circuit. 


Im or u, the procedure is equivalent to breaking the circuit at the grid 
terminal of the tube, applying a unit grid-to-cathode signal, and measur- 
ing the voltage across the break. 

The calculation of the return difference with reference to gm or p is 
clarified by consideration of the cathode-follower circuit of Fig. 2.34(a). 
One form of the signal-flow diagram is shown in part (b) of the figure. 
The return difference with reference to gm is evaluated by inspection of 
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the diagram: 
gor, Ri 


Kec 


(2.58) 


The return difference with reference to y is evaluated in a similar fashion 
from the diagram of Fig. 2.34(c): 


ER, 
Tp + R; 


F,=1+ (2.59) 


In either case, the value of the returned signal is also apparent directly 
from the circuit. The system input signals are replaced by the internal 
impedances (in this case, e; is set equal to zero), and the circuit is broken 


at a and o, as shown in part (d) of the figure. ej is made 1 volt and €a 
is measured. The return difference is 


F, = Fon = 1 — ea (2.60) 


2.5. Sensitivity. The return difference is a direct measure of the effects 
of feedback on system sensitivity (i.e. the degree of dependence of the 
system gain on the value of a particular element). Before the relation 
between return difference and sensitivity can be stated explicitly, it is 
necessary to have a quantitative measure of sensitivity. The sensitivity 


of an over-all gain or transmittance T with respect to a given parameter k 
is defined by the equation 


dln T 
T. 1 
* dink (2-61) 
What is the physical significance of this definition? Equation (2.61) can 
be written 
dT/T 
T => 
Si dk/k (2.62) 


In other words, the sensitivity of T with respect to k is the percentage 
change in T divided by that percentage change in k which causes the 
change in T, with all changes considered differentially small. t 

Sensitivity and Return Difference. The relation between sensitivity 
and return difference is established from the signal-flow diagram of 
Fig. 2.35. The over-all transmittance from input to output is 


o akt 
To ode pe (2.63) 


hat of Eq. (2.61), as he defines 
ange in k divided by the resulting percentage 
change in T. Since feedback is ordinarily used to reduce the effects of the variation 

e gain or operating voltage, the ideal system in 
Bode's notation is one with infini itivity; in Mason's definition [Eq. (2.61)], 
the ideal system has zero sensitivity. 
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Equation (2.62) states that the sensitivity can be expressed by the 
equation 


k dT 
SE = Tap (2.64) 
The derivative d T'/dk can be evaluated from Eq. (2.63): 
dT tiatto boa 
At ee C 
e, e, 
Substitution of Eqs. (2.63) and (2.65) in 
(2.64) yields 
tio 
ktiatto 
B i a= 
Src C99 
ê; ty o 


The return difference with reference tok — Fro. 2.35. Diagram for definition 
is simply 1 — kts. Hence, Eq. (2.66) of sensitivity. 
can be written in terms of Fs, tio and T: 


sf " 
S = i(i = &) (2.67)* 


The applications of Eq. (2.67) are illustrated by a number of simple 
examples: 


, (1) In the single-loop system (Fig. 2.36) if the sensitivity desired is with respect 
to the forward transmission, the leakage transmittance (l;o) is zero because with K 


1 Ca K [73 1 
B 


Fia. 2.36. Single-loop system. 


equal to zero there is no transmission from input to output. The sensitivity is in 
this case the reciprocal of the return difference: 


1 1 
T = —— = 
Sk = Pp IPK ae 
(2) In the same single-loop system, if the sensitivity of interest is with respect to 


the feedback transmittance £, the leakage transmittance is K, and Eq. (2.67) yields 


1 K ) 
$-—cx V - E- 5E 2.69) 
"i sa K/a - aK) (2.69) 
Simplification of the equation gives 
pK 
T m : 
Si =I pK (2.70) 


Comparison of Eqs. (2.68) and (2.70) demonstrates the well-known fact that a value 
of K large with respect to unity results in a system insensitive to changes in K but 
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with the closed-loop gain essentially equal to 1/8 and the sensitivity of T with respect 
imately —1. : : 
Ek ea lamb is furnished by an investigation of the comparative merits 
of the two configurations shown in Fig.2.37. The two diagrams represent alternative 
designs for a feedback amplifier. Three amplifier stages are available, each with a 
gain of a, and the over-all gain to be realized is specified (less than a). Negative 
feedback is to be introduced to reduce the sensitivity of the over-all gain to variations 
in supply voltage. Toa first approximation, this voltage variation can be considered 
equivalent to a variation in each value of a. The question to be answered is: Which 
configuration gives a lower value of sensitivity of the over-all gain with respect to a? 


1 a 1 a 1 a 1 
Input cm z N v. NS 7 Output 
Ay A 


Ai 
(a) Configuration } 


Input Output 


nn 
(b) Configuration 2 
for three-stage amplifier with negative feedback. 
For the first configuration [part (a) of the figure], 


[us] 


Fra. 2.37. Two configurations 


the over-all gain 7; is 


d er (2.71) 


For the second configuration, with a single over-all f. 
T: is a?/(1 — B:3). The sensitivity of Ts with ri 
tivity with respect to a?. Hence, 


eedback path, the over-all gain 
espect to a is three times the sensi- 


(2.72) are to be compared on the basis of the 


equality of T; and T. This equality establishes the relation between B1 and fs, 


(1 — pia)? = 1 — p,a? (2.73) 
Substitution of Eq. (2.73) into (2.72) yields 
3 
S7’ = 
E (1 — fia ae 
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Null Return Difference. The sensitivity can be related to the return 
difference in a somewhat different manner if the null return difference is 
defined. The null return difference is the return difference evaluated 
under the condition that the input is adjusted to give zero output. In 
terms of the signal-flow diagram of Fig. 2.38, for example, the null return 
difference is determined as follows: the diagram is broken at a and a’, 
and a unit signal is transmitted from a’. The signal reaching e, is k. 
This is transmitted back to e, and also on to the output node eo At eo, 
the signal kts arrives along the branch from e». If the input is adjusted 
to make the output zero, the signal — kts must be arriving at e, along the 
branch from e, Hence, e; is —kt/tio. This input is also transmitted 


tio EA 


Fra. 2.38. Diagram for definition of null return difference. 


along the branch from e; to es, and the returned signal is the sum of the 
two signals arriving at e. F;, the null return difference with reference 


to k, is given by the relation 


r Klbrotia 
Pal- (nu. -E ) (2.75) 


The return difference is measured with the input zero; the null return 
difference is measured with the input adjusted to make the output zero. 
Both return differences depend on the particular variables chosen as the 
input and output. The dependence on the choice of an output variable 
is obviously necessary if the return difference is to be a measure of the 
effect of the feedback on the characteristics of the over-all transmission. 
In terms of the signal-flow diagram of Fig. 2.38, this dependence cor- 
responds to the changes in the various transmittances of the diagram 
if a change is made in that variable which is considered the output in the 
original signal-flow diagram. 

The null return difference can be evaluated directly from the original 
signal-flow diagram in much the same manner as the return difference. 
The determination of the null return difference with respect to E, in the 
cathode-coupled limiter previously analyzed serves as an example. The 
signal-flow diagram of the basic system 1s shown in Fig. 2.32. If the 
output is zero, ip} must also be zero, with the result that the branch 
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from ip2 to 4; can be omitted. In addition, the fact that tp2 is zero serves 
to fix the relation between e, and €x, because 7,2 consists of two contribu- 
tions, one from e, and the other from ej. In particular, 


2 1 
"ICs = TIOE: (2.76) 
€o2 = Teer (2.77) 


If the process of working backward through the diagram is continued, 
it is found that Eq. (2.77) implies that 


21 
€pni = 205 ** (2.78) 
Likewise, ¿pı is given by the equation 
; 21 
in = — 7. (2.79) 


The returned signal (arrivin 


à g at a) is equal to ipi. Consequently, since 
& 18 equal to Ry (with a uni 


t signal transmitted from a^), 


Fond 4 Tous R, (2.80) 


: This null return difference can also be determined directly from the 
circuit diagram as shown in Fig. 239. The break in the circuit again 


à B+ 


Fi. 2.39, Circuit for de 


corresponds to Placing & Volta, 
In this case, however, the in 
make the output, or ip, 
Fr, only in that the t 
With E, volts applied 
applied grid-to-cathod 


termination of Fey 


ge generator across E, and measuring îr 
Put is not zero, but rather is adjusted to 
» equal to zero, Tube 2 enters the evaluation of 
ube circuit Specifies the required input voltage. 
to the cathode of tube 2, E./u» volts must be the 
© potential if j,, is to be zero, since the grid-to- 
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cathode voltage is us times as effective as the plate voltage in causing a 
change in the plate current. The grid-to-ground voltage must be 
Ri(l1 + 1/u2), where the first term offsets the effect of the cathode 
potential on the grid-to-cathode voltage and the second term counteracts 
the decrease in plate current caused by the drop in plate-to-cathode 
potential when the cathode voltage is applied. The plate-to-ground 
voltage of tube 1 is (1 + 1/u2)R,/f volts, and ii is 


— O+ 1/2 Ri 
BRI, 


With 2,1 equal to zero, the returned signal is simply ip, and the null 
return difference is given by 


( + 1/n2) Re 
Pr = Ane A 
A 1+ BR., (2.81) 
Substitution of the values for R}, (200) and 4: (20) gives 
21 
a = 1+ 40008 R: (2.82) 


Sensitivity in Terms of Null Return Difference. The relation between 
the sensitivity and the null return difference is derived from the basic 
signal-flow diagram of Fig. 2.38. For this system, 


1 bo 
Sf = F. e = £) (2.83) 
From Eq. (2.75), 
E akt 
Fi =F, + se (2.84) 


The expression takts is expressed in terms of T, tio, and Fz by Eq. (2.63). 
Substitution in Eq. (2.84) yields 

" T—t 

Fy =F, + he 


bo 


F; (2.85) 


Division by F, gives an expression relating the over-all gain, the leakage 
transmittance, and the two return differences, 


PEDT (2.86) d 


Substitution of Eq. (2.86) in (2.83) leads to an expression for the sensi- 
tivity in terms of the two return differences, 
1 1 
S -RCF (2.87)* 
Equation (2.87) provides a direct basis for evaluation of the sensitivity 
of the gain of the cathode-coupled limiter with respect to changes in 


D Y 
126 SIGNAL-FLOW DIAGRAMS AND FEEDBACK THEOR 


thode resistance R. F, and F;, the return difference and null return 
ca 


i t- 
difference, are given by Eqs. (2.57) and (2.80), respectively. The resul 
ing sensitivity is expressed by the equation 


i l (2.88) 
R- 2E nea 
1-e(- pte 40008 
If the sensitivity is evaluated for an operating R of 10, 
: : 89) 
SR, = EE (2 
$315 lus 


The concept of the null return difference i 
calculation of sensitivity if the leaka, 
transmission is zero, the null retur: 


s particularly useful in the 
ge transmission is not zero. : If this 

n difference does not exist, since d 
adjustment of the input results in zero output. If the leakage yd 
mission is zero, however, the sensitivity is simply the reciprocal oi 
return difference, 


gnificance of Sensitivit: 


Si y. The concept of the sensitivity as a measure 
of the quality of the syst 


A : > i- 
em requires further interpretation. The sens 


ai ez A az 
Fra. 2.40. Zero-sensitivity system, 


tivity is a measu 
in the parameter, 


system. The gain of the system is 
given by the relation 
e ids (2.90) 
^ (l—ag)à1— a82) — araabs 


The sensitivity of T with 


; Tespect to a, 
return difference, since the 


(or a;) is determined from the 
re is no leakag 


€ transmission: 


T (2.91) 
: = 4283 
1 (a+ ae) 
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1 
Ree = —— m 
l— as " + I =) 


If a,8; and as: are unity, both sensitivities are zero and the over-all 
transmission is —1/8;». The inner loops alone are unstable, and the 
over-all gain depends only on the negative feedback. 

The derivation of other zero-sensitivity systems can be carried out by 
manipulation of signal-flow diagrams. Such configurations, however, 
serve primarily as a guide to the designer and should not be considered 
a complete synthesis procedure. Even if the practical difficulties associ- 
ated with the realization of a configura- 
tion of the form of Fig. 2.40 are neg- 
lected, the system is not necessarily 
ideal. Although each of the sensitivi- 
ties is zero for the design conditions, a 
small drift in aig; or a282 away from 
unity can lead to very sizable sensitivi- 
ties. A sensitivity of zero merely in- 
dicates that the curve of gain versus the 
value of the variable parameter has zero 
slope at the operating point; there is no 
indication about the behavior off the op- Fig. 2.41, Three curves for gain 

c E versus k, each curve for a zero- 
erating point, andany ofthethreecurves sensitivity system. 
of Fig. 2.41 may describe the system. 

One additional factor complicates the application of the concept of 
sensitivity. In the general system, the sensitivity is a complicated func- 
tion of the complex frequency s. A given percentage change in the 
parameter k generates different percentage changes in gain T, depending 
on the frequency. In a feedback system, the variation in sensitivity 
with frequency results in a variation in the nature of the transient 
response. At the present time, very little is known of the significance 
of the functional dependence of sensitivity on frequency. 

2.6. Impedances. Feedback is commonly introduced to permit control 
of the impedances seen looking into the system at various points. For 
example, negative feedback is used in the output stages of the audio 
amplifier of certain communication receivers to realize a low output 
impedance, in order that load changes, represented by addition or sub- 
traction of speakers or headphones in parallel with the output, do not 
cause large variations in output volume. If a variation in load imped- 
ance is not to change the output voltage, the output impedance must 
be much less than the load impedance. Another example to illustrate 
the use of feedback to control output impedance is furnished by a servo- 
mechanism driving & radar antenna. Gusts of wind must not cause 
large oscillations of the antenna position. The mechanical impedance 
seen looking into the system from the output must be high if impedance 
js defined as the ratio of force to velocity. In general, the effect of dis- 
turbing signals in a closed-loop system can be evaluated either in terms 


(2.92) 


Operating 
Value 
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of the transmittance from the point of disturbance introduction to 
the output or by a consideration of the impedance seen looking into the 
system at this point of disturbance introduction. 

Impedances in a feedback system are usually calculated most con- 
veniently from the basic theorem presented by Bode.j The theorem 
can be stated by means of the equation 


Z F; (with terminals shorted) 
(Z)e-0 F, (with terminals open) 


(2.93) * 


Here, Z is the impedance seen looking into a pair of terminals of the 
system, with each source replaced by its internal impedance; (Z)k-o 18 

the the same impedance when a specified 
element of the system is made zero; and 
F; and F, are the null return difference 
and the return difference with reference 
to k. These return differences are 
evaluated for a system in which the input 
is the current into one of the terminals at 
Which the impedance is being measured 
fa 2s T. ang out n thio other terminal, ae a 

$ output is the voltage between 5 

determinate ov diagram for terminals. Hence F; is the return dif- 


, ference with reference to k with the ter- 
minals shorted, and P, is the return di 


ances. The signal-flow 


Fig. 2.42 is constructed with 7 1(s) the 
current flowing i i 


Ei(s) 4— Z(s) 


i f 
and subsequent re. an System for diagram o 


various terms are identified with 
_of the signal-flow diagram of Fig. 
gain of the diagram and (Z),-o is the gain "ap 

l -o coxage transmittance. Fi, measured with the 
terminals shorted, is the return difference with reference to k and with 
9 Zero. Thus, p/ is the null return difference with 
tH. W. Bode, “Network Anal 


ysis and Feed 
Nostrand Compan: ; Ine., New E 


back Amplifier Desi »" p. 68, D. Van 
York, 1945. P TEM D 
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reference to k for the diagram of Fig. 2.42. F, is the return difference 
with the terminals open (i.e., with 7; equal to zero). Thus, Eq. (2.93) 
is nothing more than & restatement of Eq. (2.86) in terms of the signal- 
flow diagram for the calculation of impedances. Several examples illus- 
trate the application of this theorem in the analysis of feedback systems. 

Single-loop Feedback Amplifier. Application of the theorem to the 
analysis of the single-loop feedback amplifier drawn in Fig. 2.44 leads 
to two well-known relations of feedback theory.[ The impedance seen 
from point A to ground is evaluated first, with the gain of the forward 
amplifier used as the reference element for the evaluation of the return 


Ze 
Fro. 2.44. Single-loop feedback amplifier. 


differences. With the forward gain zero, (Z4) x-o is merely the parallel 
combination of Zi and Z: + Zs, ( ) 
Zi(Z: + Zs 
(Zac) x-o = IZ (2.94) 
The null return difference (evaluated with the terminals A and G shorted) 
is unity because the feedback is removed by the short circuit. The 
return difference with the terminals open (normal operation) is 1 — 8K, 
where K is the open-loop gain and £ is the feedback gain. The imped- 
ance looking into the feedback circuit at terminals A and G is found 
from Eq. (2.93): 
_ 4i(Z2 Z3) 1 
421+ 22+ 231 — BK 


If the feedback path is broken from A to B and the impedance meas- 
ured looking into these two terminals, the value with K equal to zero is 
Zı + Z:+ Zs. The null return difference (evaluated with the terminals 
A and B shorted) is the normal value, 1 — AK, and the return difference 
with the same terminals open (the feedback removed) is unity. Hence, 


Zan = (Zi Z: + Zs)(1 — BK) (2.96) 


Equations (2.95) and (2.96) state that the impedance measured across 
the feedback path is divided by the return difference 1 — BK, while 
that measured in any series line is multiplied by the return difference. 
Input and Output Impedances of an Electronic Circuit. Analysis of the 
circuit of Fig. 2.45(a) illustrates the calculation of both input and output 
impedances. The corresponding signal-flow diagram can be drawn directly 


t H. W. Bode, op. cit., pp 69-70. 


Zag (2.95) 
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from the circuit or from the linear incremental equivalent circuit of Fig. 
2.45(b). It is desirable to draw the signal-flow diagram in a sufficiently 
general form that one diagram can be used for the evaluation of gain, input 
impedance, and output impedance. For the measurement of gain, e; is the 
input, ezis the output, andi;iszero. Output impedance can be measured 


A B+ 


(c) Signal. flow Diagram, 
n of input admittance and output impedance. 


with : " 

nds nor du reruidered the input, and e, used as the output. 

input and i, the output, kc er than the impedance, is calculated, e; is the 
Pu, Thus, all three quantities can be determin 


from a dia, i i : 
and i, oru ae riand iz appear as independent node variables 
Pendent variables. The signal-flow diagram is pre- 


sented in Fig. 2.45 
g (c). Here, R; represents the parallel combination 
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of the actual plate load resistance and the dynamic plate resistance of 


the tube. 
The input admittance is determined first. In terms of the admittance 
functions, Eq. (2.93) can be written 


¥ Fi (with terminals open) 
(Y)h-o Fp (with terminals shorted) 


(2.97) 


Since, for the caleulation of admittance, the signal-flow diagram uses 
the voltage between terminals as the input and the current as the output, 
F}, the null return difference, is evaluated with the terminals open (with 
the voltage adjusted to make the current zero). For the same reason, 
F, is measured with the terminals shorted (i.e., with the input —E-——equal 
to zero). Equation (2.97) can also be derived from (2.93) by replacing 
Z by 1/Y. The term Fi (with terminals open) in Eq. (2.97) is the same 
as the term F, (with terminals open) in Eq. (2.93). In both cases, the 
term is the return difference with reference to and evaluated with the 
terminals, between which the impedance or admittance is to be measured, 
left open. The prime appears in Eq. (2.97) and not in (2.93) because of 
the change in those variables which are considered as the input and 
output. 

In order to use Eq. (2.97) for the calculation of the input admittance, 
the branch with transmittance gm is taken as the reference element and 
the return differences are calculated under the assumptions that e; is 
the input, i, is the output, and % is zero. The admittance with the 
tube dead (gm = 0) is read from the signal-flow diagram: 


Dono = (2) = uae - : 2.98 
Ln €1/ 0.70 IE (— RR, pu Ry Ry) Re+ Ry + R, ( By 


This value for the admittance is also apparent from the circuit. Setting 
gm equal to zero corresponds to re- 
placing the tube by the passive resist- 
ancer,. Theinput admittance, con- 
sequently, is that of the circuit shown 
in Fig. 2.46 and given by Eq. (2.98). 

The return differences are now — - - 
evaluated. Fg. the return difference ee Circuit of Fig. 2.45 with tube 


with reference to gm and evaluated i. 
with e; equal to zero, is written from the signal-flow diagram: 


S. R; 


Rates (Y= R/R + (=RITTRA (2:920) 
Qm fio tbe 
Fac ic 548, +R (2.995) 


Fin is the return difference evaluated with e; adjusted to make 2; equal 
to zero. If i, is zero, e, and e» are equal (otherwise, the current through 
R, would not be zero). If a unit test signal is transmitted through the 
gm branch, the output, with 2i equal to zero, is simply —g» Fs. Conse- 
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quently, the returned signal is —g,,R;, and 
Pia = 1+ gn; (2.100) 


The input admittance is derived by substitution of Eqs. (2.98), (2.99), 
and (2.100) in (2.97): 


p = 1 1+ Ink, 2.101) 
fm, EG EE 1 4 02H, £ 
R: + Ry + R, 


The input impedance is 1/Y;, or 


D a R.+ R; + R, + d», IR. (2.102) 
A 1+ g.R; 


The same value for the admi 
the transmission from e; to 7. 

Calculation of the output 
made zero, i; be considered t| 
The significant quantities a 


ttance can be obtained by an evaluation of 
1 in the diagram of Fig. 2.45(c). 

impedance of the circuit requires that e; be 
he drive for the network, and e; the output. 


re determined from the signal-flow diagram 
of Fig. 2.45(c). 
R; RR. + Ry) 3) 
Zajda = : = 2R. + Ry) (2.10 
eves D ÆR “RFR +H 
1+ R/R; 
F, = 1 (return difference with e, = 0) (2.104) 


Rank; 
Fo. = 14 [3 IE i Ri (return difference with i, — 0) (2.105) 


The output impedance is again found by applieation of the theorem of 
Eq. (2.93): 


RR. + Ry) 1 
Zor = GO 2.106a) 
Re+ Ry + Ri 1 R.gnR, ( 
R.+ Ry + Ri 
RR. + R;) 
Zou = 1 .106b) 
R.c R, +R F RE G 


The output impedance can also be calculated from the more funda- 
mental theorem, 


Zum (2.107)t 


redrawn in Fig. 2.47(a) with 7 
essential node i, the 


part (b) of the figure- 


(a) as the current flowing 


T The minus sign appears because 1, ig defined in Fi 
into the network, j Ario 
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The open-circuit voltage is 


C2, = 61 E 
1 + gH; ; 1 | 

p, (it mRIR RO ER + RgQRyE, (2-108) 
Collection of terms over a common denominator yields 


a see ee, (2.109) 
me TR + Ry + Ry + Rugs j 


+ 


The short-circuit current is — iz with e; equal to zero and can be found by 


e es (ene) ip ez 


(a) Signal-flow Diagram for Gain Calculation 


_RetRitReamRy 
R, 


AtgnRe (1g R)Ry' 


ejo vez 


(b) Essential Diagram 
Fia. 2.47. Open-circuit voltage and short-circuit current. 


evaluating e;,/ R, as R tends to zero. The limit is 


14 om Re 
hh, =e (-o0 aes t x) (2.110) 
1 — g. R 
—h. = RR = n. (2.111) 


The output impedance is given by the ratio of Eqs. (2.109) and (2.111), 


Ci E RR, + By) 

Zin Re + Ry + Ry + RR 
Clearly, the use of the feedback theorem [Eq. (2.93)] has not particularly 
simplified the calculation of output impedance in this example. The 


primary advantage of the theorem here is that impedances are expressed 
in terms of return differences, which are also useful in the analysis of 


ZU (2.112) 
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sensitivity, stability, over-all gain, etc., and in terms of the impedance 
with the feedback loop broken. 

Impedance of a Feedback Control System. Figure 2.48 shows the basic 
components of a power-boost system for control of the elevator of an air- 
craft. A pilot force applied to the stick results in the motion zy, which is 
transmitted through a push rod to a hydraulic power-boost system. The 
damper B, mass M, and spring K represent the mechanical load on the 


== Pilot 


Stick 
Handle 


Supply 
Pressure 


Hydraulic 
Power Piston 


tion is measured by the b ob eee of the aircraft ; this normal accelera- 
diagram of the system is R nem ae eee 


erest in design: the im b 
n s: pedance seen by 
Xm he system.t With the system open-loop, the 
echanical i i 
ee cem E e is defined here as the ratio force/velocity. It is also pos- 
ie d EMEN ag velocity /force, force /displacement etc. The particular 
immaterial, as long as it is precise and usage is consistent. 
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impedance seen by the pilot is proportional to the input impedance of the 
mechanical network shown in Fig. 2.50: 


K, Ms? +Be+K 


s M?+Bs+K+K, (2.113) 


Z = Š = (M. + ms + 
The impedance seen by the pilot is Z;/16, as a result of the 4:1 ratio of 
the stick lever arms. If the bell-crank gain or a similar element in the 
forward loop is used as the reference element, the two return differences 
can be determined. The return difference ‘with the terminals sherted ” 
is, in this case, the return difference measured with the pilot force zerc and 
is 1 — T,, where Ts; is the loop gain. The return difference “with the 
terminals open,” in contrast, is the return difference measured with zero 


Fie. 2.50. Mechanical input circuit. 


stick velocity (i.e. the fixed-stick return difference). If the stick is 
fixed, the bob weight cannot move and the over-all feedback loop is 
broken; the return difference is unity. "Thus, the impedance seen by the 
pilot is the open-loop impedance multiplied by the return difference with 
reference to the bell-crank gain. In terms of the system transfer 


functions, 
tm So - DDO] eno 


Here, Fy/ (ng), measured with the pilot force zero, is the result of the bob- 
weight action. 

Output Impedance of the Cathode-coupled Limiter. Determination of 
the output impedance of the cathode-coupled limiter [Fig. 2.51(a)] 
affords another example of the application of the theorem of Eq. (2.93) 
and also illustrates the manner in which the signal-flow diagram must be 
modified for the determination of the output impedance. The element 


f An equation of this form always is confusing because of the desire to cancel 
factors in the product of the parenthetical expressions. The product 


#) G2 (x) 0) €) 


is the open-loop gain and is of course evaluated with the loop broken. 


EORY 
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(b) Signal. flow Diagram 


(Currents in ma., Resistance in kilohms,and Voltage in votts ) 


(c) Diagram for Fi 
impedance of cathode-coupled limiter. 


Fra. 2.51, Output i; 


i ion O 
ig. 2.51(b) to permit conie " 
the output. Hero iz is the current flo 
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through the output lead toward the plate of tube 2, and ez is equal to the 
output voltage eu. The addition of the driving signal iz is represented 
by the changes shown in the signal-flow diagram. The variable i; is 
defined as the current flowing through Rz2. The relations between tz, 
ipn iz, and ez are established by inspection of the circuit: 


_ Ben — er — iu Esa 


1p: (2.115) 
Tp2 

in = dy — tz (2.116) 

ez = — Russ (2.117) 


The evaluation of the output impedance involves determination of the 
three quantities (Z)m-o, Mm, and Fr: 

(1) (Z)u-» the output impedance if Rx is set equal to zero, is the 
transmission, in the signal-flow diagram of Fig. 2.51(b), from iz to ez with 
the branch R, removed. This transmission can be evaluated by 


inspection: (—1)(—200) 
(Z)m-0 = 1— (—20)(1) (2.118) 
(Z)n-o = Yr (2.119)1 


Alternately, (Z)m-o can be determined by inspection of the circuit of Fig. 
2.51(a). The output impedance with the cathode grounded is the 


parallel combination of rj; and Rz, or 


10 x 200 

(Z)m-0 = 794900 ^ Erg (2.120) 
(2) Fp is the return difference with iz equal to zero, or just the normal 

return difference as evaluated in Sec. 2.4. Hence, from Eq. (2.50), 


Fr, = 1 — Re(— ro + $18) (2.121) 


(3) Fp, is the return difference with reference to A, and with iz 
adjusted to make ez equal to zero. Inspection of the signal-flow diagram 
indicates that if ez is zero, zz is also. The signal-flow diagram reduces to 
that of Fig. 2.51(c), the same diagram as that used in Sec. 2.4 to calculate 
the normal return difference with reference to R, except that E,» is set 
equal to zero in order that ea, may be zero. If Eq. (2.49) is modified to 
represent a change in Rz2 from 200 to zero, the null return difference 


results: 


1— R {(-1)@r) (0) + (—200)(8) (2) (1)] 
+ (—ste)[(1) + (—200)(8)(2) )] + (—1)(2)() 
+ (-x59)) (2.122) 
(2.123) 


7 
Ra 


Fr, = 1 — R,(—2.2 + 408) 


+ All resistances are measured in kilohms throughout this example. 
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The output impedance is found by substituting Eqs. (2.120), (2.121), and 
(2.123) in Eq. (2.93): 


z = 20o 1 — Ri(—2.2 + 408) 
SF 


E (2.124) 
"1 R(-02 + #8) 
The value of R, equal to 10 gives 
= 200 23 — 4008 (2.125) 
63 — 4008 


As B is increased from z 
becomes infinite, the out; 
os) and then goes negati 


ero toward the value 7c, at which the gain 
put impedance decreases to zero (with a B of 
ve for values of 8 in the range from zo to T00- 


& B+ 


The last example of this M 
culat ce faced by an element within 
hetwork. The cir Similar to that of the cathode- 


ironi Py Stas © reg i ion of the 
ae The initial and fin the cues see A deter- 
ee consideration of the capacitor because initially the 
Pianltor sce "Thus Ort elreuit and in the stad? etate ht bbs rer as al 
gain of a two-stage di € Initial value of the output is determined as the 


: rect- A f a e 
Input e;, is a unit Step funi d amplifier without feedback. If th 

fou (0) = (—492)2g (2.126) 
(The gain of each 


amplifier Stage is — i90 


network is 8.) "31, and the gain of the coupling 
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The final value includes the feedback through the cathode resistor Ry. 
The same circuit, without C, is analyzed in Sec. 2.3, where the gain is 
given by Eq. (2.44), repeated below: 

B il 1 — 400 2 

T = (—48°)%8 + SES (2.127) 

The right side of Eq. (2.127) is the final value of the response to a unit 

step function. If the specific value of Xo% is chosen for £, the initial and 

final values are both 44°, and the system responds instantaneously 

(except, of course, for the effect of the neglected distributed capacitances 

throughout the circuit). Any other value of 8 less than zoo results in the 

final value exceeding the initial value. If, for example, 8 is chosen as 
és, the initial value is 5'*; the final value, "$°. 

What is the nature of the transition of the response from its initial to 
final value? With the cathode ca- 
pacitor the single energy-storage ele- 
ment in the circuit, the transition 
must be described by a simple ex- 
ponential curve (Fig. 2.53). Since 
the initial and final values of the 
single exponential are known, the 
description of the response is com- 
pleted by the evaluation of the time 
constant, which is the product of C s : 
and the resistance faced by the Eig, E n nit step-function response 
capacitor. The resistance looking i 
into terminals a and b in Fig. 2.54(a) is determined with the aid of the 
theorem of Eq. (2.93). 

The reference element is rather arbitrarily selected as us. The only 
basis governing this selection is a desire to simplify as much as possible 
the calculation of the impedance with the reference element dead and the 
two return differences. On the basis of this desire for simplicity, a refer- 
ence element should be choseh which is a branch of as many of the feed- 
back loops as possible. With the'choice of uz, the impedance between 
a and b with us equal to zero is the output impedance of the cathode 
follower, represented by tube 1 and with a cathode resistor consisting of 
the parallel combination of R, and rpa + Ria. The partial circuit for the 
determination of (2as)u.=0 i8 shown in Fig. 2.54(b). The impedance can 


be calculated in tho conventional manner: 
(Ras) y-0 = “ea” kilohma (2.128) 


The return difference with reference to u is to be evaluated with în [as 
shown in Fig. 2.54(a)] adjusted to make e, equal zero and again with ùn 
equal to zero. The former value is unity, for with e, equal to zero all 
feedback is eliminated. A signal transmitted in tube 2 never reaches 
tube 1. The second return difference is that of the basic signal-flow 
diagram for the circuit without the cathode capacitor and can be found 


x 
= i EEDBACK THEOR 
/ DIAGRAMS AND F 
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(a) Circuit for Evaluation of Ry 


mim rom 10k 
Ryu =Rr2=200k 
R,-10k 

4720 


(c) Signal-flow Diagram for Calculation of Fu, 


Fro. 2.54, Determination of Ra. 
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from Fig. 2.54(a). The signal-flow diagram of Fig. 2.54(c) assists in the 
evaluation, 


63 — 4008 
i= 4, > (2.129) 
The impedance faced by C; is now given by Eq. (2.93), 
Ra = A —— Lus ^ kilohms (2.130 
* (63 — 4008)/43 2130) 
If 8 is Zoo; 
Ra = 10 kilohms (2.131) 


With this particular value of B, the impedance is exactly equal to R. As 
B is varied from zero to the value (Zi) giving instability, the impedance 
increases monotonically, reaching infinity at the point of instability. 
The time constant governing the step-function response of the circuit of 
Fig. 2.52 is RasCx, or 1 msec if Bis veo. The corresponding response is 
shown in Fig. 2.53.1 

2.7. Theorems Relating to Return Difference. There are two addi- 
tional theoremst relating to utilization of the concept of return difference. 
In this section, the two theorems are presented, proved on the basis of 
analysis by signal-flow diagrams, and illustrated with simple examples. 
The theorems are both primarily useful in simplifying the analysis out- 
lined in the preceding sections; neither presents any new concept. 

Theorem 1. The first theorem is particularly useful in the evaluation 
of the return difference with reference to one element if the return differ- 
ence with reference to a different element is known. The theorem is most 
readily stated in terms of the single equation 


F. ES (F. z)y=0 
F y (F, v)=o 
The ratio of the return differences with two different reference trans- 


mittances z and y is equal to the ratio of the same return differences when 
each return difference is computed with the other reference transmittance 


(2.132) 


zero. 
The proof of Eq. (2.132) is based on the signal-flow diagram of Fig. 


2.55, which represents the general diagram around two reference ele- 
ments z and y. The generality of the diagram is established as follows: 


t The resistance across ab in this particular example is more readily calculated 
from the fact that this resistance is the final value of e+ divided by the initial value of 
The final value of és is determined from the essential diagram 
29 with 8 equal to Zs. The initial capacitor current (73) 
tial plate currents, each calculated from the initial (t = 0) 
operation of the circuit as & two-stage amplifier without feedback [in other words, 
from the direct transmittances from ĉin to ii and i; in Fig. 2.22(a)]. 
1A large number of other theorems on feedback are derived by Bode, but are 
omitted here. Cf. H. W. Bode, “ Network Analysis and Feedback Amplifier Design," 
Chaps. V and VI, D. Van Nostrand Company, Inc., New York, 1945. 


the capacitor current. 
[Fig. 2.22(c)] andis — 
is the sum of the two ini 
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i i to z, the transmit- 
ion of the return difference with reference 1 
eens from e, to es, involves only the feedback paths v 3 
Lou tO ea. All such paths fall into one of two engen pw o An 
1 i ce 
through y, while those of the other type do not. Sin 
nl pes indlade in Fig. 2.55, this figure suffices for the study of the 
tem. . 
PT of the transmittances of Fig. 2.55, the four return differences of 
Eq. (2.132) are 


beytda (2.133) 
T=] — z (ia + je) 
laatse 2.134) 
F,-21— (ue e) ( 3 
zo = 1 — ai (2.1 
Tamsi- us (2.136) 


Substitution of the four relations above in Eq. (2.132) substantiates the 
ea fas 


equality and, hence, the theorem. 
The Aen is illustrated with the 
cathode-coupled limiter analyzed in 
detail throughout the preceding sec- 
tions. The signal-flow diagram is 
shown in Fig. 2.54(c), with the two 
? rA reference elements #2 and Re iiair 

Fra. 2.55. Di ia Th 1 cated. 'The return difference wi 
Ri Deua DeTlogid: reference to R, is calculated in Sec. 
2.4 and given by Eq. (2.50). With B equal to aj and R, equal to 10, 
Paa (2.137) 


evaluated with p, equal to zero can be found from Fig. 2.54(c): 
af ces AM 2 oe 2.138) 
(Pru) so = & I0[((—2r5)(1) + ( D Gr) + ( z19)(1)] (2:139) 


fa 


ês 


Fr, 


Ra) ur-0 


F,, with R, equal to zero is unity because o 
all feedback, Substitution of the: 
F,,, the normal return difference w 


pening the R, branch removes 
se three values in Eq. (2.132) gives 
ith reference to Mot 


1 
P, = lg-id (2.140) 


ith the value of Eq. (2.129), derived 
Clearly, the theorem represents : 

ing à desired return difference only i 

ce is already known. 

is section relates the gain of part 


pecific return difference. The theorem is again state 
In terms of an equation, 


MI .141) 
Too Pon 2 
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T, is the transmission from any point in the system to the grid of a 
specific tube; T; is the same transmission with the tube dead (gm set 
equal to zero, but r, still present); and F,, is the return difference with 
reference to the gm of the tube. 

The proof of the theorem follows from the general signal-flow diagram 
of Fig. 2.56. In terms of the transmittances of this diagram, 


fg = PUT (2.142) 
To = to (2.143) 
Fon = 1 — gnto (2.144) 


These three equations obviously satisfy Eq. (2.141). 
A simple application of this theorem is in the analysis of the single- 


loop multistage feedback amplifier. 

The theorem Salas in this case that E se Em mto) 
as a result of the feedback the signal 

at the grid of any tube is reduced by = 

division by F, the return difference Fra, 2.56. Diagram for Theorem 2. 


with reference to any gm. (All re- à ; 
turn differences with reference to tandem elements are identical and equal 


to 1 — T,, where Tis the open-loop gain.) | 
2.8. Stability. The investigation of the stability of multiloop systems 
is readily carried out using the Nyquist-diagram approach. The prin- 
ciples underlying the Nyquist-diagrem method of stability analysis are 
reviewed very briefly in the beginning of this section. The last part of 
the section includes a description of the application of the diagrams in the 
study of multiloop systems. hd 
The Nyquist Diagram. The basic principles of the Nyquist diagram} 
are most readily discussed in terms of 
the linear single-loop system shown 
in block-diagram form in Fig. 2.57. 
G(s) is the open-loop transfer func- 
tion (or the negative of the open-loop 
E EREET transfer function if the conventional 
Fro. 2.57. Single-loop system. terminology of feedback-amplifier 
theory is used). The over-all system function is 


[ci G(s) 
nO -71ireg 


Clearly, the stability of the system depends on the location of the poles of 
C/R, or the zeros of 1 + G(s), the return difference with reference to any 


f Here gn can be replaced by # throughout if the series form of the linear incremental 
equivalent circuit of the tube is preferred. In addition, Bode shows that the reference 
condition need not be a gm (or #) of zero, but may be any general value. Cf. H. W. 


Bode, op. cit., p. 77. 

tW. R. Ahrendt and J. F. Taplin, 
MeGraw-Hill Book Company, Inc., Ne 
and Taplin is in considerably more deta 


(2.145) 


“ Automatic Feedback Control," pp. 91-100, 
w York, 1951. The presentation by Ahrendt 
il than is possible in this section. 
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—1 
dem element. The system is stable if all zeros of 1 + G(s), all 
iino of G(s), are located in the rs exl ed ps pu — 

ist diagram is a graphical me d fo re 
en daan is essentially a mapping puo «cue ped T har 

losing the major portion of t e right ha ib 
Cer eres the Nyquist plot in a typical, simple case. wa bars: 
inris s plane is up the jw axis from -jR to +jR, with bony edt 
detours to avoid any poles of G(s) on the axis. At Tj, the Vies a n. 
90° to the right and returns to —jR along a large semicircle o 


ReG 


G-plane 


(a) a-plane Contour 


(b) Corresponding G- plane Contour 
K 
Fro. 2.58. Nyquist diagram for G(s) — PO TITEN S 3 
" ; b). 
g motion in the G(s) plane is shown in Fig. 2.580 a 
Since the interior of the right half of the s plane is always to the os o 
the contour y,, the corresponding region in the G plane is to the rig 


u 
Yo. When y, turns 90° to the right (e.g., at point a), ya does also (at ^ 
The contour Ya Shown is for a G(s) of the form 


K 
airs c a)(s +) 


The correspondin, 


clockwise from o' to B'. 
"Y-to-à section of y, correspond 
a circle of radius K/R? ab 


T It is assumed throughout 
The more general probl le. 
larities, has been treated at y a number of authors. For examp! dings 
L. S. Dzung, The Stability Criteri " tomatic and Manual Control," Procee 
of the Cranfield Conferen 


Ce 1951, edite, 
Scientific Publications, London, 1952, 
references, 


í on 
8 to a 540° counterclockwise motion of Ya 
out the origin. 
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For a mapping of this type, each point in the s plane corresponds to a 
single point in the G plane, but the correspondence is not 1:1 in the 
reverse direction. A point in the G plane may correspond to a number of 
s-plane points. (For example, infinity in the G plane corresponds to the 
s-plane points 0, —a, and —b.) If the values of s at which G(s) is equal 
to A and B are denoted the A points and B points, respectively, the 
Nyquist diagram permits the determination of the difference between the 
number of B points and the number of A points in the right half of the 
s plane. A and B may take on any values. 

Demonstration of this application of the Nyquist diagram can be 
effected with the aid of Fig. 2.59. The points A and B are marked in the 
G plane, and the corresponding sets of points in the s plane are denoted 


Im G 


T ReG 
G- plane 


Fra. 2.59. Corresponding line segments in the s plane and G plane. 


Say Bary 5 0 pi Bde and Sg, Sa - ++» Ss (With the function of Eq. 
2.146, n is 3, since the equation for s in terms of G is a cubic.) Ifa line is 
drawn in the G plane from A to B, there are n corresponding lines in the , 
s plane, from s4, tO Sm, Sas tO Sp, . < - , Sa, tO Ss,. The number of times 
the AB line in the G plane crosses Ye must equal the total number of 
crossings of all the sass lines and y., and the direction of the crossings 
must be identical. If, as yo is traversed in the direction of the arrow, the 
AB line crosses the contour from right to left once, there must be one 
right-to-left crossing of y, by one of the sass lines. The right-to-left 
crossing in the s plane corresponds to a line from the right-half into the 
left-half plane; consequently, in the right half of the s plane the number 
of A points exceeds the number of B points by exactly unity. 

Figure 2.60 illustrates the application of the Nyquist criterion in a 
simple example. The two values of G(s) of interest are +2 and —4. 
The point +2 is labeled A, and —4 is denoted B in the G plane. The 
path from +2 to —4 can be drawn in a variety of ways, as indicated by 
the three curves (AB), (AB)2, and (4B). Only one of these paths is 
necessary, but all three are shown in order to demonstrate that they yield 
identical results. ‘The nature, but not the specific location, of the cor- 
responding paths in the s plane can now be determined. If it is assumed 
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that three s-plane points correspond to each point in the G ede 
three paths (8,82): can be drawn first. (The exact number of s-plai 5 
points for each G-plane point is immaterial, as long as it is large d 
to permit construction of s-plane paths of all significant types.) e 
(AB), crosses ya only once, there is only one s-plane path which cross' 


(b) 8- plane Paths (c) 
* plane Path: - plane Paths 
Pim. ams rs 


Ft. 2.60, Interpretation of the Nyquist diagram. 

e 
Ye Each of the other two paths may lie entirely in the right-half plan 
R entirely in the left-half Plane. As a test point travels along Ye E 
ae A cad the crossing of (AB), is from right to left. ross- 
A Y, 1! y. is followed in the direct: Í apes 
ee e direction of the arrow, the s-p 


e 

: € from right to left, s on of the thre 

paths is shown in Fig. 2.60(b).¢ A possible configuration 0 
T Actually, 


is 
additional information co i e path? 
: neerning the nature of the s-plane PP ate 
available as a result of the fact that conjugate complex values of s result in conjug 
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The three s-plane paths corresponding to either (AB): or (AB); are 
drawn in the same way. In either case, the s-plane paths make it appar- 
ent that the number of A points in the right half of the s plane exceeds 
the number of B points by unity. The choice of a particular AB path is 
immaterial, because the net number of crossings is in every case the item 
of interest. 

Conventional application of the Nyquist diagram to the analysis of 
feedback control systems involves the choice of A and B as —1 and 
infinity, respectively, in order to obtain a measure of the excess of —1 
points over poles of G(s) in the right-half plane. Alternatively, if the 
diagram is drawn for the return difference 1 + G(s) rather than the 
open-loop transfer function G(s), the appropriate values of A and B are 
zero and infinity. In the analysis of the common single-loop system, 
G(s) is stable (without poles in the right-half plane) and the Nyquist 
diagram indicates directly the number of —1 points in the right-half 
plane [i.e., the number of zeros of the return difference 1 + G(s), or poles 
of the closed-loop system function G(s)/1 + G(s)). If the forward path, 
itself, contains closed loops, G(s) may be unstable, and the determination 
of the stability of the over-all system requires an investigation of the 
internal structure of the block represented by G(s). 

Stability of Multiloop Systems. If the forward path of a feedback 
amplifier contains closed loops, the Nyquist diagram for a single return 
difference does not suffice to establish the stability of the system. The 
analysis of a multiloop system in general involves the plotting of a 
number of Nyquist diagrams. Such an analysis can be systematized in 


the following four steps: 


(1) The signal-flow diagram for the system is considered. It is assumed that this 
diagram is not reduced beyond an essential diagram, and, consequently, the diagram 
is in a form sufficiently basic that each transmittance is stable. In the diagram, the 
dependent node variables ure numbered 1, 2, . . . , n, with node n representing the 
output. (The independent nodes, representing the drives or inputs, need not be 
considered because the stability of a linear system is independent of external signals.) 
The numbering is most conveniently effected by considering first all nonessential 
nodes except the output; the next N nodes are the essential nodes; and the last node 
is the output. 

(2 The n — 1 return differences Fi, Fs, . . . , Fn-1 are evaluated. F; is the 
return difference of node jt with all higher-numbered nodes removed (by setting the 
node varinbles equal to zero). As n result of the method of numbering, the first 


complex values of G, but this information need not be used in the stability investiga- 
tion, once yg is determined. If the sequence of right-to-left and left-to-right crossings 
of ya is considered, the Nyquist plot of G(s) can also be used in certain cases to prove 
instability even if the number of right-half-plane poles of G(s) is unknown. 

In the previous sections, the term return difference is always used with reference 
to a particular transmittance. The return difference of a node e; is equivalent to the 
return difference with reference to the unit transmittance of a branch from eji, 9 node 
which all the input branches to e; enter, to eja & node from which all the output 


branches from e; depart. The nature of the branch with unit transmittance is shown 


in Fig. 2.61. 
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" em 
n — N — 1return differences are all calculated with the removal of all aS 
All feedback paths are absent, and these n — N — 1 return differences z pnt. 

(3) The next N return differences (from F, x to Fai, —— e eet. 
different from unity and functions of the complex frequency s. The kan n 
is used to determine the excess of zeros over poles for each of the N retur: 


(a) Original Diagram 


(b) Equivalent Diagram 
FtG. 2.61. Definition of F,. 


i r e, and 
(4) The numerator of the over-all system function is a stable transmittance, 


A right 
the denominator is the product of the N return differences. The number o meas- 
half-plane zeros of this denominator is measured by the sum of the N excesse 
ured in step (3). If the system is stable, this sum is zero. 


T Fig. 
The procedure is illustrated by a system of order two, worm noes 
2.62. The dependent node variables are denoted ey and ez (the 


. D mt 
essential nodes), e; and e, (the two essential nodes), and e; (the ke es 
node). Then — 1 return differences are Fy, P», Fa, and Fa. Raa e 
be determined directly from the figure. With the two essential n 


4 ta 
ein 


a 
te stability analysis. 


Fia. 2.62. System to illustra: 


and e, removed, all feedback loops are broken, and 1) 
2.14 
F1 (148) 
F, =1 
With node e, removed, 


.]ooP 
the only loop transmission is through the self 
at ez. Consequently, 


149) 
Fz; =1~— tis (2 
F, is evaluated with all nodes except es present 
150) 
Ry aay (tu " utaha) (2. 
mE) 


fou 
The denominator of the over-all gain T is given by the product of thé 
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return differences. In this case, 


tintistaateatas 
y = —————— 
se (2.151) 


The system is stable only if the product F,F;F;F, has no zeros in the right 
half of the s plane. The Nyquist plots of F and F, determine the excess 
of right-half-plane zeros over poles for Fs and F4, respectively. If each 
transmittance (in particular, tss) in the original diagram is stable, F; is 
also stable, and the diagram of Fs determines the number of right-half- 
plane zeros. These zeros are simply the right-half-plane poles of Fi, 
since £4, las ts2, and tx are stable. Hence, the number of right-half-plane 
poles of F, is known, and the Nyquist plot gives the number of right-half- 
plane zeros. For example, if the plot for F; indicates j right-half-plane 
zeros and the plot for F, indicates that F, has k more zeros than poles in 
the right-half plane, the factor F\F.F3F, has j + k right-half-plane zeros. 
Unless j 4- k equals zero, the system is unstable. 

The general method for establishing the validity of the above pro- 
cedure for stability analysis is indicated in the remainder of this section. 
The stability analysis is based on the proposition that the total excess of 
right-half-plane zeros over poles for FıF:F; +--+ FQ is equal to the 
number of right-half-plane poles of the over-all system function if all 
transmittances in the original diagram are stable. The proposition can 
be substantiated by the following seven steps:f 

(1) The equations describing system behavior are written in the 


following manner: 


S k 
S an= |an i 


jel 


Í5k [9,84 
"UE Me (2.152) 


The node z, is the input; Trt» is the output; and 7’, is the over-all gain or 
transmittance. In the case with n equal to 3, the equations become 


ty. + tnt: + tits = Tı (2.153) 
tiati + tzt: + daz: = T2 (2.154) 
listi + teste + tssts = Tots (2.155) 


This form, with the subscript n denoting both input and output, can be 
used as a result of the fact no branch enters the input and none leaves the 
output. Hence, tj» is the transmittance of a branch from z; to the output; 
taj describes a branch from the input to zj; and tnn is the transmittance of 
the branch from the input directly to the output. 

(2) The determinant P, is defined as 


1—1!n —ín —l 25. —ln 
— -t =—ty is —ty 

p.p te he : (2.156) 
—tin — lan T usu = he 


tS. J. Mason, “Notes on Subject 6.633—Electronic Circuit Theory,” pp. 149-150, 
Massachusetts Institute of Technology, Cambridge, Mass., 1948. 
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Bi —— 
(3) P;is defined as the determinant consisting of the first i rows an 
i columns of P,: 


l—íi —in  —la = F 

—s i-i Ste 2... —lia (2.157 
Hc ENE Gc N 
~tu ti; Shr as. =d 


(4) The over-all gain is expressed in terms of the determinants by the 
relation 


(2.158) 


n-1 


Equation (2.158) can be established from the fact that pui ye 
of Eqs. (2.152) must be zero if T, is to be independent of zp. i ina 
difference between P and P, is that in P the element of row n, colum 

is Ta — tna, while in P, the 


same elementis] — tan. The cofactor of this 
element in each case is Pr. Hence, 

59 

P= Py Pris + TP, nii 

Substitution of P — 0 in Eq. (2.159) 

demonstrates that, when each [^ 

result that P, has no right-half-pl 


€ 5 
gives (2.158). Equation (2159 
k is a stable transmittance (with i 
ane poles), T', is a stable transmittance 
n—1 has no right-half-plane zeros. 


(5) The transmittance T, is defined 


A : : : cactly 
node z; back to itself with all higher-number nodes removed. In exact 


l : ms 
the same manner as Eq. (2.158) was derived, the relation for T; in ter 
of the determinants is established : 


: s m 
as the total transmittance fro 


Tres] ht (2.160) 
1 


s e 
(6) The return difference P, is defined as 1 — T, F, is then th 
return difference 


ed. 
j of node z; with all higher-number nodes rema n 
Equation (2.160) indicates that F; can be written in terms 0 
determinants. 


hs Pi (2.161) 
s "x Pia 

rn 
(D From Eq. (2.161), the relation for P, ; in terms of the retu 
differences is apparent: 


Pai = FPP... p 


n=l 


(2.162) 
Hence, the stabi 
product F,F,F. 

hus, the concep 


the 
ntirely on the zeros of 

T 
analysis of a my 


ility 
sely related to the ped 5 
of the diagram is a£ 
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2.9. Example. Analysis of the circuit? of Fig. 2.63 illustrates several 
of the concepts presented in the preceding sections. The system shown is 
a velocity servomechanism, with the generated voltage of the tachometer 
T proportional to the output velocity of the system. The difference 
between the input and the tachometer output drives tube 1, the first 
stage of electronic amplification. Both positive and negative feedback 
are used in this stage: at all frequencies positive feedback through tube 2, 


Output 
Rotation 


Fic. 2.63. Velocity servomechanism. (From Greenwood, Holdam, and MacRae.) 


and at all nonzero frequencies negative feedback through the RC circuit. 
The negative feedback tends to make the gain of the amplifier fall off with 
frequency in order to avoid saturating the amplifier with. commutator 
ripple, noise, or sudden changes of the input voltage. The armature 
voltage of the motor is controlled by a pair of relays driven by tubes 3 
and 4. 

The analysis of this section is directed toward answering the following 
questions: 

(1) What is the quantitative variation of the d-c gain of the circuit of tube 1 with 


changes in the value of B? inis : 

(2) What is the transfer function of the circuit of tube 1 and the time constant 
associated with the capacitor C when the system is operated open-loop? 

(3) What is the input impedance of the closed-loop system? 

(4) What is the output impedance of the closed-loop system? 

(5) What is the sensitivity of the system gain with respect to Ka, the gain of the 
power amplifier? 

1 The circuit is taken from the book by I. A. Greenwood, Jr., J. V. Holdam, Jr., and 
D. MacRae, Jr., “Electronic Instruments,” MIT Radiation Laboratory Series, Vol. 
21, p. 488, McGraw-Hill Book Company, Inc., New York, 1948. In the circuit 
diagram given there, actual values of the parameters are used. The operation of the 
Power amplifier and motor is described in Sec, 12,20 of the same book, 


< THEORY 
152 SIGNAL-FLOW DIAGRAMS AND FEEDBACK T 


acteristics might be of interest, but 
ose ea ks ee ae Ae method of analysis. A m 
cedo, tud of the system would involve a tenet © 2d 
ied rd Sof the over-all gain with respect to the gain of one stag 
Roe ee the stability of = esee ud a ee ance aii 
i impli ion results if various ass a 
i ae Coreteenan are mentioned at the p cent 
m F in the following development. A complete study of the Ar ant 
Hearty involves an investigation of the validity of each of perenne! 
tions, although such an investigation is not included in the 
H . » e 
ar ina fu Diagram. The first step in the analysis involves CO 
construction of the signal-flow diagram for the complete system. 


En 


1 
Ta+Ry 


Fic. 2.64. Partial signal-flow diagram. d 
it is evident that the amplifier circuit including tubes 1 and 2 is ipd 
r of the circuit, this amplifier might be const e for 
alone. In other words, a block diagram can be constructed at onc con- 
the system, and the individual blocks analyzed separately. In a Cie 
figuration as simple as this, however, it is as convenient to conside 
System as a whole. from 
The signal-flow diagram is drawn by working through the system eh 
input to output and following, as much as possible, the actual pri E 
signal path. The input E, causes a voltage Ey, which in turn can ow- 
grid-to-cathode voltage on tube 1. The resulting plate current [51 4 


ing through R,, generates a voltage Ej, which drives tubes 3 an 
he armature voltage of the 


ence 
results in an armature current, bent 
a torque driving the load at the out; 


p ity 8 
put velocity. This output veloc! The 


EXAMPLE 153 
The following assumptions are implied by the diagram of Fig. 2.64: 


(1) Either Reis much greater than Rz, or Rz: represents the parallel combination 
of R, and the plate-load resistor of tube 1. 

(2) The magnitude of J; is much less thar that of Z5, with the result that the 
current through Rz: is approximately equal to Ij. With this assumption, Jj; is 
given by the equation 


(2.163) 


If this condition is not satisfied, the signal-flow diagram is slightly more complicated, 
but the analysis procedure is unchanged. 

(3) Smooth control of the motor is achieved by the amplifier-relay system. Con- 
sequently, the armature voltage E, can be considered proportional to Epnı, the output 
of the first stage of amplification. This smooth control can be very closely approxi- 


mated in practice. 
(4) The ermature inductance of the motor is negligible, and the armature current 
is proportional to the difference of the armature voltage and the induced voltage 


K 186. 
(5) The load consists of inertia only, with the output acceleration proportional 


to the developed torque. 


None of these conditions are difficult to approximate in practice unless 
the bandwidth required by the specifications is unusually wide or the 
speed of response particularly high. 

Construction of the partial signal-flow diagram shown in Fig. 2.64 
involves the introduction of the two secondary dependent variables J; 
and Ej, The complete signal-flow diagram must include branches 
describing the determination of these two variables (in other words, 
branches entering the two nodes and representing an equation for each 
of the two quantities). I, is described in terms of the impedance of the 
RC series combination and the voltage Erc across this combination. 
Esc, in turn, is simply Eon — Ej. The relation for Es is slightly more 


complicated. Clearly, 
En = Rel + Ril pe (2.164) 


Ip is already present in the diagram as a primary variable, but an equa- 
tion is required for 7,» I,; depends upon E,; in the manner 


[am Ea 
= — 2 
In rp t+ Riot Ria Ty + Re + His (2165) 


E, can be expressed in terms of Epm, Ei, and Ipe: 
E; = BE pm — Ex: — Reel p2 (2.166) 


In this case, derivation of an expression for Ei involves the introduction 
of two additional variables, I5»: and E,2 This complexity is not sur- 
prising, however. because the gain of the amplifier must depend on the 
values of 8, Res, ro», #2, and Rz2, none of which are included in the original 
diagram of Fig. 2.64. The feedback path through tube 2 must be 
described by the set of equations derived to determine Fy. 
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On the basis of the above discussion, the signal-flow en he 
pleted in Fig. 2.65. The diagram places in evidence a large ear dt 
feedback loops, but only three of these are of primary Spec d- 
over-all loop closed through the tachometer, the amplifier pon E 
back loop closed through tube 2, and the amplifier — lenis 
loop through the RC circuit. 'The signal-flow diagram ce icri. 
the procedure for constructing the block diagram, since the 7 af 
diagram can be partitioned into an amplifier section, a motor section, 
the primary-feedback section. 


EH 
— 22! 
m-RatRu C"e-Ru-üu 


Amplifier 


Ky 
Fic. 2.65, Complete signal-flow diagram, 


‘ge 
Zero-frequency Characteristics of the Amplifier. In the signal-flow di 


ich 
dashed lines enclose the section whioh 
of the amplifier (tubes 1 and 2 and the associa ie 
to exhibit zero steady-state error W 
input, the zero-frequency value lo city: 
Since the output variable is the ve uon 
or; the integration must be intro the 
it is desirable to consider initially 
zero-frequency behavior of the amplifier. At zero frequency. 


signal-flow diagram, substitution of i 
diagram by removing from consideration the five branches show? i 
heavy lines in Fig. 2.65, * simplification results from the zero V2 
of the transmittance from Ere to Hi. ined 
€ zero-frequency gain of the first stage of amplification is determi à 
from the diagram of Fig. 2.66. The diagram, of order two, be 2. 
reduced to a single transmittance in the manner described in Sec. ^ H 
The result is the expression for the gain, E../E,,., which is denot 
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A=- 
mRirltpt+RetRretueRest(1+y2) Ra] 
(ret Raa) (1-97 us) Ret [Gi 3) Retry + Roi) 753 + Fas + Rs usas) — (ui 3-1) Baz 
(2.167) 


Complete analysis now requires substitution of appropriate values for the 
circuit parameters and evaluation of Eq. (2.167). Instead of this rather 
tedious procedure, an approximation is considered. In particular, it is 
assumed that the numerator of A is equal to ui riu; and the denom- 
inator is of the form R? — uiu;8 R Ros, where R? is a constant defined as 
everything before the minus sign in the denominator of the right side of 


Æ 
1 E Tat Rn NY E 1 


Eq Eost 


SS Se eee 
tpat Rast Rao P at Rat Rie 
Fira. 2.66, Diagram for zero-frequency gain of amplifier. 


Eq. (2.167). These are valid approximations if 


ds (2.168) 
n tact Pack Best act Ra (2.169) 
k 


Under these two conditions, which are not difficult to satisfy approxi- 
mately in an actual circuit, A can be written 


— uus Ri Ris 
MU ae G TA 2.170 
E: R? — Bus Ris ( ) 
Division by R? yields 
pum 
— Mik? R? 


ste ghee 


As (2.171) 


Without the two approximations made above, a similar expression for A 
can be derived, but the numerator includes an additional multiplicative 
f i ifferent from unity. 

“Tor Us diua of this example, it is sufficient to assume that the 
circuit parameters are such that pale Ris/ R? is known. The value 29 
is used in the following. If the problem is strictly one of analysis, sub- 
stitution of parameter values gives this constant; on the other hand, if 
design ia the ultimate objective, the parameters are chosen to give an 
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. . (23320) 
appropriate value for this constant. With the value 29, Eq. ( 
becomes - zd -— 

| 1— 298 
Prac- 
i infini i frequency. ^ 
f 8 equal to z; yields an infinite gain at zero i igh gain 
fe ee of 8 somewhat smaller may be used to pec a mig if the 
and, at the same time, a system which is open-loop stable e 
, n H . 
rameter values change slightly during operation. . edi 
M de Function of the Amplifier. Once Eq. (2.172) is nae the 
the signal-flow diagram for the over-all system can be redrawn, 


56, 
Ein Ej! Em Epnil Eon Ea Io | 


: Kr 
Fic. 2.67. Simplified sign. 
elements shown in Fig. 2 


al-flow diagram, 


e 
The 


. xi A n o! 
, alone, is determined from the ado 
the figure within the dashed lines. (Here, Z, can beomitted if thei i 


ter 18 
(1-A) RiCs Impedance of the tachome 


: qered 
“ha either negligible or is not oe ima 
Part of the amplifier. Zø Rs 
be inserted later by replacing 
E, 1 E A 


anl Eon by R, + Zo.) 


ig of 
lifier is 0 
Fra. 2.68. Essential d; ; The diagram of the amp tial 
IG. ential diagram for amplifier, order one, with the single esee of 
node J; or E, or Enc. If E, is Chosen, the essential diagram 18 
Fig. 2.68. The over-all transmittance ig 
Ea - A(RCs 4- 1) (2.173) 
=r r eT O 
E 14+ Car + (1 — A)Rj] 


The circuit is the conventio; 
including the effect of the 


The value of 8 equal to 
function 


nA 

in 
nal Miller integrator, with the forward £9 
Positive feedback. 


sfer 
7y yields an infinite value of A and the tran 
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== = (2.174) 


With the magnitude of A finite and much greater than (R + Rı)/Rı. the 
transfer function is 


En RCs +1 
a A IRI (2.175) 


A is, of course, negative. With A infinite, the circuit gives ideal integral 
compensation, and with A finite, the conventional passive integral com- 
pensation. The time constant associated with the charging of C when 
the system is operating with the primary-feedback path open is the 
coefficient of s in the denominator of Eq. (2.173), or approximately 
— ARC if the magnitude of A is large. 

Input Impedance. The input impedance of the closed-loop system can 
be evaluated directly from the signal-flow diagram of Fig. 2.67. Actually, 
since the input admittance is just the transmittance from E, to J;, this 
admittance is more readily determined than the impedance. The trans- 


mittance /,/E, can be found either by reduction of the diagram or by 
utilization of Eq. (2.97), 

LIU 

Y=¥Y, F (2.176) 


The latter method is used here, since the return difference F is desired in a 


later part of the example. . 
The reference element selected is the motor gain Ka. The admittance 
Y,, measured with Ka equal to zero, is found from the diagram of Fig. 
2.67, or can be written by recognizing that the impedance Z,, equal to 
1/Y,, is the direct impedance Ri + Z, plus the RC-circuit impedance 
modified by the Miller effect. 
R 1 
Z, p- 
Rı + Z + ri + a- wee (2.177) 
y,- (1 — A)Cs 
° RCs +1 + (1 — A)€s + Zo) 


Zo 


(2.178) 


The quantity F’ of Eq. (2.176) is the return difference with reference to 
K, and measured with the input Ei, adjusted to make J, equal to zero. 
But if J; is zero, Egnı is also. Consequently, the returned signal is zero 


and 
F'-1 (2.179) 


F is the return difference with reference to Ka and evaluated with the 
input E, equal to zero. This return difference is determined from the 
over-all signal-flow diagram, Fig. 2.67. The returned signal is equal 
to the transmittance from E, to E; multiplied by the transmittance 
from E; to E, with both transmittances measured with the primary 
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loop opened at E... 


F= 1- EKK: A De (2.180) 
Pi Rs + KiKy (1 — A)Cs 
1+ (Ri + Z,) "ROI 
Substitution of Eqs. (2.178) to (2.180) in (2.176) gives 
F= : (2.181) 
1 _ _KK:Kr — A(RCs + 1) 
Y, Rs + Kik, (1 d A)Cs 
RCs 4-1 K.K2K;A 182) 
=R +Z, ra : (2. 
tae we A)Cs | Ros + A 


The input impedance is the s 
ance of the elements outsi 
corrected for the Miller effe 
of the over-all system. 


um of two components, Ri + Z;, the imped- 
de the loop, and the RC-circuit impedance 
ct and then multiplied by the return differen 


eT, 


Fia, 2,69, Diagram for calcula: 

e 

á Output Impedance, The output impedance is determined from m 

iagram of Fig. 2.69. In this figure, the transfer function G(s) is Bow ue 

oe m Again, the admittance (angular velocity/ wer 
ist adıly calculated than the; - distur 

78 Inserted as shown and th voca eerie 


tion of output impedance. 


r 
function, s6,/T,, is © output velocity determined. The transf? 
a 
"n 4 = (2.183) 
T, 1 Jt ey Es K,K,K4G(s) 
Rie ~ Ra | 
A more Conventional form jg 
Ra 
sb _ Reals + KK, (199 
T, 1 — Kak2K7G(s) 


Rs + K,K, 
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The numerator represents the transmittance with the over-all feedback 
loop broken (Kr = 0). This term is divided by the return difference 
to obtain the output admittance of the closed-loop system. 

Sensitivity with Respect to Power-amplifier Gain. The sensitivity of 
the over-all transmittance with respect to the gain of the power amplifier 
(tubes 3 and 4 and the relay system) is simply the reciprocal of the return 
difference with reference to Ka and with the input zero. With this return 
difference given by Eq. (2.180), the sensitivity can be written directly, 


1 
Y 
S£, KEK, " (2.185) 
~ Ras + KK: (i — A)Cs 
1+ (Ri + Z) Ress 
A(RCs + 1) 


Substitution of G(s) for the expression LEGIR + (Ei + Z) — A) 


gives 


1 
Sk. = — EKKO (2.186) 


1 Roles KK 


Other Characteristics of the System. As indicated in the first part of 
this section, once the signal-flow diagram of the over-all system is drawn, 


Fie. 2.70. Block diagram of the system. 


determination of the various gain functions, sensitivities, and impedances 
is routine. Likewise, the stability of the system can be analyzed in a 
straightforward fashion. The signal-flow diagram also serves as a logical 
basis for the construction of the block diagram. For example, the block 
diagram for the system considered in this example can be drawn directly 
from Fig. 2.65. The result is shown in Fig. 2.70, with G(s) used again to 
denote the transfer function of the amplifier. . . 

2.10. Concluding Remarks. The preceding sections of this chapter 
deseribe the use of signal-flow diagrams as an aid in the analysis of 
complex feedback systems. From these sections, there emerge certain 
fundamental concepts which underly the study of feedback: 


(1) The signal-flow diagram 
(2) The order of the system 
(3) The return difference 
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Nd - ci d 

7 w diagram simplifies the derivation of specific rules an 
DG. ia analysis of feedback systems. By presenting E tere 
tinual picture of the flow of signals through the system, the ig ^i 
diagram places physical significance on the fundamental relations o ee ; 
back theory and permits a physical evaluation and a heuristic proa 
of basic feedback theorems. The signal-flow diagram is the natural a 
step in the construction of the block diagram of the system. Once t i 
signal-flow diagram is drawn and preliminary analysis of the detaile 
system behavior is accomplished, the independent groups of components 
can be considered as the elements of a block diagram or analyzed with 
the use of signal-flow diagrams. Throughout the remaining chapters 
of this book, block diagrams are used extensively, primarily because of 
the greater familiarity most engineers have with this method. 

The order of the system, or of the signal-flow diagram, is a measure of the 
inherent complexity of the system. The order indicates the degree of 
difficulty associated with an evaluation of the gain, output impedances, 
or sensitivities, and the number of Nyquist plots required in a stability 
analysis. 


The return difference is a quantitative measure of the feedback. The 
return difference with reference to a particular element is directly related 
to the sensitivity of the gain to changes in the element value. The con- 


cept of return difference simplifies the calculation of impedances at 
various points through the sys' 


tem. Finally, the concept of return differ- 
ence allows the systemizati 


on of the stability analysis of multiloop 
systems. In many ways, the Concept of return difference underlies all 


feedback analysis and unifies the consideration of the various effects of 
feedback. 


These concepts, as well as the theorems 
chapter, are related to the analysis of feedb: 
ter describes certain procedures for the Sy! 


specified transfer functions, The remaining chapters of the book, in 
fundamental design of feed- 


and several examples of this 
ack systems. The next chap- 
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CHAPTER 3 


SYNTHESIS OF RC NETWORKS 


n of feedback control systems has been 


For many years the desig 
characterized in at least one sense by & stereotyped approach. Tech- 
works to yield speci- 


niques for the design of electric and mechanical net 
fied frequency characteristics would seem to be an essential tool of the 
designer, yet there has been little or no discussion in the feedback-control 
literature of techniques for network synthesis. The general procedure in 
design has consistently been to work with the fundamental lead or 
integral networks, with as many of these building blocks inserted in the 
system as required to obtain satisfactory performance. 

The development of the root-locus method of design, the presentation 
of synthesis procedures based on the complex-frequency behavior of the 


Isolation 
Amplifier 


Isolation 
Amplifier 


integral networks with isolation amplifiers. 


system, the extension of the basic design principles to mechanical sys- 
tems, and many other similar developments have emphasized the neces- 
sity for the engineer to have available techniques for the synthesis of 
networks with prescribed frequency characteristics. This emphasis has 
been increased by the development of systems in which isolation ampli- 
fiers are not readily introduced. In other words, the use of three integral 


networks is straightforward if isolation amplifiers are available as shown 
in Fig. 3.1, For such a configuration, the over-all voltage ratio 18 simply 
proportional to the product of the voltage ratios o 


f the three integral 

networks: 
E; Tas +1 Tns +1 Tnss +1 T 
go Tye ti Tas Fi Tort l GD 


If isolation amplifiers can- 


Fio. 3.1. Three 


Here T4 > Ta, Tar > Tot and Tas > The plifi 
not be used (in 2 mechanical system, for example), the realization of à 
voltage ratio of the form of Eq. (3.1) is less straightforward. The simple 
tandem connection of the individual networks (Fig. 3.2) does not yield the 
desired transfer function as & result of the loading effects of the second 
Section on the first, etc. ethods drawn from the field of network 
synthesis indicate techniques for the determination of both network con- 
161 


and capacitances) are discussed in detail in Sec. 6.7 in connection with 
the synthesis of electric and mechanical compensation networks for 
carrier systems, 


3.1, Principles of Network Synthesis, Network synthesis ig funda- 
mentally Concerned with ihe following prob 


da Specified transfer 


the output to the 
n an electrica] system, the 


: those terminals at which the 
input is applied, or, from another viewpoint 
desired driving-poin impedance or 

1 General references on n 
Feedback Amplifier Design," D 
E. A. Guillemin, " Communiea; i 
York, 1935; and E, A, Guillemin, A Sumy 
Synthesis, Advances in Electronica, Vo}, 3, 19) 
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tions emphasis is placed on the synthesis of two-terminal-pair networks, 
although several synthesis techniques to realize prescribed driving-point 
functions are developed as interim steps in the general discussion. 

A two-terminal-pair network can be characterized completely in a 
number of different ways. In contrasi to the one-terminal-pair network, 
for which only one impedance or admittance function of the complex fre- 
quency s is required for complete characterization, the complete descrip- 
tion of two-terminal-pair networks requires in general three functions of 
frequency.} Either of two sets of three functions are most commonly 
used in modern network synthesis. The first set includes the open- 
Circuit driving-point and transfer impedances zu(s), Z22(s), and zis(s), 
Figure 3.3 indicates the network, M, with terminal pairs 1-1’ and 2-2". 
Zu, the open-circuit driving-point impedance at the input terminals, is 
the impedance seen looking into terminals 1-1’ with terminals 2-2’ left 
Open-circuited. zaz, likewise, is the impedance seen looking in 2-2’ with 
l-l' open. zi» the open-circuit transfer impedance, is the output 
Voltage E; y divided by the input current Iı, with the 2-2' terminale 
Open circuited. Since the network N is assumed to contain only passive, 
linear elements (R, L, and C), 212 and za: are identical, or the open-circuit 
transfer impedance can be measured in either direction. Of some value 
in analysis are the physical representations based upon considering zi; as 
the voltage across 1-1’ if 1 amp of current is forced in terminal 1 and 
out 1’ with 2 and 2’ left open. Likewise, zi» is the voltage across the 
Open terminals 2-2’ with 1 amp in terminal 1. à 

À second set of functions which completely describes the behavior of N 
as a transducer consists of the three short-circuit admittances of the net- 
Work, yi(s), yaa(s), and yis(s). yu(s), the short-circuit admittance at 
the input, is the admittance seen looking in 1-1’ with a short circuit con- 
necting 2 and 2’, Alternatively, yu iS the current in 1 if 1 volt is 
impressed across 1-1’ with 2-2’ shorted. Likewise, yz: is the admittance 
looking into 2-2/ with 1-1’ shorted. yis the short-circuit transfer admit- 
tance, is the current in the shorting bar from 2 to 2’ divided by the voltage 
impressed on 1-1’, These definitions of the short-circuit admittances as 
Well as those of the open-circuit impedances are illustrated by the sketches 


of Fig. 3.4, 

Either set of functions (the y’s or the z’s) serves to describe completely 
the behavior of the network as a transmission device regardless of the 
Oading impedances on either end. The two sets of characterizing 


Parameters are related by Eqs. (3-2) to (3.9) d 


yia 
gue (3.2) docu (8.4) 
Ay 
Za = Yar (3.3) Ay = YuYar — yis (3.5) 


TE.A. Guillemin, * Communication Networks," Vol. II, p. 139, John Wiley & Sons, 
Inc., New York, 1935. 
1E. A. Guillemin, op. cit., p. 137. 
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Z22 


212 3.8) 
yu = 5 (3.6) Vig — AS ( 
AX (3.7) A = zuza — zł — (3.9) 

22 — 
A, 


i ibed 
Most logieal procedures for the synthesis of networks for prescrib 
transfer functions involve the foilowing steps: 


rates this general Procedure. The ve 
5/(3 + 1) is to be realized as the voltage ratio of a network working 
1 
1 i3 


o2" 


2 
fom 
Lh 


E, 
i as 2 "ils 
(a) 


(b) 


Network Ez 


an open-circuit and from an idea 
that under these loadi i 


E, EU 3.10) 
EC Yoo ( 
The required 


V'8 can be ete 
(3.10) 


J determine 
to the desired transfer 


d by equating the expression of Ed. 
function: 
Yn me (3.11) 
s+] 
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It is clear that the desired voltage ratio will be realized if a network can 
be found with 

Yu = 8 (3.12) 

=s+1 (3.13) 


ys: 


[The value of yn(s) does not enter into the determination of the voltage 
ratio.] The network of Fig. 3.5 is one 

possible configuration with the desired y12 1—— —] 
and ya, and the synthesis problem is 1n 
solved. The solution for this simple ex- 

ample could, of course, have been written pare ES 
without any knowledge of network Fic. 3.5. Network to realize 
Synthesis, but it is included here to illus- EE: = s/(s + 1). 


trate the general procedure. 


It might be noted at this point that the above example can be used to 


illustrate one of the intriguing aspects of network synthesis, the existence 
of a great, number of solutions to any problem. Clearly, Eqs. (3.12) and 
(3.13) are not the only identifications which can be made for yi? and y22 to 
yield the desired ratio shown in Eq. (3.11). An equally valid set of func- 
tions can be obtained by dividing both numerator and denominator of the 
Specified transfer function by any polynomial in s. For example, if 
numerator and denominator are both divided by s, the identifications are 


(3.14) 
(3.15) 


ye = 1 
2 
ys = lo, 


The resultant network is shown in Fig. 3.6. With relative ease one can 
derive a large number of other networks, all of which yield the same 
1 voltage ratio. } 

2 Thus, actual synthesis of the network 


E lh is always preceded by identification of 
¥ suitable values for either the short-circuit 
: 7  driving-point and transfer admittances 
Fro. 3.6, Alternate network to or the open-circuit driving-point and 
st voltege rails a/(e «1. transfer impedances. Success in this 


between the various types of transfer 


functions that arise in practice and the z and y functions. The remainder 
of this section is devoted to the development of these relationships, with 
the results summarized in Table 3.1. For the purposes of this develop- 
Tent the various transfer-function types are conveniently subdivided into 


Classe : e of the signal source. 
s on the basis of the natur The network is driven by the 


Signal S. 1 Voltage Source. is di 
Voltage weno oor of the impedance looking into the net- 
Work, This situation is closely approximated in practice by a cathode- 
follower signal source and by many error-measuring devices used in feed- 

ack conirol systems. The assumption involved here, illustrated by 
Fig, 3.7, is that |Z.| « |Z| at all frequencies of interest, with the result 


task depends upon relationships 
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that E; is essentially equal to E, and the circuit of Fig. 3.7 can be replaced 
Fig. 3.8. . M" 

a e E M can be associated with an open circuit on the load 

d of the network, in which case the specified transfer function is the 

FOE ratio E;/E; (Fig. 3.9). For this circuit, the input current is 


Fie. 3.7. General signal source. 


Fic, 3.8. Signal source an ideal voltage 
generator. 
simply Ei/211; 


the output voltage E; is the input current multiplied by 
zı» Hence, 


3.16 
Ei zn ( ) 


If the voltage ratio is desired 
tions, zız and zı: of Eq. (3.16) 
sions in terms of the y’s as givi 


in terms of the y’s rather than the z func- 
can be replaced by the equivalent expres- 
en in Eqs. (3.2) and (8.4). Then 


a a (3.17)1 


The result in Eq. (3.17) can be de 
theorem, since —VisE, is the sh 


rived directly by application of Norton’s 
ort-circuit current at the 2-2 terminals 


2 
Fia. 3.9. Network driven by ideal 


Voltage Source and working into open 
circuit, 


Fig. 3.10, Ni 
admittance Yz, 


etwork working into an 


T The minus sign, se I, is defined e ) 
; $ as flowing into th f no 
concern and, as in the remainder of thig chapter, can be g € network, is o: 


discarded in the synthesis. 
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Esso uo Ym 

Ei yu Qe Y2 oF) 
Ei = yis 

"n yao + Y. (3.19) 


Signal Source an Ideal Current Source. A second group of transfer 
functions of practical interest is characterized by an infinite-impedance 
Signal source, as portrayed in Fig. 5 
341. This situation is closely ap- : s 
proximated when the network is 
driven by a pentode and the dy- 
(GN plate resistance r, is much $ 
pt than the input impedance of Fro. 3.11. Network driven by ideal cur- 

e network. With a general im- rent source. 

Pedance Z,(s) as a load on the net- 
work, the significant transfer func 
defined as 


tion is the transfer impedance Z1:(8), 


Zs:(8) = = (8.20) 


On the basis of the definition of zi:(s), the open-circuit voltage of the net- 
Work is z,,7,. Since the Thévenin equivalent impedance looking back 
into the 2-2’ terminals is 222, the transfer impedance is simply 


z : 
Zi(s) = mean = (3.21) 


! z 
F: "n 
and lod Network with general drive Théyenin’s or Norton's theorem. 
i The short-circuit current is deter- 
Mined first, If the 2-2’ term: 
1__g (8.22) 
mcum i i 
5 1-4 yul: : 
zs short-circuit current at the 2-2' terminals js found from the definition 
Vis. 
EE Sn (3.23) 
D. i+ yuZe 


The Théveni i i i impedance looking into the 
7 venin e lent impedance is the impedance g 
2-2’ terminals a iba need loaded at the 1-1’ end by an impedance 
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Za. „This can be determined from the equivalent circuit of Fig. 3.13. 
Straightforward circuit analysis yields the result 


14d yuZ. 
Wm coh rwy 
" T EA (3.24) 
where 
Ay = ynuys — Vis (3.25) 


The transfer voltage ratio is given from Eqs. (3.23) and (3.24) as 


E: Vis 
E, Lynd. + yds + AZ. (9.28) 


"i. special case when the network is open-circuited, Z: becomes infinite 
an 


Es yi2 

——————-z 3.27 
E, ^ ymnd AZ ( ) 
een the transfer functions and the net- 


The above relationships betw 
of logical synthesis 


work functions (the z's and y’s) Sre the foundations 


Fra. 3.13. Evaluation of Thévenin equivalent impedance. 


Procedures. Although all these equations are readily derived on the 
asis of Thévenin's theorem, they are repeated and summarized in 


Table 3.1 for later reference. ad à 
3.2. Characteristics of RC Networks. The vast majority of synthesis 
Problems in the design of feedback control systems demand realization of 
works consisting entirely of 


the prescribed transfer functions by net 5 
resistors and capacitors. Inductors are avoided because of the excessive 


T 12 
Hh E, 1h E 


E in E; 


Fro. 3.14. Two networks to realize the voltage ratio s/(s + 1). 
frequencies of interest. If the syn- 
k is to be approached logically, 


te esigner must have at leas l 
aracteristics of the transfer function 
Which he is working. l 

his need is pointed out by the very simple example of network 
Synthesis given in Sec. 3.1. There it was indicated that either of the two 
Networks shown in Fig. 3.14 is appropriate for the realization of the 


170 SYNTHESIS OF RC NETWORKS 
voltage ratio 


Bet (3.28) 
Ei 8+1 
Both networks result from an identification of 71: and ys; which is based 
on the formula 
E; yi: 
= — 3.29) 
E, yas ( 


The identifications for the tw 


o networks were carried out in two slightly 
different ways. For the RC 


network, the direct identification was made: 
yi: 8 yi -—8 

T m 3.30) 
ys 8+1 ys — 84-1 ( 


Synthesis of the RL network 


Was accomplished by first dividing both 
numerator and denominator polynomials by s: 


Tic Yu =1 
E 1 1 3.31) 
y 15 : yeh = > ( 


In this trivial example, the 


out the synthesis procedure 


- In more com 
essential that 


polynomials in s, for the det 
tion involves the 


the loop or node equations), 


e three basic element: 
simplified, must be a rati i ee. ow) Du: 


tio of two poly- 
5 oth numerator and 
1 à onsequently, if G(s) is the 
impedance, or admittance of interest am s and 
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4(s) are polynomials in s, G(s) can be written 
da -2 (3.32) 


* gum the nature of G(s) as the ratio of two polynomials is established, 
» Hs y^ that the characteristics of G(s) can be directly described in terms 
Ge e locations of the zeros of p(s) and q(s), or the zeros and poles of 
in . Specification of these poles and zeros completely determines G(s) 
in ^ ept for a constant multiplier, which is usually of only secondary 
is E in the network-synthesis problem. What, then, are the charac- 
pe of the poles and zeros of a G(s) associated with an RC network? 
E answer to this question depends on the nature of G(s): that is, 
ether G is a driving-point impedance, a voltage ratio, etc. 
nae Driving-point Impedance. The case of G(s) as the driving-point 
P of an RC network leads to the most stringent conditions on 
th poles and zeros. In this case, the critical frequencies must satisry 
e following conditions: 


(1) All poles and zeros are simple and lie on the negative real axis in the s plane. 


(2) The poles and zeros alternate along the axis. 

(3) The lowest critical frequency (that nearest the origin) is a pole. 

(4) The highest critical frequency (that farthermost from the origin) is a zero. 
Fig. 3.15 presents a suitable pole-zero configuration, with the associated 


Impedance function taking the ana- 
ytie form 


(s + zi) (s + 22)(s + 22) 


(s + pi) (s + p)(s + Ps) 
(3.33) 


Z()-K 


The Fio. 3.15. Suitable pole-zero configura- 
are feos (1, 22, 23) Pir Pa Ps) tion for RC driving-point impedance. 
real, positive numbers. (Poles denoted by x, zeros by o.) 


is Either or both of two special cases 
permissible. The lowest critical frequency, the pole at —p: in Fig. 


-15, may be located at the origin in which case 


_ Stans d es + 2) 
Zs) =K s(s + pi)(s + 22 9s 


Similarly, the highest critical frequency, the zero at —zs, may be located 


at infinity, with 
(s + a) + 22) 
a KS) 3.35 
Z() = KG E pE + we + 9 G8) 
are sufficient to define completely the 
tional algebraic function of s can be 


211-212, John Wiley & 


ide. preceding two paragraphs 
nditions under which a given ra 


T E. A. Guillemin, “Communication Networks,” Vol. II, pp. 
ns, Inc., New York, 1935. 
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i the driving-point impedance of an RC network. It is desir- 
anes to esate somewhat more completely the e iem 
istics of functions meeting these realizability conditions. Since all po i 
and zeros of the impedance function are located on the negatiye tea 
axis, the characteristics of Z(s) are completely portrayed by a plot : n 
impedance as a function of the real variablec. For the function wit ^ 
pole-zero configuration shown in Fig. 3.15, such a plot takes the form o 


! 
Fie. 3.16. Behavior of RC driving-point impedance along the real axis. 
Fig.3.16. A sketch of this nai 


ture places in evidence two characteristics 
of Z(s) which are of fundam 


ental importance in network synthesis: 


" 4 ze) < Z(0). This fact can be established generally from Eq. 
-33), for 
Z(©) =K (3.36) 
Z(0) = 55m ' (3.37) 
Pi P2 pi 
and 
a> pi 22> ps 23 > Ds (3.38) 


Z(~) is equal to Z(0) only in the special case when Zs) isa constant. 
(2) dZ(s)/de is negative for all values of c. This characteristic is 
most readily shown from the partial-fraction expansion of Z(s). For the 
function of Eq. (3.33), this partial-fraction expansion is of the form 
ki k k 
Ze) = ————. I cud eg 
6) akm spm pat" ad 
Each of the residues kı, ka, and ke, 
since in the evaluation of each residue there are & 
tive multiplicative factors. 


The val in even number of ree 
this partial-fraction expansion. © value of Z(c) is written directly fro’ 
kı k k 
Zo) = —2— 4 s 1 40 
ctm etm tsa te (3.40) 
The derivative of Z(c) with respect to e can now be written by inspection: 
dZ(c) k 
ep 1 EI eet (3.41) 
(c + p) (c + ps)? (c + pa? 
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Since kı, ks, and ks are real, positive numbers, this derivative is negative 
for all values of the real variable c. 

In the preceding discussion the necessary and sufficient conditions for 
the realization of a Z(s) function as the driving-point impedance of an 
RC network were expressed in terms of the poles and zeros of Z(s). 
These conditions could have been stated equally well in terms of the 
poles and residues of Z(s): 


(1) All poles of Z(s) are simple and lie on the negative real axis. 
(2) All residues are real and positive. 
(3) Z(s) may have a pole at the origin but not at infinity. 


The above discussion is concerned exclusively with the characteristics 
of driving-point impedance functions. Alternatively, the development 
could be based on driving-point admittance functions. If attention is 
switched from impedance to admittance functions, the roles of poles and 
zeros are simply interchanged. The poles and zeros still alternate along 
the axis, but, for a Y (s) function, the lowest critical frequency is & zero, 
the highest a pole. Furthermore, dY (c) /de is positive for all c, for 


dY() 4[ 1 
de do [zs] (3.42) 
dY (e) 1 dZ(e) 

de |) ZNz)Xde (8:43) 


Y (s) is made, all residues are negative. 
that division of the admittance func- 
g all the 


If a partial-fraction expansion of 
It should be noted here, however, 8 
tion Y(s) by s results in & rational algebraic function possessin 
characteristics of an RC impedance function. E ; 
. The realizability conditions and characteristics of the driving-point 
ee and admittance functions of RC networks are summarized in 
able 3.2. 

_ Transfer Functions. The discussion of transfer functions in Sec. 3.1 
indicated that the transmission characteristics of linear bilateral net- 
works could be completely described in terms of either of two sets of 
three functions, either 211, 222, and 212 OT Y11, Y2% and yis. The conditions 
for the realizability of a given set of z functions, for example, in an RC 
network are simply stated. First, both 21: and 222 must satisfy the con- 
ditions for an RC driving-point impedance, as shown in Table 3.2. In 
addition, z;; must satisfy the following conditions: 


(1) 212(s) must have only simple poles, and at each pole the residue condition must 


be satisfied, 
(3.44) 


kuka — kis 2 0 


Here ki, is the residue of 211 at the pole in question, ks: the residue of zs: at the same 


Pole, and kı: the corresponding residue of #12 
(2) At infinity, 
zuza — Zi 20 (3.45) ¢ 


f It should be noted that, in contrast to the situation with driving-point impedances, 
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i igni ditions? Clearly, satisfaction 
t is the significance of these two con 1 e 1 1 
of sen (1) demands that all poles of z;; be simple, lie on the negative 
real axis, and be also poles of both zi; and 22». (Otherwise, ky, or kos is 
zero at one of the poles of 212.) Since 2:2 is the ratio of two polynomials 
TABLE 3.2 
REALIZABILITY CONDITIONS FOR RC DRIVING-POINT FUNCTIONS 
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Driving-point-impedance 


Driving-point-admittance 
functions, Z(s) 


functions, Y (s) 


Necessary and sufficient con- 
ditions on the rational 


1. All poles and zeros sim- | 1. All poles and zeros sim- 


functions Z(s) or Y (s) for 
realization as an RC net- 


ple and on the negative 
real axis in the s plane 
2. Poles and zeros alter- 


work in terms of poles and 
zeros 3. 


nate along axis 
- Lowest critical fre- 
quency a pole 
4. Highest critical fre- 
quency a zero 


ple and on the negative 
real axis in the s plane 


2. Poles and zeros alter- 


nate along axis 


3. Lowest critical fre- 


quency a zero 


4. Highest critical fre- 


quency a pole 


Conditions in terms of poles | 1 
and residues 


- All poles of Z(s) simple 
and on negative real 
axis 

2. All residues of Z (s) real 

and positive 

3. Z(s) may have pole at 

origin, none at infinity 


= u XP e 


Form of sketch of Z(c) or 
Y(c) 


p—— m 


d[Z 
1, azo negative 


2. Z(«) < Z(0) 


Important characteristics 


with real coefficients, 
cates that these resid: 
restricted in size. 


_ This | ed by a simple 
circuit impedances are specified ag 


1. All poles of ro 


simple 


and on negative real 
axis 


2. All residues of —— real 


Y (s) 
8 


and positive 
s; 28) 


8 
origin, none at infinity 


may have pole at 


dY (v) us 
1, d, Positive 


2. Y(«) > Y(0) 
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a (s + 2)(s + 5) 

u = {s + D + 4) (3.46) 
_ Gk 3)(s + 6) 

zoo = 4 (e+ IVs TA (3.47) 


-K SI 
Z2 = (63 DG-4 4 TDG44 (3.48) 


The constant K is to be chosen as large as possible consistent with the 
ne conditions. ‘The first step in the evaluation of this maximum 
involves partial-fraction expansions of all three functions: 


4 2 
zu(s) = 1+ PL +; = i (3.49) 
40 8 
ne * 
m-4tLpitiad (3.50) 
3K —ifK 
w=K+ 5yqts544 (3.51) 


There are two poles of 212, at —1 and —4. For the pole at —1, the 


residue condition yields 


4x 4¢ — GK)? 20 (3.52) 

4 K < V40 (3.53) 
or the pole at —4, 

4x- Crk)? 20 (3.54) 

K£r (3.55) 

At infinity, condition (2) above yields . 

1x4-K?20 (3.56) 

K<2 (3.57) 


nditions are to be satisfied, is yir. 
dure used, a network can 
and zi; with a value of K 


i maximum value of K, if all three co 
: other words, regardless of the synthesis proce 
l ever be found which yields the specified zi, 2225 T J 
arger than 44. This condition is particularly important in synthesis, 
ecause it is often essential that the synthesis procedure be initiated with 
three functions which meet all realizability conditions. If the synthesis 
is started with a nonrealizable set of functions, considerable labor may 
Merely lead to a network with negative element values. 

Although the conditions on yin Y2% and yis for realizability by an RC 
network can be presented in a similar manner, the discussion is simpler if 
the functions considered are yu/s, ¥22/8; and yi2/s, for these three func- 
tions must satisfy exactly the same conditions as the set of impedance 
functions. Again the extra freedom allowed in transfer functions but not 
in driving-point functions is expressed by & relaxation of restrictions on 


the location of the zeros. 

gene the conditions for realiz 
e z and y functions, Table 3. bi 

conditions on the various transfer functions (open-ci 


ation in RC networks are established for 


1 can be used to determine appropriate 
reuit voltage ratio 
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Two examples serve to illustrate the general procedure used in 
pha of the results shown in Table 3.3. 


(1) Source with zero impedance working into an open circuit: 


= (3.58) 
Ei 


The conditions for the realizability of a given rational function as the 
voltage ratio of an RC network are desired. 


21? and zı are written as the 
ratio of polynomials in s: 


= He) 3.59) 
al 7 G1 2 + Dae) ( 

_ m(s) 60) 
zu(s) = IO (3.60 


The poles of z;; are the zeros of the polynomial q(s). All these poles must 
be present in z1(s); in addition, z 


1 May have other poles, represented 
above by the factors s + a and s + b. p(s) has all zeros on the negative 
real axis; m(s) may have zeros anywhere. Substitution of Eqs. (3.59) 
and (3.60) into (3.58) yields 


Ey _ m(s)(s + a)(s + b) (3.61) 
E, p(s) 

The important characteristics of E./E, are the permissible locations of 
the poles and zeros and the behavior at both zero and infinite frequency- 
Equation (3.61) contains the required information about the finite, ne 
zero critical frequencies, All finite poles of E;/E; are at the zeros 0 
p(s) and hence must be simple and li 


»/ E, is most readily investi- 
gated by consideration of Eq. (3.58). Neither 212 Nor zı; can have a pole 
at infinity. If zı, has a simple zero at infinity, z;; must have at least & 
simple zero, or the infinite-frequency realizability condition on 211, 22% 
and zi; cannot be fulfilled. Consequently, E;/E cannot have a pole at 
infinity, but it can have either a constant value or a zero. In other 
words, the degree of the denominato 
least as high as the degree of the nu 

As the last step, the zero-frequency behavior is considered. The 
following pairs of possibilities exist for the zero-frequency behavior of 211 
and 22% 


Zu 


EVE = 212/211 
—— 
Constant 

Zero of any order 
Simple zero 
Constant 

Zero of any order 


Constant 
Constant 
Simple pole 
Simple pole 
Simple pole 


Constant 
Zero of any order 
Constant 

Simple pole 

Zero of any order 
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Consequently, E;/E; can have either a constant value or a zero of any 
order. No pole is permitted at the origin. 
(2) Source with zero impedance working into a 1-ohm load: 


Ei yis 
z= 3.62) 
Ei lys ( 


With loading on the network, it is simpler to consider an over-all network 
which includes the load and the network N. Inclusion of the terminating 
resistor to yield the over-all network N’, rather than N, does not change 
the RC character of the network. The short-circuit admittance func- 
tions of N' are simply related to those of N, as indicated by consideration 
of Fig. 3.17. In particular, yi; and 
yi are identical for the two net- 
works, for the determination of 
both admittance functions is ef- 
fected by shorting the load termi- 
nals. In terms of the y functions, 
the only difference between the two 
networks is that yj, contains 8n 
Fro. 3.17. Load lumped with N to ®dditional 1-mho conductance: 


form N’. 
Vu = 1+ Y22 (3.63) 


Consequently, y+», in addition to satisfying all RC-realizability conditions, 
must have a zero-fre 


t hay quency value greate: i e the 
sability of ne greater than unity to ensur 
The voltage ratio of interest is t| 


N’, or he open-circuit ratio for the network 
Ei Via 
"IM oon 3.64) 
Ei ys ( 


Example (1) just above, E/E, possesses only simple poles on the neg&- 
at infinity. The 
E./E, 


t E. A. Guillemin, “Comm: 


unication Ni » 
Sons, Inc., New York, 1985. n Networks, 


Vol. II, pp. 212-215, John Wiley & 
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the minimam number of elements required to realize the specified imped- 
a uo ree p depends. on the technique of writing the 
a form that a suitable network configuratio: 
"n can be determined by inspection. E E 
TRAE p dad Expansion of Z(s). The first canonic form (termed the 
ade oster form) entails a partial-fraction expansion of the impedance 
ction Z(s). This expansion is of the form 


- Bi eee Mri. 
Z(s) = a. t 4 dean NS, (3.65) 


My (s) satisfies the conditions for realizability as an RC network, all the 

fee üb so an) are zero or real, positive numbers and all p; are, 

ep e, real and positive. The corresponding network can be written 
y inspection and is drawn in Fig. 3.18. 


Zis) 


Parameter Values in Ohms and Farads 
Fra. 3.18. First Foster form for RC driving-point impedance. 


ster form for RC driving-point impedance. 


on artial-fraction Expansion of Y(s)/s. The second Foster form is based 
expa, partial-fraction expansion of Y(s)/s. For an RC function, this 
nsion takes s form similar to that of a driving-point impedance. 


Fie. 3.19. Second Fo 


yQ , Q5. 5 4... po 
M s =b.+5 teat 5+ as 
Ultiplication by s yields 
b brs 
Y(s) OF eee MEE Co) 


Ag 


ai 
The VOR all b's are zero or rea 
1 capone is simply the para 
networks, each representing one m 


Land positive; all z's are real and positive, 


]lel connection (Fig. 3.19) of n + 2 indi- 
in the above expansion. 


) 
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It is appropriate at this time to pause a moment and consider briefly 
an alternate way of viewing the synthesis procedures represented by 
these first two canonic forms. The synthesis problem is one of finding & 
network from & given Z(s). One possible approach is to attempt to 
decrease the complexity of Z(s) step by step until there is nothing left. 
Each step in the reduction must meet two requirements: the removed 
quantity must be recognizable as a simple impedance and the remainder 
must be an RC impedance function. 

These remarks are clarified by a consideration of the development of 
the first Foster form. To reduce the complexity of the given impedance 
function Z(s), a pole is removed. It was pointed out in Sec. 1.2 that & 
simple pole can be completely removed by subtraction of a term of the 


form k/(s + p). Here —p is the 
pole, k the associated residue. The 
poles are removed, one at a time, 
until the function no longer pos- 
sesses singularities, i.e., until the 
function is simply a constant. The 
first Foster form is the embodiment 
of this method of step-by-step re- 
duction of the complexity of Z(3)- 
It is noteworthy that in this reduc- 
tion process both conditions men- 
tioned above are met: 


(1) The removed part, of the form 
of k/(s + p), is recognizable as the in 
pedance of a simple RC network. 


(2) The remainder is still realizable 29 
an RC network, 


Fra. 3.20. Removal Z 
Zi). val of Z(«) to form 


removal of poles, 
this reduction by r 


i 4 ner 
as demonstrated in the discussion M sini siete A a mana 


‘ elow. 1 
ek pe i fame” about Infinity. The first Cauer form 9? 
-fra : : 
The nature of a typical Ze) ES p of the impedance functio 
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eee the insertion of a series resistance. In terms of the functional 
orm of Z(s), the denominator has been left unchanged, since the poles 


x unaffected, but the degree of the numerator is reduced by one. 
he procedure can be illustrated by a simple example. The function 


considered is 
_ (8 + 2s +4) 
Z(9 = 1 +3) (3.68) 
a removal of the infinite-frequency value of unity, the remainder 
unction is 


(c 2)(s + 4) 
Zl) = GE iye +3) ~ 1 (3.69) 
2s +5 (3.70) 


Z5 = 2445+ 8 


^ he network representation of this first step in reduction is shown in Fig. 
.21. The function Zı(s) remains to be 
Synthesized, Mee eee 
id Up to this point, the procedure has been FII ON ET 
oneal with that leading to the first Foster (s) Zo) 
m. I : CEEE 
next ste Athe d or form vero a € be rid Fia. 3.21. Network represen- 
i p wou e the removal of one of the tation of removal of Z(=). 
f © poles at —1 and —3. In the first Cauer 
orm, however, attention remains focused on the behavior of the function 
at infinite frequency, where Z,(s) possesses a zero. Zeros cannot be re- 
Moved directly, but, if the function is inverted 


[10 - zal 


which can be removed without destroying the 

no) EC character of the remainder. For 

1 the example used in the preceding para- 

graph, the form of Yi(c) is shown in Fig. 

3.22. Removal of the pole at infinity 

v leaves the other pole of Y;(s) unaltered, 
but moves the zeros. Analytically, 
this reduction step takes the form 


Y (s) has a pole at infinity, 


Yi) = [G6 + 1)@ + 391/27 + 5) Y LEGES EE gat 
ie (Ue ug TU 
Asa ©, Yi(s) — as. Removal of 5/2 yields 
s? 4- 4s 3-3 
hossa DT (8.72) 
gs +3 — 


Y4) = 3545 
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The complexity of the analytical form of the admittance function has 
been decreased by a reduction of one in the degree of the numerator. 
The resulting form of Y.(c) is shown in Fig. 3.23. The network repre- 
sentation of this step is the addition of a shunt capacitor of value z, 88 
Xo) Shown in Fig. 3.24. e 
Continuation of the synthesis in- 
volves reciprocation of Y (s) to obtain 
Zi:(s), since Ya(%) > Y2(0) and Y2(#) 
cannot be removed without destroy- 


3 


12 
= — lf — 
Z(s) Zy(s) | 2 Z2(8) 
Fia. 3.23. Ya (e) = (e +3)/(2c +5). Fra. 3.24, Network after development to 
Yi(9) = 1/Z,(). 


ing the RC character of the remainder, 


: Once Z;(s) is considered, 
the situation is identical wi i dicc Re 
procedure. Z;(c) is re 


pole at infinity is removed. 
reduces the degree of both 
numerator and denominator poly- 
nomials by one, continued iteration 
of these reduction steps eventually 
results in a complete dissolution 0 
the function. ; 

The example started above is 
readily completed, Zi(s) has the 
form shown in Fig. 3.25. 


_ 28+ 5 3,74) 
Zala) = $s +3 ( 


The infinite-frequency value, $, 1? 
removed to yield 


Zae) = EEE (8:78) 


3s +3 
Eus 3.76) 
Apes 5 2 
Y;(s) = $s +3 G 7 
of Zs( 0 
1(*) to create At this point the remainder of tb? 
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The network then starts with « shunt capacitance rather than the series 
resistance of the example above. 

(2) The successive subtraction and reciprocation are represented 
analytically as a continued-fraction expansion. In the above example, 
the synthesis procedure essentially resolves to the problem of finding an 


expansion of Z(s) in the following A ic 9 
form: 12 zn 32 
Z(s) 214 1 ; 
3s + 1 
$+ 
z 3s F 1 Fia. 3.26. First Cauer form for 
ua (s 2) +4), 


(3.78) Z0 = «0 +3) 


(8) The process of making this continued-fraction expansion can be 
mechanized as successive long division and reciprocation. For example, 
Temoval of the constant value of Z(s) at infinity amounts to simply & 
single division of the denominator polynomial of Z(s) into the numerator. 


In the numerical example, Li rud 
8 8 
= ———— 3.79 
Z() = s 4s 3 HS) 
1 


at + 4s +3 + 6s +8 


sit4s+3 
2s +5 
TETOR 3.80 
Zs) = 1+ ay as+3 (n 
The complete synthesis procedure can be carried out as a pu. 
Procedure in the form shown below: 


tely-routine 


1 
a? + 4s + 3s? + 68 + 8 ^ 
s!-g ds 3 38 
2s +5 et + 4s +3 
sí gs 
gts [+5 
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The network elements arising from this continued-fraction expansion are 
Ke eNe quotients in the division and c eee eem iel 
i e 
hesis procedure has been discusse: in considerable « 
b los o basis for many of the techniques for the realization o! 
Transfer functions. An understanding of the significance of the i 
steps in the synthesis is essential if the procedure is to be intelligently 
ded to the realization of transfer functions. 
ROS FU Bol Expansion about Zero. The second Cauer form 
follows the same general techniques as the first form except that attention 
is now focused on the behavior of the functions at the origin in the s plane. 
At zero frequency, the impedance function has either a simple pole or & 


Fic. 3.27. Removal of Y(0) to create 


Fic. 3.28. Network after first complete 
Z,(s) with pole at origin. cycle in development of second Cau 
form, 


constant value, and Z(0) > Z(«). Consequently, a pole at the origin 
can be removed from the impedan 


ce function or Y(0) removed from 
the admittance function without destroying the RC character of the 
remainder. Synthesis of the same numerical example used as an illustra- 
tion of the first Cauer form serves to demonstrate the procedure. 
In this example, 


_ (8 +2)(8 + 4) 3.82) 
20 = CF NG TH) 
Z(s) does not possess a pole at the origin. Since Z(0) > Z(«), removal 
of Z(0) would leave Z (©) negative, the remainder not realizable. Con 
sequently, Y (s) is consider 


ed, and the zero-frequency value is removed 29 
a shunt conductance. 
Vi) = Y() — v (o) (8:83) 
-(G-1(G-3) 3 3.84) 
DES 39-2 8 i 
5% + 4s 85) 
Yil) = SS aa (3. 


The remainder impedance function is 


+ 6s+8 
ris NEUES qe) 
Fig. 3.27 shows the present status in the devel 
The zero-frequency pole of the impedance f 


4;(s) has a residue of 3? in the pole at the o 


opment of the network. o 
unction is removed. l e 
rigin, the remainder imp 
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ance, Z;(s), is 


s+6s+8 + 
nid) = ae Oe (3.87) 
22 
ois (3.88) 


8 s 
39 57%) ze" Z) 


Zs) zo 


Fra. 3.30. Second Cauer form for 


(s + 2)(s + 4). 
Z9 = @ + 1)(6 +3) 


Fro. 3.29. Removal of ¥:(0). 


The process is repeated with the removal of ¥:(0), the value of the 


admittance function at the origin: 


¥i(s) = Y2(s) — ¥2(0) (3.89) 
Yi) = = e -4 (3.90) 
bi (3.91) 


Ys) = 54 3: 
At this stage, the network takes the form of Fig. 3.29. The remainder of 
€ network can be written by inspection: 


8 
zo = 84+ 9289 (3.92) 


The final network is that of Fig. 3.30. 


Again, several comments are in order: ; 
(1) The effect of each step in the synthesis procedure can be demon- 


Strated effectively by a series of sketches of the various impedance and 
admittance functions versus the real variable c. Sketches of this type 
are shown for the above example in Fig. 3.31.7 

.Q If Z(s) possesses & pole at the origin at the outset, the procedure 
18 initiated by removal of this pole; the network starts with a series 


Capacitance. 
t Throughout this chapter there are a number of figures of the nature of 3.31, 
Bures which portray the reduction in the complexity of an impedance function by 
Plots of the various functions along the negative real axis. Since these sketches are 
nthesis and are not used for numerical 


Only to guide the designer through the SY! 
®valuation of network parameters, there is no attempt to plot accurately to scale. 
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(3) The successive subtraction and reciprocation again can be repre- 
sented as a continued fraction expansion of the impedance function. In 
the above example, 


Z(s) = 3 1 1 (3.93) 
8*32 
7s + 49 1 
88 ^ (2288) . 1 
42s 6 
88 


(4) The development of this canonic form can be systematized in 
much the same manner as the first Cauer form. Since interest is con- 
centrated on the zero-frequency behavior, the division is done by first 
writing the polynomials in ascending powers of s. Thus, in the above 
example — 

sts 
2) = ETET (3.94) 
Since the first step is reciprocation, the process is started by dividing 
the numerator of Eq. (3.94) into the denominator. The complete divi- 
sion and reciprocation process takes the form shown below: 


3 
8 
8-6 Fe rdg sS 3 
3 +i +i 7 
te +g [Bc 6ta 49 
8 + 3Ps 88 


gg 

~ (9.95) 
action expansion [Eq. (3.93)] are the 
n and reciprocation process. 
Ti T ca ribed above for the realization of RC 
driving-point impedance functio i 


The elements of the continued fr 


works. For example, only p: 
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strates the flexibility available to the network synthesist, the multitude 


of solutions available for a synthesis problem. 
What are the practical applications of methods for the synthesis of 
driving-point impedances? Inthede- 


described above serve as a basis for 
the realization of transfer functions. 
Yi(0) This application is emphasized in the 
remaining sections of this chapter. 
* Second, driving-point impedances are 
of importance in their own right as a 
means for realizing given gain func- 
tions. The commonest example of 
this is the use of a driving-point im- 
pedance in conjunction with a pentode 
amplifier stage. This application is 
illustrated by the circuit of Fig. 3.32. 
(Here only the incremental circuit is 
shown; bias supplies, ete., are omitted.) 
If the dynamic plate resistance rp of 
the pentode is high compared to the 
magnitude of Z(s) at all frequencies of 
interest, the gain of this stage is 


Fut L _g,2(s) (8.96) 


in 
If the desired E,../ Ei, ratio as a func- 
tion of s satisfies the realizability con- 
ditions for RC driving-point imped- 
ances, this circuit configuration can be 
used. Any voltage-to-current device 
could of course be used instead of a 


pentode. 


A Y(o) n 
i sign of feedback control systems, there 
1 are two principal applications. First, 
E T and more important, the techniques 


— 


1 
1 
-4 
i 
i 


z 1G. 3.31. Development of second Cauer — FiG. 3.32. Use of driving-point impedance 
orm. to realize a transfer function. 

3.4. Characteristics of Ladder Networks. Preliminary to the consid- 
eration of techniques for the synthesis of specified transfer functions, it 
is desirable to consider briefly the characteristics of the most important 
type of network used in the realization of transfer functions, the ladder 
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network. The general form of a ladder network is shown in Fig. 3.33. 
The final impedance at either end of the ladder may be either a shunt or 
a series arm. (In the figure, Z; and Z; are shown as series arms, Z: and 
Z, as shunt arms.) It is assumed in the following discussion that the 
term “ladder networks” denotes that there is no mutual coupling between 
the various impedances; each arm is an isolated driving-point (two- 
terminal) impedance. In most cases of interest in the theory of feedback 
control systems, each arm consists only of resistors and capacitors, and 
usually at most two elements, although in general each of the impedances 
shown in Fig. 3.33 may be of any complexity. 

It was shown in the preceding section that any driving-point impedance 
could be realized in the form of a ladder network. Particularly simple 
ladder networks resulted from the two Cauer forms, for in those cases each 


a} 
En A 


x. e type of transfer function considered 
sit ps pole at the origin (e.g., a simple shunt capacitor would 
i his). ; however, E;/E, is the Significant transfer function, the 
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there are at most two zeros, one at the value of s at which the RiC; 
combination presents infinite impedance, the other at infinite frequency, 
when the C; arm is a short circuit. 

Thus, the only possible zeros are at the antiresonant frequencies 
of the series arms and the resonant frequencies of the shunt arms. These 
frequencies, however, are not always transmission zeros. This state- 
ment is clarified by consideration of Fig. 3.34. If the impedance Z.(s), 


seen looking to the right at a — a’, possesses a pole at s = —1/R,C,, the 


RC, series arm does not introduce a transmission zero, for the voltage 


R 
1 Ry 


R3 C2 Ew 


7 


a 
Fic. 3.34, Typical ladder network. 


Fia. 3.35. Ladder with voltage ratio independent of frequency. 


across a — a’ is not zero at a frequency of —1/R,C, but rather is deter- 
mined by the voltage-divider action between the two open circuits. This 
Phenomenon is illustrated by the simpler example of the ladder of 
Fig. 3.35. At the frequency s = 1/RiC;, both the series and the shunt 


arms are antiresonant; the voltage ratio is simply 


PL C de 3.97) 
E, 1+a f 


Thus, antiresonance of a series arm of the ladder network produces a 
transmission zero only if the impedance looking toward the output 
terminals from the output side of the series arm does not possess a pole at 
the same value of s. be 

Likewise, a resonance of a shunt arm produces a transmission zero only 
if the impedance looking toward the output from the output side of the 
shunt arm does not possess a zero at the same value of s. If this condi- 
tion is not fulfilled, there is simply à current-divider action between the 
two parallel short circuits, with some current traveling on toward the 
Output. 

The above comments concerning the origin of the transmission zeros 
are perfectly general for a ladder network and valid regardless of the 
nature of the ladder. If the further restriction is imposed that the iadder 

T The terms “antiresonant frequency " and “resonant frequency”’ are used here to 
denote the values of s at which the impedance becomes infinite and zero, respectively 
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RC, it is clear that the transmission zeros are restricted to the 
d axis, for the poles of the series impedances or shunt ane 
tances lie exclusively on this axis. The zeros may be of any multiplici eA 
however, for a second-order zero can be created by two series arms, wes 
antiresonant at the same value of s, or by two resonant shunt arms, or d 
a resonant shunt arm and an antiresonant series arm. A particular y 
simple example of this is the ladder shown in Fig. 3.36, which has & 
voltage ratio possessing a triple zero at zero frequency. 


E E; 


Fia. 3.36. Ladder with triple zero at origin. 


The above comments can be summarized by the following statements: 

The transfer function of an RC ladder network possesses poles which are 
simple and restricted to the negative real axis, excluding the origin and 
infinity, and zeros which may be of any order but are restricted to the negative 
real axis, including the origin and infinity. 

3.5. Identification of Characterizing Functions. The first step in the 
synthesis of RC transfer functions is the identification of either the 
appropriate short-circuit admittances or the open-circuit impedances 
from the specified function. In other words, if the open-circuit voltage 


ratio is specified for a network driven from an ideal voltage source, it is 
shown in Table 3.1 that this r. 


n atio can be expressed in terms of the y oF Z 
functions: 
E: _ yn 3.98) 
E, Yr2 i 
E: 212 
LEE IE 3.99) 
Ei zu t 


In the statement of the synthesis problem, E;/E;is given as a ratio of tw 
polynomials ins, The first step in the synthesis involves the determina- 
tion of suitable functions for either V1: and y; or 212 and 241. 

The problem is clarified 


À by a simple example. I ical problem, 
Es/ E, might be of the form ple example. In a typical p 


Es sc) 
Ei  (s--2)(s 4-4) (8.100) 


There exist an infinite number of different pairs of y;; and yı, functions 
which yield this voltage ratio. The selection of one pair is constrain 

only by the requirement that the two functions satisfy the conditions for 
realizability as an RC network. Specifically, poles of y;; must be poles 9 
yos, and Y22 must have only simple poles and zeros on the negative re? 
axis, with the poles and zeros interlaced and the lowest critical frequency 
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a zero. The simplest choice in this example is probably 


_ (25 9 
Yor Tacs" +3 (8.101) 
s(s + 1) 

FEE (3.102) 
The single finite pole of ys» and yi: can be chosen anywhere between —2 
and —4. In addition, another pole could be chosen outside —4. Lati- 
tude in the selection of the y functions is further increased by the possi- 
bility of multiplying both y»: and yi: by any desired factor, subject only 
to the constraint that ys» must be left an RC driving-point admittance. 

_The optimum choice of the y functions is not clear. The effects of 
different selections of the two functions are expressed in three ways: 


RS Foe 


determined by the particular functions chosen. 


(1) The network complexity is 
hoose functions without excess common factors 


Clearly, it is in general desirable to c 


in yis and yas. 
(2) The spread in element values in the final network is fixed by the choice. 
lized varies with the selection. The specified voltage 


(3) The gain constant re& 
ratio E,/E; can in general be realized only within & constant multiplier. The syn- 
thesis procedure is independent of this constant multiplier, and the designer must 


accept the flat loss (or gain) he achieves through the synthesis.T 


Unfortunately, there appears to be no simple correlation between 
realizable gain and element spread on the one hand and the choice of 
Yi2 and ya; functions on the other. As a general rule, the closer the poles 
and zeros of ys», the greater the spread of element values. In addition, 
maximum gain is usually realized if one pole of yoo is placed at infinity 
and the others are placed somewhat farther out than the midway point 
between the zeros. The synthesis procedure is so simple, however, that 
the vagueness introduced at this point is not a serious handicap, since à 
wide variety of y22 and y: functions can be selected and the corresponding 


networks found. 

3.6. Synthesis of Transfer Functions with Negative Real Zeros. After 
the required y or z functions are chosen along the lines indicated in the 
preceding section, the synthesis proceeds with the determination of a net- 


work to realize these functions. Inspection of Table 3.1 indicates that, in 
the majority of cases, the specified transfer function serves to determine at 
most two of the three characterizing impedance or admittance functions. 
The particular functions of interest are listed in Table 3.4. 

Only in the single case when Z, and Z, are both specified does the 
Synthesis require the realization of a specified complete set of character- 
izing functions. This case, however, can ordinarily be reduced to one of 
the simpler cases by considering either Z. or Zz internal to the network 


+ A. D. Fialkow, Two Terminal-pair Networks Containing Two Kinds of Elements 
Only, Proc. of the Symposium on Modern Network Synthesis 1952, pp. 50-65, Polytech- 
nic Institute of Brooklyn, New York, 1952. This paper contains a summary of the 
Work of Fialkow and Gerst in the study of the maximum gain realizable in RC 


Networks, 
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and carrying out the synthesis of one of the simpler cases while making 
certain that the network starts and terminates with the required loading. 

Thus, in most cases of interest in the design of feedback systems, the 
specifications serve to determine only two of the three characterizing 
functions, either zi: or yi» and one of the driving-point functions. For 
example, under the conditions represented in the first line of Table 3.4, 


TABLE 3.4 
SIGNIFICANT DESCRIBING FUNCTIONS 


Transfer functi 
Source Z | Load Z| function | 7° V cm 
considered specific 
E. Z2 and zii 
0 2 E or 
1 
V1: and yz: 
E. 
9 Zi Ex yi: and yz: 
E. 
y e T 212 
vul L——: 
LJ Zi E 
Pa Zi: and 292 
= Cee 
E. 
gs bi A 21 and zi, 
xxr tes TR e , 
— Á 
Vii, yis, and 
Z, Zi z 1 aim 
211, 222, and zi; 


ed almost exclusively by the loca- 
on. If these zeros all lie on the 
be used and synthesis is straight" 
synthesis is somewhat more di 9r zeros iri the right-half plane 
simpler case is considered; thee In this section, only the former, 
poned until Sec. 3.7. 


PE O 
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p, m, n, and q are all polynomials in s with zeros only on the negative real 
axis. q,n, and p have only simple zeros; m may have zeros of any order. 
With this description of the functions, all poles of yi» are also poles of 
yu, although yi; may have poles not present in yi» as a result of the zeros 
of n. 

The simplest synthesis procedure first realizes the poles of yii not 
present in yi. These poles are removed in the form of a shunt arm across 
the input terminals, as shown by y. p--------------- 
in Fig. 3.37. The admittance y, ,, 
does not influence yı: in any way, 
Since yı: can be measured by deter- 
mining the current that flows in a 
shorting bar between the 1-1’ ter- 
minals when 1 volt is applied to L------4 UE 
2-2’. The shorting bar effectively T CTS ay eee 
removes y, from the network. hunt refaire d 2 


When this simplification has been ‘= , : 
effected, the problem is reduced to one of realizing a pair of functions of 


: 
H 1 
i 1 

1 
: I 
: i 
! 1 
! I 
l 1 
! 1 


the form 
T p(s) 
pim qs) (3.105) 
, 89 3.106 
ys = qo) ( ) 


"The general procedure can be summarized as follows. ^ yi, is developed 
in a ladder network in such a way as to realize the desired zeros of yi. 
The poles of yı: are automatically realized since they are identical with 
poles of y, as long as no poles of yl, are removed as a shunt network 
across the input terminals. The zeros of y12 are realized either by suit- 
able antiresonant series arms or by appropriate resonant shunt arms. To 


$ z ra T 
realize a zero at —a by an antiresonant series arm, yj, 18 manipulated, by 


partial removal of impedance and admittance poles, until the impedance 
function possesses & pole at —a. This pole is completely removed. 
Similarly, to realize a transmission zero by a resonant shunt arm, an 
admittance pole is created at the desired complex frequency and com- 
pletely removed. 
Details of the procedure are mos 
The functions considered are 
(s + 2)(s +4) (3.107) 


yn = (s + 3)(s + 5) 

E MEOS (3.108; 
Ve 7 G.S) 5) 
ossess transmission zeros at s = 0 ands = —1. 
k, to create a zero at the origin is by a 


t easily explained by a specific example. 


The ladder network is to p 
The only way, with an RC networ 


1 E. A. Guillemin, A Note on the Ladder Development of RC Networks, Proc. IRE, 


Vol. 40, No. 4, pp. 482-485, April, 1952. 
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ies capacitor. The zero at —1 can be realized by either a ege us 
nies A tat —1 or a shunt arm resonant at —1. In general, m * 
c ca be used, and, furthermore, the two zeros can be ru A 
iier order. In this example, the zero at — 1 is realized first and by 
ER bano of the synthesist is immeasurably parem. 
sketch of yii(c) versus the real variable c is made as shown in Fig. 3.38. 


E! 


Fro. 3.39. Desired form of the network. 


Fic. 3.38. Behavior of yi along real axis, 
The form of the network desired is shown in Fig. 3.39. The impedance 
2» is to be of the form 
k 
s+1 
pole at —1 which can be removed as 2s- 


r 
l/z; must have a zero at —1. In pee: 
words, an admittance Ya is to be removed from yi, in order to create 
admittance zero at — il 


What sort of an admittance must Ya be? 
is clear from the sketch of Fig. 3.38. 


a= 


(3.109) 


The impedance z, must possess a 
In terms of admittances, w= 


The answer to this qna 
The zeros of the admittance yn © 
sia) be altered in two ways: 


(1) Part of a pole can be removed. 

(If an entire pole were removed as yo un 

of the final network would not possess t Re 

V Proper poles.) Partial removal of & ue 

tends to move the neighboring d in 
ward the pole. This is demonstrate 


" le 
Fig.3.40, where partial removal of i Ps 

Fic. 3.40. Effect of Partial removal of 2t —5 results in a weaker pole wi 

pole at —5, 


function not rising so rapidly toward 
f finity in the vicinity of the pole. Con! 
quently, the zero originally at i 


e poles 
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cases, it may be impossible to create the desired admittance zero by either 
procedure. In such a case, it is necessary to consider first the impedance 
function and remove part of an impedance pole or part of z(«) to trans- 
form the admittance function to one which does permit manipulation 
leading to the realization of the required zero. This two-step procedure 


y(o) 


»(0) 
—-g Axis with Half of 
T y (0) Removed 


Fic. 3.41. Effect of removal of part of y(0). 


for realization of an admittance zero is illustrated in the second example 


below. 
For the specific examp 
required admittance zero at — 


le considered, Fig. 3.38 indicates that the 
1 can be achieved by removal of a constant 
shunt conductance. Although the value of the conductance can be 
determined either graphically or analytically, the easier method is prob- 
ably the latter, Removal of a conductance equal to yi( — 1) results in 
the translation of a zero to —1. In this example, with yn(— 1) equal to 
5 mho, removal of this conductance yields the remainder function yi(s): 


(s +2)(s +4) 3 (110) 
= Mania £ 

TS EI 8 ' 

5 (s + 1)(s + 3.8) 
PR EA 3.111 
n.i Dee whee 
Fia. 3.42. Removal of enough 
The first element in the network (Fig. 3.42) is eona rise pu an 
ow determined. , 

This first step is shown graphically in sketches (a) and (b) of Fig. 3.43. 
poles as y; and zeros moved to —1 


The resulting yi(e) possesses the same t 
and —3.8. Although the entire procedure can be effected graphically, 
the simplest approach is an analytical procedure with sketches to indicate 


the general nature of the development. 

The function z; = 1/yiis now considered, and the impedance pole at 
—1 completely removed. The resulting impedance function has only the 
one pole, at —3.8. The part to be removed is of the form k/(s + 1), 
where k is the residue of z: in the pole at — 1. Since this residue is-57, the 


Temainder function, after removal of the pole, is 


arts LI (3.112) 
Ss 36-59  * HS 


?: = Se F (s +38) sl 
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Simplification of the above equation leads to 


ica T z Dr (3.114) 

^ 3 j i : 

xcd" — The network form at this point is 
(a) 


shown in Fig. 3.44; the sketch of 
z.(s) in Fig. 3.43(d). The first 
xe) Stage of the synthesis procedure is 
: now concluded with the realization 
of the desired transmission zero 
at —1. 

z2(s) must now be developed to 
create a, transmission zero at the 
origin. To permit removal of 
required series capacitance, an 8 : 
mittance zero must be created a 
zero frequency. Fig. 3.43(e) See 
cates that this can be accomplishe 1 
by removal of a conductance d 
to y2(0), which can be determin 
to be 38$ by consideration of Eq. 
(3.114) and the definition of y 
381/z. Removal of this conduc 


ance results in the admittance func- 
tion yi: 


_ 5(s + 3.8) 


Vs ij$ (8.115) 


B(e ig O39 
EE" 
7 20 +38) 


The network at this stage is shown 
in Fig. 3.45, 


Vs (3.116) 


Fig. 3.43. De 
realize prescrib 


velopment of ladder to Fia. 3.44. Ladder after realization of 
ed transmission zeros, transmission zero at — k 

The zero-frequency transmission zero is realized by complete removal 
of the impedance pole at the origin. The remainder impedance ! 

denoted z,. 


EET (3.117) 
DONE 
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1689 


= + (3.118) 


a= (3.119) 
After removal of the zero-frequency pole, the network takes the form 


shown in Fig. 3.46. 
elated to the proper disposition of the impedance 


The last question is r i 
za. There are evidently two possibilities: z4 might be placed across the 
itance of rety farad and 


output terminals or in series between the capaci: 


23> 


Fia. 3.45. Network prepared for creation of transmission zero at origin. 


32 
7a 


21 
1682 f 


L-— 


Fra. 3.46. Ladder after realization of both transmission zeros. 


32 
7 21 


Fie. 3.47. Final ladder network. 
2. The decision depends here upon the nature of 
: is being developed. In this example, the 
short-circuit admittance y. is the starting point, with the result that if 
z4 is to be a part of yi it must be placed in series with the output, ae the 
final form of the network is shown in Fig. 3.47. Insertion of z4 88 as unt 
branch means that when yi: is measured by shorting the output terminals, 


24 has no effect. 


the output terminal l 
the original function which 


ein : en-circuit driving-point impedance 
If the original function were the open-circuit v Imp 
w oss the output terminals, as shown in Fig. 3.48. 
211, z4 would be placed acr Mat die siii qu 


Use of I of Fig. 3.47 would mean t 
eaa R gee by the xiis-farad capacitance as well as 


the resistor zs. 
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In retrospect, the general procedure in the above example is to pt 
admittance zeros at the frequencies at which transmission €: ei 
desired. These admittance zeros are manufactured by tomova o pan 
of the admittance function as a shunt branch. The transmission Mara 
are then realized by complete removal of an impedance pole as m ne 
resonant series arm. At the beginning of this section it was pointe 2 
that the transmission zeros could equally well be realized by resona : 
shunt arms. As a second example of this synthesis procedure, the sam. 


1o 02! 
Fra. 3.48. Form ladder would take if starting point had been zy. 
functions are considered as in the first example, 
at —1 is realized by a shunt branch. 


The original functions are 


but the transmission zero 


— B+ 2)(s +4) 


20. 
EENET) -— 

i: s(s + 1) 21 
NESCIO quss 


Again the zero at — 1 is t 


0 be realized first, 
can be realized only by a 


Since the zero at the origin 
Series capacitance, t 


he form of the network will 


of the function, 

In order to create the im; 
pole or part, of 1/y11(0) 
displaying the nature of 


pedance zero 
can be remove 
l/yu(e), reveals tha 


at —1, part of an impedance 
- Inspection of Fig. 3.50(2); 

t partial removal of a pole 
can never create a zero at —] since for an RC impedance the lowest 
critical frequency must be a Pole and the lowest poleis at —2. Likewise, 
removal of some constant value less than 1 /y1(*) cannot create a zero 
at —1 because 1/y,,(—1) > 1/ It would appear that the pro- 
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cedure is blocked at this point. 


= 
Yule) 


as. 
D 


1 ich 


E eel ae 


i 
Fia. 3.50. Alternate ladder development 
of second example. 
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The fundamental difficulty arises 
because the lowest poleis outside — 1. 
This condition can be rectified by 
moving this pole inside — 1 by work- 
ing on the admittance function. In 
particular, Fig. 3.50(b) indicates that 
removal of a constant conductance 
permits translation of the admittance 
zero (impedance pole) at —2 in to- 
ward the origin as far as desired. 
Therefore, as the first step in the 
synthesis, this zero is moved in 
to—$. Analytically, this step takes 
the form of subtraction of a conduct- 
ance equal to yu(—3): 


FNAC [e T 2)(s + 2] 
yu(—3) t (s + 3)(s +5) PERS 
(3.122) 


yu(—3) = Ys (3.123) 
Removal of this conductance of jy 
yields y:(s), shown graphically in 
Fig. 3.50(c). 


(s+2(s+4) 7 

Ww =~ 43)(e45) 18 9125) 
_ 8 (s + 3s +48) 
V: = 15 (s? + 8s + 15) 


The network starts with a shunt re- 
sistance of 5 ohms, as in Fig. 3.51. 

With this modification, zı is in a 
suitable form for the creation of an 
impedance zero at —1 through par- 
tial removal of the pole at —3. The 


(3.125) 


Fia. 3.51. Ladder of second example starts 
with shunt conductance. 


amount of the pole to be removed is expressed analytically by the relation 


A 
\ z(s) Teta 


=0 


when s = —1 (3.126) 
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Evaluation of A yields 


15 f (s + 3)(s + 5) (3.127) 
IPSE. 


A - 22 (3.128) 
80 
The impedance to be removed is Er with ies network ists = zs 
i iresonant series branch does not result in a P 
EC d an E mission zero since it represents only 
Te partial removal of the impedance 
pole at —$. The impedance Zi still 
possesses a pole at — 5, and a simple 
voltage-divider action results be- 
tween the two open-circuits at this 
frequency. 
Fro. 3.52. LE edi riim of zi to The remainder impedance Zs 
create impedan -—L 


shown graphically in Fig. 3.50(e), is 
determined from Eqs. (3.125) and (3.128). 


80 


OY T (3.129) 
45 
ae et Die i5 (3.130) 
8(s + $)(s + 
The rest of the Synthesis, 


proceeding in a straightforward manner, starts 
with removal of the admit; 


tance pole at — 1 to create the admittance func- 
tion ys Asin the synthesis of driving-point functions, the pole in y/8 i8 


Fra. 3.53. Network at end of first cycle, with transmission zero at —1 realized. 
removed, rather than that in y directly, in order to keep both the part 
removed and the remainder RC-realizable, 

T 15 
y, = SG +I + Za) _ _ks (3.131) 
15(s + I(s FẸ s+1 


Yy2/s in the pole at — 1, is 
lting y; function is 


— 151(s + $59) 132) 
^ 7 Sloe iy i 
The network at this stage is shown in Fig. 3.53, 


Here k, the residue of 


0) 
‘beth, Thane, evaluated from Eq. (3.13 
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The second part of the development, involving realization of the trans- 
mission zero at the origin, proceeds in the same manner as in the first 
example with y;(0) removed to create an admittance zero at the origin. 


ys = ys — ys(0) (3.133) 
151(s 4-13) aa 
“= Sins +e) 3t (3.134) 
79 E 
(3.135) 


Yi = 1530 s + H 
The final two elements are the series capacitance and resistance. 


1530 . (1530)(45) 
z = 759 T Q1)(79) (3.136) 


The final network is shown in Fig. 3.54. 


i 11x79 o, 
1530x45 


Fio. 3.54. Final ladder, Example 2. 


ng discussion, those shown 

Both networks realize the 
, the specified yi: is realized 
For example, the yi» speci- 


. Both the networks developed in the precedi 
in Fig. 3.47 and 3.54, realize the specified yii. 
proper zeros and poles for yıs, but, in general 
only within a multiplicative gain constant. 
fied was 

yia = (s + 3)(s + 5) ( ) 
Exactly the same procedure would have been followed and the same net- 
works synthesized if the specified yi: had been 


" s(s 4- 1) 
yi = 1054 3-5) (3.188) 
Because of this possible ambiguity concerning the network gain, it is 
necessary, at the conclusion of the design, to evaluate the constant multi- 
Plier of that y,» realized by the network. This can be accomplished by 
writing the entire yis function by 8 brute-force circuit analysis, but it is 
more readily done by inspection of the behavior of the network at either 
The procedure is illustrated by the two net- 


Zero or infinite frequency. is illu 
Works developed above, which are redrawn in Fig. 3.55. 
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i is of the form 
The realized yi; is — 
(s + 3)(s + 5) 


infini is si t K. At very 
lue of yı: at infinite frequency is simply the constan . 
Her foes with the degeneration of the capacitors into short 


yu=K (3.139) 


120 
20 Te 


(11) (73) 
(159) (67 ^ 


(a) 


(5) 
Hs a(s + 1) 
Fie. 3.55. Two ladders to realize go 6263 
circuits, the two networks become those of Fig. 3.56. By inspection, 


Network (a): yu() = 5 = 0,0517 (3.140) 
Network (b): ya(%) = 4125 = 0.0516 (3.141) 


In this particular example, the two gain constants are almost equal, and 
any preference for one network over the other is based on the number and 
sizes of elements, 


Clearly, even after 
of networks which can b 


(b) 
ladders. 


f ipulated at ail 
si Y of confi ions. i in 
synthesis is one of the areak i gurations. This freedom i 
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3.7. Synthesis of Transfer Functions with Complex Zeros. The ladder 
development described in Sec. 3.6 for the synthesis of transfer functions 
with negative real zeros breaks down if there are complex zeros. The 
realization of complex zeros in the transmission of a ladder structure 
requires the use of all three types of elements, R, L, and C, for only with 
all three elements can the impedance or admittance of one arm become 
infinite at a complex value of s. If the specified y:2 function has complex 
zeros, there are two general methods for synthesizing the RC network in 
unbalanced form (Z.e., with a common ground from input to output): 


(1) Guillemin’s procedure, j using ladders connected in parallel. > 
(2) Dasher's procedure,} using the tandem connection of bridged twin-T 


structures, 


Both procedures are somewhat limited in their applicability. Guille- 
min's procedure can be used with transfer functions having zeros in the 
right-half plane exclusive of the positive real axis; Dasher's procedure is 
restricted to functions with zeros on the jw axis or in the left-half plane. 
Dasher's procedure can be used to realize specified impedance functions 
(z11 and 2,2) as well as admittance functions, while Guillemin’s procedure 
is restricted to the realization of specified admittance functions (yn and 
Y12). In complicated examples amenable to both procedures, Dasher’s 
method yields fewer elements and often higher gain constants. : 
Guillemin’s Procedure. Guillemin’s procedure, essentially. involving 
the parallel connection of ladder networks, starts from the pair of short- 
circuit admittance functions yn and yis, which are in general of the form 


= 20) (3.142) 
Vn = g(s) t 

_ dot ans + ase? + o * E nm (3.143) 
vn a(s) 


Th isi cess of the Guillemin procedure are that the 
Wer te car E es for realizability in an RC network 


pair of functions satisfy the conditions i We 
and that all coefficieuts in the numerator polynomial of yaa be positive. 
If there are zeros in the right-half plane but off the axis, the coefficients 
can be made positive in the original transfer function (the voltage ratio, 
transfer admittance, etc.) by multiplication or born oV and 
denomi riate polynomial with negative real roots. 

Mhatret ee dn we Qui 4 edure involves a rewriting of yi: as 


The first step in the Guillemin proc: 
the sum of simpler functions, as indicated by Eq. (3.144). 


—18"—! + ans” 

an = Mtoe, attat, ha Ea a ns" (8.144) 
GRO «) + 

+E. A. Guillemin, Synthesis of RC-Networks, J. Math. and Phys., Vol. 28, No. 1, 

Pp. 22-42, 1949. ‘Transfer Functions as Unbalanced Two Terminal- 


1 B. J. Dasher, Synthesis of RC ne; ac 
pair Networks, Pom IRE Professional Group en Circuit Theory, PGCT 1, pp. 20-34, 


December, 1952. 
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The numerator of the last term contains either one or two component 
terms depending upon whether n is even or odd. Each component of a 
is now realizable with the prescribed yi; in the form of a ladder network, 
for the transmission zeros are restricted to the negative real axis, "y 
the origin and infinity. The (n + 1)/2 [or (n + 22/2 with n Les 
ladders are synthesized, each realizing the desired Yu and one componen 
of the desired yis. These ladders are denoted o, 8, 
following discussion. 

The desired functions are realized by the parallel connection of these 
ladders. Before this can be done, however, the gain constants of each 
network must be adjusted, for each ladder realizes its yis only within & 
constant multiplier. The various constant multipliers are determined 
as Ka, Kg, . . ., K,. The admittance level of each ladder is then , 
adjusted by multiplication by adjustment factors La, Ls, . . . , L,, respec- 
tively. These L factors are chosen to satisfy the following conditions: 


Yı... ,» in the 


(1) The sum of the Z's must equal unity if the parallel connection of the ladders 
is to yield the desired yyy. 


Loki +L =1 (3.145) 


(2) Each component of Vis Must, after level adjustment, be realized within the 
same multiplicative factor if the additi 


e ladders) is to yield an over-all yis with the desired 
zeros. Thus, 


+ LK, (3.146) 


2 (5 c D +3) 147) 
yu (s 3: 2)(s 4-4) (3. 
A ai s. d AN (3.148) 
(s + 2)(s + 4) 


ried out below in 


UI Em 


The synthesis is car 


esis is a step-by-step method. 
(1) yi2 is written as the sum of functions, each of which is realizable bY 
a ladder. 
s 84-3 
UN o NN 3.149) 
C 6*236*25tür264 i 


(2) The ladder is found to realize the functions 


dd 84-3 50) 
whe See Gea} (3.1 
yu, = SEDO +3) 


. 51) 
(s 3- 2)(s 4-4) co 
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There are transmission zeros at —3 and infinity. The zero at —3 can be 
realized immediately by removing the impedance pole at this frequency. 


1 _ (+2)(s +4) 
m (e D +3) (8:152) 
1 s+ H 
suma dos Sep SS 
sts 
Leer (8.154) 


The zero at infinity is realized by a shunt capacitor. As a preliminary 
step, zı(%) is subtracted. 


s+ i 
n= li (3.155) 


The final network is shown in Fig. 3.57. 


1 
ri 
H 3 
pe 10 22 
1 2 
2f 2f 
pcnc ae aet cca 


Fro. 3.57. The « ladder by Guillemin’s procedure. 
(3) The ladder is found to realize the functions 


s? 
yim = G3 3)64 4) (3.156) 
(s + 1)(s + 3) (3.157) 


Ya = (s 4 2)(s + 4) 


Since all zeros of yis are at the origin, this network is simply the second- 
Cauer-form development of yi; and is the same as that derived in See. 


3.3. . The network is redrawn in Fig. 3.58. 


(4) The gain constants of the two networks are determined. Inspec- 
tion of the æ ladder indicates that at zero frequency the realized yi; has a 
value of 1/Ġ + 1+ 4%) — $, or exactly that specified. Thus, K, is 
unity. The B ladder has an infinite frequency gain of zz, compared to 


the value of unity desired; then Ks = zz. 
(5) The admittance-level adjustment factors required are deter- 
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mined. To realize the desired yi; it is necessary that 


Le+ Lp =1 (3.158) 
Realization of the desired zeros of the over-all 312 requires 
tls = Le (3.159) 
Solution of the two simultaneous equations yields 
| Ly = $$ (3.160) 
za = 2 (3.161) 


The final over-all gain constant for y;; will be zr. = 
(6) The admittance levels of the two ladder networks a 
As an example, the level of ladder a is multiplied by Z by multiplying & 


47 47 
30 za 


ym 51) (53) 23. (04043) 
1 (222) (52-4) Ne 97 (532) (5 4] 


Fig. 3.59. Final network for example of Guillemin’s procedure. 


two concepts which permit simplifica- 
in’s procedure: 


polynomials, each having oi od of pairing successive 
terms. Any other scheme i and in special cases other methods 
result in simpler networks, 


Dasher’s Procedure, Guillemin’s 


procedure Tepresents an extension of 
the ladder-development methods fo 


T real zeros in one direction, utilizing 
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the parallel connection of ladder networks. The procedure is readily 
adapted to the handling of admittance functions only. An alternate 
procedure, developed by Dasher, represents an extension of the ladder- 
development techniques in & somewhat different direction. The bridged 
twin T is used as a basic structure to realize a pair of conjugate complex 
zeros in the left-half plane. The given driving-point impedance or 
admittance function is developed in the form of a tandem connection of 


Fro. 3.60. Form of networks of Dasher’s procedure. 


ladder elements and bridged twin-T structures to realize successively the 
desired zeros of the transfer function. 

Essentially Dasher's procedure represents & ladder development of y1ı 
(or 2:1) to realize the zeros of yis (or 212), & development which is very 
similar to the ladder synthesis when all transmission zeros lie on the 
negative real axis. The complex zeros are realized in conjugate pairs and 
by appropriate antiresonant series arms of the ladder. This realization 
is accomplished in the form shown in Fig. 3.60. The real transmission 
meros are first realized in the usual manner. Each pair of conjugate 
complex zeros is realized by a structure of the form shown in Fig. 3.60. 
The series arm, consisting of Ri, Rs, C, and C2, can be made antiresonant 
at complex values of s by the use of 
negative elements. For example, 
the circuit of Fig. 3.61 possesses an 
impedance 


8+1 
= .162 
Z0 $- «sl qn Fra. 3.61. RC network with complex poles. 


Z(s) -— 


In Dasher's procedure, the ladder network is developed in this form. 
Then the x section representing the complex zeros is replaced by an 
equivalent bridged twin T with all elements positive. The final form of 
the network is shown in Fig. 3.62. The ability to find an equivalent RC 
structure with all positive elements is assured by the development of the 
original ladder network in a prescribed form. 

For explicitness, it is assumed in the following discussion that, at the 
outset of Dasher’s procedure, the two functions yi; and yis are given. 
The general procedure involves the development of yii in a ladder net- 


208 SYNTHESIS OF RC NETWORKS 


work in such a way as to produce the desired transmission zeros. There 
are nine basic steps in the synthesis: 


(1) Any poles of yn not present in y;; are removed as a shunt admit- 
tance yo across the input terminals, with the remainder admittance 
denoted yı, as indicated in Fig. 3.63. 


[ 
1 
1 
1 
1 


4 
| 
1 
! 
1 
T 
1 
1 
1 
i 
1 
Lu 


Fro. 3.62. Final form of network synthesized by Dasher’s procedure. (Original form 
Shown in Fig. 3.60.) 


(2) yı is developed in part in a ladder network to realize the real 
zeros of yi» and to leave the RC remainder function ys (Fig. 3.64). 


(8) One pair of conjugate complex transmission zeros is considered 
2nd denoted as 


xt Fr «80 = — a0 + jBo = w/o (3.163) 


5o = —ao — jBo = wo/— 0, — (8.164) 
Fra. 3.63. Re ; NW i 
yo to create eee ae v a of ao, Bo, and wo are determined. 
4) The admittance function y» is pr 
pared for the removal of the zero-producing x section. This step is essen- 
tial if an equivalent realizable network is to be found for the zero-produc- 
ing section with negative elements. This preparation takes the form of 


Ladder to Realize 


Real Zeros of »—- 


. Fro. 3.64. Form of network after first two steps in Dasher's procedure. 
the removal of part of one of the 

CS poles of y; to create the function ys. The 
reduction is governed by the following rules: = 
(a) If ys is the rati i i i i 
mM si uie quadratic to a linear function, enough of & pole of y2 38 


: t of the zeros of 2 
(5). 6911s of s more rite ee, of y, equal to o. 


» Ya must satisfy the equation 
n n n n 
ko, H 
p 2 dem. 2: e i “hes = eite — ot) _ (3.165) 
Py Py 2 M E i 
pol vel r=] p=] Pra 
Here, 
SENS 
Vi kos + ki y — .166) 
od 2 Ez (3.1 


Ps = BS + (z, — ag)? (3.167) 
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If Eq. (3.165) cannot be satisfied by reduction of any of the residues of 
ye, the equation can be satisfied by removal of part of a pole of s/y2, cor- 
responding to insertion into the network of a seres element. The 
determination of which pole should be reduced to permit satisfaction of 
Eq. (3.165) is largely & matter of trial and error. 

At this point, the network takes the form shown in Fig. 3.65, and the 
remainder function y; is an admittance function to which the zero-pro- 


ducing technique can be applied. 


Partial Removal 
of y or z Pole 


Real Zeros 
Ladder 


Fra. 3.66. The zero-producing section. 


(5) The zero-producing section is of the form shown in Fig. 3.66. 
The subscript c is used on the short-circuit driving-point and transfer 
admittances to indicate that these parameters refer to the characteristics 


of the zero-producing section only. 
A suitable set of short-circuit admittances for the zero-producing sec- 


tion is now selected in the form 
we wa s 
yii = Co eile LIO Satine Zero GENER (3.168) 


we we 8 

Yir = Co E ES - = (s + = - 2a) "s =| (3.169) 
ei al we s 

Yar = Co |: F = + HC t = = 2ax) STE =| (3.170) 


Of the five parameters used in these expressions, w and ao are known from 

the desired transmission zeros; Co, o, and a are still to be determined. 
In order for the zero-producing section (Fig. 3.66) to produce a trans- 

mission zero at so by antiresonance in the series arm, y, must have a zero 


at this frequency. In other words, 
asso) = ya(so) (8.171) 
The admittance y, can be written from Eqs. (3.168) and (3.169) in terms 
of the unknown parameters co, oo, and a. 
Yo = Yie — Yiz 


cR s 
ya = cola + 1) (eo + = = 2a0) qc (3.173) 


(3.172) 
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impli i itude and 
i i f Eq. (3.171) implies equality of both the magnit a 
ee ae if the value of y, from (3.173) is substituted in 
(3.171), two equations result: 


/uslso) = AF (3.174) 


2 
lya(so)| = co(a + 1) (z + x — 2a) (3.175) 


So 
So + vo 
i i i luation of 
ter Eq. (3.174) is used to determine 0, (3.175) permits eval 
x produet co(a + 1). The value of Ya(8) is then completely known. 


(6) Ya, as found above, is subtracted from ys to create the admittance 
ys, with a zero at so (Fig. 3.67). 


Real-zeros 
Ladder 


Partial Pole 
Removal 


Real-zeros 
Ladder 


Partial Pole 
Removal 


Ducum e 
Fro. 3.68. Removal of impedance pole at 80. 
(7) The impedance 
of the parameter c, is f d 
an impedance equal to 1/y12., as shown in Fig. 3.66, With co(1 + a) an 
co known, a can be found, and ircui 


ynomials each two degrees lower ie 
those of ys, the first cycle of the development is now complete, as show’ 
in Fig. 3.69. 


desired transmission zer 
above development. 


| 
| 


FUNCTIONS WITH COMPLEX ZEROS 211 


Clearly it is not necessary to go through the complete development 
described above. The final network can be found as soon as the param- 
eters co, co, and a are found. The only tedious or difficult part of the 
procedure is the satisfaction of the residue condition described above as 
step (4). In complicated cases, in which the initial admittance functions 
are polynomials of high degree, this step is time-consuming. However, 
as pointed out earlier, in most practical cases there are at most two pairs 


Partial Pole 
Removal 


4 
t 
| 

1 ! 
| i 
i l 
J3 j H 
1 I 
| Zero- producing 1 


LL. Section .... | 
Fic. 3.69. Removal of zero-producing section completed. 


Ca=to( 1+a) “oe Ga=GCa Ca= ĉo Gy705 Cy 
wg coli +a) ( Wo?—2a 6064-09) 
Cymeol1 +a) Fe Gy=%C, C,» D i OTt; 
Creag eee G,=¢9(2a9—9%) 
% t 


(a) Network when 5720/9 20 (b) Network when og—2œ $0 
Fro. 3.70. Equivalent zero-producing sections with all elements positive. (Values in 
mhos and farads.) 


of conjugate complex zeros. If more are present, isolation amplifiers can 
ordinarily be provided and the over-all transfer function realized as the 


product of simpler functions. j 
As an illustration of Dasher’s procedure, the example used in the 


explanation of Guillemin’s procedure is synthesized: 


(s + 1)(s + 3) 
In 7 (s 2) +4) (HB 
erste (3.177) 


ya = (s + 2)(s + 4) 


The numbering of the steps below corresponds to the numbering used in 
the discussion of the procedure. 


2212 SYNTHESIS OF RC NETWORKS 
` (1) There are no poles present in j;; and not present in yiz. 
(2) There are no real zeros of yi». . 
(3) The transmission zeros are located at the roots of the polynomial 
8r s-F3. The root in the upper-half plane is 


Vil VI 


si = — ; 3s aec = v3 / sxctan i (3.178) 

Hence, 
d amd (3.179) 
«2 = 3 (3.180) 


(4) The admittance function y» (equal to yi, in this particular case) 18 
prepared for the zero-producing section. Since the development is simpli- 
fied if the driving-point admittance is the ratio of a quadratic to a linear 
factor, it is advantageous to produce an admittance pole at infinity. 
This can be done by creating an impedance zero by removal, as a series 
resistance, of 1/y:(%). The remainder function y, is 


j 1 
Sa — 3.181) 
u 1/y2 — 1/y:(%) i 
1 
E a .182) 
8? +6s+8 e 
S-L4sr3 | 
; 208 4s 4-3 83 
5 qug 
With this simple form of 


: f y», the admittance can be prepared for creaffon of 
the zero-producing section by making the product of the zeros of y; equa 
to ay, or3. This condition is already satisfied in this example, although 
ordinarily it would require partial removal of either the pole at infinity 0T 


the zero-frequency constant value as a shunt capacitance or resistance; 
respectively. Thus, in this example, 


8 4s 3 
2s -- 5 
(5) The short-circuit parameters of 


now determined. _ In this case, with Ya the ratio of a quadratic to a linear 
function, y; itself is of a form suitable i 


for use as y1 Hence an expansion 
of ys = yn. (a partial-fraction expansi f e ppt 
be identified with Eq. (8.168). pansion of y;/s) yields a form whi 


Vs 


(3.184) 


the zero-producing section 87€ 


1 6 3 s 
ee DURS. M gt. .185) 
yu (1523) (3.1 
Comparison of Eqs. (3.185) and (3.168) yields at once the values of the 
parameters a, co, and oo: 
EE ai 
= 4 (8.187) 
a=% (3.188) 
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(9) Steps (6) through (8) are superfluous since all parameters are 
already determined. The final network can be drawn at once on the 
basis of the relations of Fig. 3.70 and is shown in Fig. 3.71. The gain 
constant realized by the network is determined most easily by inspection 
of the network behavior at infinite frequency. The desired y1: value at 


Y 
Fra. 3.71. Final network for first illustration of Dasher's procedure. (Values in ohms 
and farads.) 
infinity is unity and is evidently realized exactly by the network. (In 
Guillemin's procedure, it should be recalled, the desired yi» was realized 
only within a constant of zr.) 4i 

The above example indicates that, when the driving-point admittance 
can be put in the form of the ratio of a quadratic to a linear polynomial, 


the synthesis becomes almost trivial. The 
resynthesis of this same example without i3 ^ T 
making this expedient but unnecessary simpli- 2 
fication is worth while at this point for two uU Tuer 

H 1G. 3.72. Transfer function 
[pes x f : of interest, the open-circuit 

(1) This work serves as an bs as 4 cw voltage ratio. 

general application of Dasher's proce ure, the difficul- ; 
ties pesi d and the general procedure which must be used with more than one 


pair of conjugate complex transmission zeros. k ’ 
(2) Even if only one pair of conjugate complex zeros is to be realized, the short- 


circuit driving-point admittance can be written as the ratio of a quadratic to a linear 


1 
! I 
! 1 
1 1 
! 1 
1 1 

1 
| 


Fas BTR Naw Nook f 87 one | Fig. 8:74, Network N^, Gettred frora N 
sidered to include N’ plus terminating of Fig. 3.72. 


resistance. 


polynomial only if no terminating resistance is required on the end of the network. 


Commonly in practice, a voltage ratio is to be realized, as shown in Fig. 3.72. One 
simple method is to consider the network terminated in a resistance (Fig. 3.73). 
Within a multiplicative constant, the voltage ratio of the network N is simply the 


short-circuit transfer admittance of the network N” shown in Fig. 3.74. 
: 2) (3.189) 
N 


Vine" = RVE, 
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Thus, if y12y» is realized by a network with a terminating resistance R, the desired 
voltage ratio is realized by shorting the output terminals and measuring the output 
voltage across the terminating resistance. 


What does the necessity for this terminating resistance R imply in terms 
of yi2and yin? The specified transfer function determines only yı» Any 
Yı can be chosen compatible with V1: and, if Dasher's procedure is used 
for synthesis, with a constant infinite-frequency gain. All zero-producing 
sections in Dasher’s procedure degenerate to straight-through transmis- 
sions as s tends to infinity. Hence, if yıı(%) has a finite value there will 
be a terminating resistance present. 


These comments are clarified by a resynthesis of the functions used in 
the example above: 


28 c 4s 3 


.190 
em s* 4- 6s +8 ls 
$+s+3 
aeee; .191 
au $ + 6s -- 8 (8:190) 


The first three steps (removal of poles of y1; not present in yi», realization 
of the real transmission zeros, and selection of the pair of conjugate com- 


plex zeros to be realized first) are identical with the original example. 
The remainder driving-point function is 


2 
mE T 4s +3 


= .192 
8 +6s +8 a 
The desired transmission ze; at 
-4 +j VI1/2. The sist nea se dented Ps d d d dod mus 
sion of Dasher’s Procedure, " 
(4) Instead of reducin 
quadratic to lin 


1 
= TS Bs 
"t pupa Ls RR 


by partial removal 
of ys. Hence, y; will be of the eet 


form 
Ya = ko + — set (3 194) 
s+2 "344 
If the part removed is to bi i i i iti 
Below mad ie nen E physically realizable, the three inequalities 


ee a gp H (3.195) 
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Determination of what and how much to remove from y: then involves the 
simultaneous satisfaction of Eqs. (3.195) and (3.165). 
The residue equation (3.165) is written with all terms except ko, kı, and 
ks replaced by appropriate numerical values: 
vil z 
ao = 3 Bo = Qo = v3 
a2 arre 


o=4 pat P= 15 


After substitution of these values, the residue equation becomes 
— ko(45k, + 20k;) + 3kıkz = 0 (3.196) 


Equation (3.196) must be satisfied under the constraints imposed by 
the inequalities of (3.195). At this stage, the synthesis temporarily 
degenerates into a trial and error procedure. The simplest attack seems 
to involve substituting the maximum values of k; and ks into Eq. (3.196) 
and determining whether the corresponding value of ko is less than the 
maximum allowable value, $ in this case. With kı equal to t and k: equal 
to $, Eq. (3.196) becomes 

ko = süv (3.197) 
Since this value is less than the maximum allowable value and is positive, 


no further trial and error is required inthisexample. The admittance to 


be removed from y: is i : d 
lust = E — T00 = T5 (8.198) 


The resulting ys is 


ls 3 
wuchs iy utiri (5.199) 
Collection of terms yields 
16s? 4- 46 3 
rer (3.200) 


Ya = 95(s? + 6s + 8) 


The network at this stage in synthesis is shown in Fig. 3.75. 

(5) In the fifth step, the value of ya is 
determined from the equality of ya and ys 
at so. ys(So) is first determined by substi- 
tution of the value for so in Eq. (3.200), 
with the result Fic. 3.75. Admittance function 


yis) = 6 -4 Tj vil (3.201) prepared for zero-producing sec- 
25 q14jvll ~ eR. 


Substitution of s = so in Eq. (3.173) for ya yields 
= op 2 ) Sev 
ya(so) = co(1 + a) (oo + = ao TEELE ii 


Equating ys(so) and ya(so) yields two equations, one for the angle equality, 
one the magnitude. The angle equality alone suffices to determine oo. 


(3.202) 
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—44+jvil -14+jvVi 

= (3.203) 
1+jvVI11 2o00- 1+ j Vll 

zm (3.204) 


With oo known, the determination of y, is completed by means of the 
magnitude equality, with the result 


yes (3.205) 


The product c«(1 + a) can also be found at this point from the known 
value of ya and known values of co, wo, and ap. 


c(l +a) =2 (3.206) 
(6) In the sixth step in the Synthesis, y, is subtracted from y; to 
create ys, an admittance Possessing a zero at So. 
W = Ya — Yo (8.207) 
1 (s* + s + 3)(s +1) 

ae .208) 

^ 7 306 425) + bs + 8) i 
At this point there is a partial check on the calculations of part (5) since 
8 — 8») must be a factor of the numerator of Y+ 


ois completely removed by subtraction of 


: nown values of ields 9n 
expression for yis, from Eq. (3.169) of the fore” and ae yi 


he form 
v+s+3 

= 09. 

Yiz = Co 3425 (3.2! ) 

M à VES to effect complete removal of the pole by subtraction of 1/y1: 

1 1 
bamn 0 
T Yiz (3.210) 


(s + 2.5)[10s2 


od + (60 — 1/c)s + 80 — 1/co] 11) 
T o -i S ERES A A 2 


ists here on the caleulations of parts (5) and 
lue of co such that the nume!” 
contains the factor s? + s$ + f 
c Would not result in complete removal 9 
case, a co of xy clearly does the JO?» 


Otherwise, subtraction of l/Vyis 


2 — 108 51-215 (3.212) 


All parameters of the zero- i i from 
the value of co and the know. Producing section are now known, for, 


n value of co(1 + a) = à [Eq. (3.206)], a 38 2; 
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The element values in the zero-producing section are completely deter- 
mined by the parameters summarized below: 


o =3 oo = 2.5 
a=F co = 0.02 
a=9 


It should not be inferred, from the ease with which this example has 
been carried out, that the synthesis is always so simple. The calculations 
of steps (5) and (6) must ordinarily be made with considerable care and 
accuracy if in this seventh step it is to be possible to remove the impedance 
pole by a subtraction of 1/yı2 with an appropriate determination of the 
multiplying factor co. The procedure is straightforward, however, and 
there is an early check on the accuracy of the calculations. 
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li SESS "Values i 
Fia. 3.76. Network to realize m2 = 25 3 E 6s 4- 8) (Values in ohms and farads.) 


(8) The zero-producing section is now completely determined, and 
the network can be drawn. However, it is still necessary to determine 
the admittance remaining after the zero-producing section. This is done 
by subtraction of ye from ys. Ye is given by the expression 

Ye = yos — Yire (3.213) 
Substitution of Eqs. (3.169) and (3.170) leads to an expression for y, in 
terms of known parameters: 


Ye = co ( E A) (s um 2ax) z J = (3.214) 
With all parameters known, y. can be written. 
0.06s 
w= S498 (3.215) 


Subtraction of y, from ys completes removal of the zero-producing section : 
from the driving-point admittance. 
Yo = Ys — Ye C (3.216) 
0.1s + 0.1 .06s 
V 7^7.c25  s-25 (3.217) 
ys — 0.04 (3.218) 


(9) The final network can now be drawn, as shown in.Fig. 3.76. The 
network starts with the shunt resistance of 55* ohms needed to create an 
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admittance function satisfying the residue equation. The zero-produc- 
ing section follows, with the network terminating with the 25-ohm 
resistor. The short-circuit admittances of this network are 


s -4s 4-3 
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Yu 7 4+ 6s +8 (5:218) 
l #+8+3 


7255 654-8 


The gain constant of zx realized with yi» is determined most readily from 
the infinite-frequency behavior of the network. 

This section has presented the basic elements of two procedures for the 
realization of transfer functions with conjugate complex zeros by RC net- 
works. In one procedure, the transfer function is realized by the parallel 
connection of ladder networks; in the other, by the tandem connection of 
bridged twin-T structures. In complicated cases, the latter procedure 
results in a considerable saving in the number of elements and in many 
problems it leads to appreciably higher gain constants, but it suffers from 
considerable calculation complexity if the polynomials involved are of 
high degree (greater than four, for example). 

3.8. Partitioning. The principal difficulties in network synthesis arise 
when the polynomials involved in the specified transfer functions are o! 


yi: (3.220) 


| 
1 
1 
i 
1 


1 
1 
1 
4 
i 
! 


a i a Lr UA J 
ndem connection of two networks. 


21222195 
2222 + Zins 


(3.221) 
1 L. Weinberg, Synthesi, $ 4 
tive Real Adi Trans, M Profantfer Functions with Poles Restricted to the Neg? 


December, 1062. 2% TRE Professional Group on Circuit Theory, POOT 1, pp. 35-50 
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_ _ Vaseiss 
Me Yara + Vin (8:222) 


These two important equations are readily derived; the admittance rela- 
tion serves as an example of the method of derivation. 

The over-all yı: is the current between the shorted output terminals 
when 1 volt is applied to theinput. With this input voltage, the network 
is broken between Na and Ns, and Na is replaced by the Norton equiv- 
alent circuit, as shown in Fig. 3.78. 


The voltage across the input terminals à 
of N» is then haO Elza Mo 
Vies 
Ey ————— (3.228 
yea + Vue (3.223) ta. 8.78. Ne of Fig. 3.77 replaced 


The output current is yis times this using Norton e Theor 
input voltage, or simply the expression of Eq. (3.222). 

If yı: alone is specified, Eq. (3.222) can be used to break the synthesis 
problem down into two separate problems, each of lower complexity. 
‘As an example, the short-circuit transfer admittance of Eq. (3.224) is 
considered: 

(s? +s + 1)(s? +8 + 2) 
Vi = F Ie + 364 5) 7) (9:222) 


There are several ways in which yi; can be written in a form permitting 
identification, term by term, with Eq. (3.222). For example, one simple 
way involves division of both numerator and denominator by a poly- 
nomial chosen to leave the denominator rational function realizable as an 
RC driving-point admittance. One possible choice for the above yi: 
function would be j 


LL GFDC+ DCFH | 
m= (e DG 3)G E S) ET) oe 
(s + 2)(s + 4)(s + 6) 


The denominator rational function y» is now expanded by a partial- 
fraction expansion of y»/5. 


(st +s + D)? +s + 2) 


(s + 2)(s + 4)(s + 6) 
Uis = — 35 158/16 , 98/16 , 55/16 (3.226) 


Stiots2 544 546 


If the N, network is to be realizable, isa and ys», must have the same 
poles. Consequently, as the describing functions for Na one suitable 
choice is 
2+s+1 
Yia = s +2 (8.227) 
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153/16 , 15 3.228) 
Ya = 5 7473 t 16 ( 
Ns is then specified by 
P dax rar 3.229) 
9» 7 (c ds + 6) i 
20 , 95/16 , 5s/16 3.230) 
eer ET sae f 


The constant, value of the denominator can be split between the two 
driving-point admittance functions arbitrarily, as long as each takes 
some, since y12/s in each case possesses a pole at the origin. Inthe above 
case, the pole at infinity was placed in the N, network, leaving the MN 
network with a constant value at infinity. This would permit realization 
of Ns with a terminating resistance so that the original y1; function could 
be used to realize a specified voltage ratio, as pointed out in the preceding 
section in the discussion of the second example of Dasher's procedure. 
If terminating resistances are desired at both ends of the network, the 
original numerator and denominator polynomials are divided by 8 
quartic rather than a cubic in order that the denominator rational 
algebraic function may have a constant value at infinite frequency. 

The use of partitioning thus permits considerable simplification in the 
Synthesis. Realization of transfer functions involving fourth-degree 
polynomials is reduced to two problems with second-degree polynomials. 


Another important application of partitioning occurs in the realization of 
RLC networks by the tandem connectio 

3.9. Conclusion. In this chapter, an attempt has been made to pre- 
sent a few of the mor 


networks. Clearly it 


CHAPTER 4 


ROOT-LOCUS METHODS 


The past decade has seen a radical change in methods for the design of 
feedback controlsystems. One direct consequence of the war and defense 
efforts in this country has been a strong emphasis on the development of 
improved techniques for control-system design. Among the many 
methods presented, the root-locus approachf stands out, for it combines 
the theoretical advantage of simultaneous control over both transient 
and frequency responses of the system with a strong appeal to the 
designer, an appeal which is derived from the simplicity of the method as 
well as the logic underlying the approach. With the root-locus method, 
the designer of feedback control systems adopts the tools of the field of 
network theory and utilizes for the first time the full potentialities of the 
Laplace transform. 

The importance of the root-locus method is indicated by a brief con- 
sideration of the state of feedback design theory in 1948, when Evans 
presented his method. In the early history of servomechanisms, atten- 
tion was focused on the differential equations describing system behavior. 
Design entailed a study of the differential equations and the correspond- 
ing characteristics of the transient and frequency responses. In such an 
approach, difficulties arise because of the absence of simple correlation 
between system parameters and the essential features of system response. 
Any such correlation must be developed by working through the coeffi- 
cients of the differential equations. 

The work of Harris, Hall, Brown, Campbell, and Nichols, among 
others, presented design in terms of the sinusoidal frequency response of 
the system. Based on the earlier work of Nyquist and Bode in the study 
of feedback systems, this frequency-domain approach involved an 
adjustment of the open-loop frequency characteristics in order to realize 
appropriate closed-loop performance. The methods do permit a correla- 
tion between parameter values and the nature of the sinusoidal response: 
e.g., in terms of the gain and phase plots, the break frequencies are 
related to the parameter values in a straightforward manner. 


t The root-locus method was first presented by W. R. Evans in the article, Graphical 
Analysis of Control Systems, Trans. AIEE, Vol. 67, pp. 547-551, 1948; see also his 
“Control-system Dynamics,” McGraw-Hill Book Company, Inc., New York, 1954. 
Other presentations of the basic principles are given by W. Bollay, Aerodynamic 
Stability and Automatic Control, J. Aeronaut. Sci., Vol. 18, No. 9, pp. 569-623, 1951; 
and in the text by G. J. Thaler and R. G. Brown, “Servomechanism Analysis," 
Chap. 14, McGraw-Hill Book Company, Inc., New York, 1953. 
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Thus, concentration of attention on the frequency response allows 
“control over such performance characteristics as the bandwidth, the zero- 
frequency behavior of the system (e.g., the error ceefficients), and the 
general shape of the closed-loop frequency response [for example, Mp, 


the maximum value of the closed-loop gain I (jw) | |+ Only a very tenu- 


ous correlation exists, however, between the frequency response and the 
transient response of the closed-loop system. This correlation is 
expressed in terms of several approximate relations, based in part cn 
experience and the study éf a number of systems, in part on theoretical 
derivations. For example, experience has indicated that an M. p of about 
1.8 corresponds to a step-function response with an overshoot in the 
neighborhood of 15 per cent; as another example, the bandwidth is 
inversely proportional to the rise time of the step-function response, 
although the constant of proportionality varies rather widely with the 
shape of the frequency Tesponse. Attempts to establish further precise 
correlations between frequency and transient responses generate very 


real difficulties as a result of the complexity of the Laplace or Fourier 
integral relating the two domains. 


But this correlation is 


in, applying the concepts of net- 
back control systems, forces the 


and the trans 
complex frequency variable s — 


; A or 
the gain and phase plots are the p, i Je. When the Nyquist diagram 


ways, pedantic: 


) and, thereafter, th 
of interest. By narrowin 
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This broadening of viewpoint is achieved by working through the poles 
and zeros of the relevant transfer functions. As pointed out in Chap. 1, a 
function of a complex variable is characterized by its singularities. The 
usual transfer functions of feedback systems are rational algebraic func- 
tions and, hence, are described by the poles and the principal parts of the 
associated Laurent series, or, alternatively, by the poles and zeros. 
Interpretation of design as adjustment of the poles and zeros of the 
closed-loop system function permits the designer to maintain control over 
both transient and frequency responses. The discussion of Secs. 1.4 and 
1.5 indicates the nature of the simple correlations between the pole and 
zero positions and the corresponding frequency and transient responses; 
the utilization of these concepts is illustrated in the discussion of Evans's 
work in this chapter, the presentation of Guillemin's philosophy of 
design in Chap. 5, and the introduction to Wiener's methods in Chaps. 7 
and 8. These various methods of design, by virtue of the common 
emphasis on pole and zero positions, depend to a large extent on the 
designer's familiarity with the basic principles of Laplace-transform 
theory and complex-function theory. The very impressive advantages 
of these methods are fully realized only if the designer is able to make 
rapid transitions from pole and zero positions to the frequency response, 
on the one hand, and to the transient response, on the other. Thus, the 
basic ideas of Secs. 1.4 and 1.5 are introductory to & discussion of any of 


the three methods. 

4.1. The Root-locus Method. 
The root-locus method of design is 
based on the relation between the 
poles and zeros of the closed-loop 
system function and those of the 
open-loop transfer function. Once F 
the relation is established for the roA Bin op feed Dank sym 
system configuration under consideration, design is accomplished by ad- 
justing the poles and zeros and the multiplicative gain factor of the open- 
loop transfer function in such a way as to yield a closed-loop system func- 
tion with satisfactory critical frequencies. t 

The basic elements of the root-locus method are illustrated by con- 
sideration of the system of Fig. 4.1, a single-loop feedback control system 
with the forward transfer function G(s). The closed-loop system func- 


tion is given by the relation 


¢ G(s) 
n9-71-rG9 (4.1) 


l system, G(s) is a rational algebraic function, 


In the usual feedback contro 
the ratio of two polynomials in s: T 
p(s 
= 4.2 
90) 7 a) S 
“critical frequencies” is used to denote 


t In this chapter, as in Chap. 1, the term 
poles and zeros. 
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Substitution of Eq. (4.2) in (4.1) gives 


Gig Fe) S 


(4.3) 
m p(s)/q(s) 

C aa P9 4.4) 
RO 7 xo 4 qi) i 


he system of Fig. 4.1, the zeros of the closed-loop system func- 
NA with the open-loop zeros, and the closed-loop poles kid 
the values of s at which p(s)/g(s) = — l. The basic difficulty ES 
design in terms of the Laplace transform arises because the poles of the 
closed-loop system function are the zeros of the polynomial p(s) 4- g(s). 
In any but the simplest cases, the evaluation of these poles for à Ph 
p(s) and q(s) is a tedious job; if, in addition, the motion of the poles he 
changes in a system design parameter is desired, straightforward calcula- 
tion becomes impractical. R 
The root-locus method is a graphical technique for determining the 
zeros of p(s) + g(s) from the zeros of p(s) and q(s), individually. If & 
system parameter is varied, the corresponding changes in the zeros of 
p(s) and q(s) are determined (just as would be done if the gain and phase 
plots were being used for design), and the resulting changes in the zeros 
of p(s) + a(s) are investigated. 
The root loci consist of all points in the s plane at which the phase of 
the open-loop transfer function is 0° (or 0° + n360°, where n is any 


integer or zero).t An alternate, and in many cases more convenient, 


of the variations of the poles of the 
ges in the open-loop gain. For 


example, the configuration of Fig. 4.1 is again considered, and the system 


is assumed second order, with 


K 
= 4.5) 
ga or i 
In this case, 
Cae ek 4.6) 
R i) = +s +K f 


The root loci are plots of the zer 


‘os of the pol: ial s? K as a func- 
tion of K. For th SE E cae 


[ his simple example, the loci are shown in Fig. 4.2, which 
also illustrates the form of the 


£ e root-locus plot. The figure is constructed 
in the following three steps: 


» op 1 is more accurately written “zeros of the open-loop 
transfer function.” This and similar terms appear so often in a discussion of the 


transfer function is —p(s) 


sign. Thus, for this system, the 


root loci are the points at which the phase of p(a)/9() 
is 180° + n360°, where n is any integer or zero. " 


«d 
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(1) In the complex plane, the open-loop poles are marked by x, the open-loop 


zeros by o. 
(2) On the basis of the relation that the closed-loop poles are the roots of the 
equation G(s) = —1, the loci of these poles are plotted as a function of K. (Fora 


multiloop system or any configuration more general than that of Fig. 4.1, the equation 
defining the loci is more complicated.) 
(3) Appropriate values of K are marked along the loci. 


In the example of Fig. 4.2, the root loci take such a simple form that 
they can be drawn by inspection. The next section presents general 
rules for construction of the loci for 
more complexsystems. Evenin this 
case, however, the loci present the 
information appropriate for design. 
In particular, Fig. 4.2 indicates at 
once the following facts: 


(1) As long as K is positive, the system 
is never unstable. 

(2) With the relative damping ratio of 
the closed-loop poles decreasing as K in- 
creases, the value of K for any specified f 
2 Values of K 
is apparent. in Italics 3-plane 

(3) The settling time, or significant 
time constant, of the system is independent 
of open-loop gain for all values of K larger 


than 1. 


In addition, as described in Sec. 4.4, Fia. 4.2. Root loci for G(s) = zr 
the loci indicate the nature of the s(s +1) 
compensation required to meet specifications in a wide variety of forms. 

Clearly, the root loci constitute a graphical method for the approximate 
determination of the zeros of a polynomial. The usefulness of the root 
loci in the design of feedback control systems depends directly on the 
ease with which the loci can be constructed. In a design problem, the 
general shapes of the loci are sketched approximately for a number of 
different sets of open-loop poles and zeros; with a few appropriate sets 
determined, the designer must then plot more accurate loci in order to 
select one set, to adjust system parameters, and to evaluate the effects of 
changes in these parameters. Construction of the loci is facilitated if a 
number of special techniques are employed, as described in the following 
two sections. Once the significance of these simple relations and methods 
is appreciated, the root loci can be sketched approximately with prac- 
tically no work for a wide variety of systems, even though the number of 
poles and zeros may be large. 

4.9. Construction of the Root Loci. If attention is again focused on 
the single-loop system of Fig. 4.1, the root loci are the roots of the equa- 
tionG(s) = —l,asa function of the open-loop gain. In other words, the 


root loci constitute all s-plane points at which 
/G(s) = 180° + 360° (4.7) 
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where n is any integer, including zero. Equation (4.7) is the basis for all 
rules and techniques for construction of the root loci. 

/G(s) at any specific point in the s plane is conveniently measured in 
terms of the angles contributed by the various poles and zeros. Written 
in factored form, a typical G(s) for a feedback control system is 


pa K(s + 21)(s + z2) 

909 7 e+ pe + ple + PO 
(4.8)1 
At the point s, G(s) takes the value 

K(si + zi(81 + 22) 
G(s;)) = 

E (sı) 81(S1 + pz) (81 + pa) (81 + Ds) 
(4.9) 


s-plane The value of G(s;) can be expressed 
in terms of the vectors shown in 


Fig. 4.3, 
par 4.3. Graphical interpretation of G(s) = ke (4.10)1 
The angle of G(s) is simply determined by the angles of the vectors: 
(G(s) = /A + /B — /C — /D — JE — JF (4.11) 


Thus, construction of the root loci i i 
1 3 ci involves the d i of those 
points, s;, in the s plane at which ` Pa an 


Z/vectors from zeros to 8j 
— m Zeros to s; 


— Z/vectors from poles to s; = 180° + 3609 (4.12) 
LT 0t0I$ Irom poles to s; 


ot loci does not, however, entail an aimless 
jns Eq. (4.12). The root loci are continu- 
M. Uu oes a polynomial are continuous functions of the 


onsideration of Eq. (4.4), which states 
zeros of p(s) + q(s), where the ratio 
T The zeros of G(s) are 71 and —2; the poles are 0, —p:, —ps, and —p,. Since 


the zeros and poles of the transfer funct; A 
the left-half plane, this form ME ean Hp chee Arne ATE nimost alas y aa, 


21, 22, Ds, Pa, and py. ults in positive numbers for the real parts 9 
$ Throughout this chapter, vectors are indicated by boldface roman type. 
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of the polynomials, —p(s)/g(s), is the open-loop transfer function.f 
Accordingly, the rules do not involve any analytical concepts beyond 
those already considered, but, rather, they represent the codification of 
obvious relationships between the open-loop and the closed-loop transfer 
functions. There are a wide variety of rules or special relations which 
might be listed, but the eleven below are the most useful. 

(1) K-0. If G(s) is written as KG,(s), the equation satisfied along 


the loci is 
KG,(s) = —1 (4.18) 


Clearly, if K tends to zero, G,(s) must tend to infinity, or s must approach 
the poles of G(s). Hence, if the loci are interpreted as plots of the closed- 
loop pole positions when the open-loop gain varies from 0 to +, the 
loci start at the open-loop poles. 

(2) K— œ. Since Eq. (4.13) indicates that a very large K requires 
a Gi(s) tending to zero, or a value of s approaching a zero of G(s), the loci 
terminate on the zeros of G(s). 

(3) Number of loci. From Eq. (4.4) and the fact that a polynomial of 
degree n possesses n zeros, it is clear that the number of separate loci 
equals the number of poles or zeros of G(s), where critical frequencies at 
infinity are included and multiple-order critical frequencies are counted 
according to the order. 

(4) Conjugate values. Complex parts of the loci always appear in 
conjugate complex pairs if, as is customary in the design of feedback sys- 
tems, the coefficients of the polynomials p(s) and q(s) are real. 

(5) Loci near infinity. The behavior of the loci for large values of s is 
readily investigated by replacing p(s) and q(s) by the highest powers of 
each. Thus, if G(s) possesses an nth-order zero at infinity, the character- 
istics of the loci near infinity are determined by consideration of an equa- 


tion of the form 


sg 
Kum = —1 (4.14) 
KL =-l (4.15) 


n of the m + n loci tend to infinity as K becomes large. With K positive, 
the 180° angle of K/s" must be realized by the term s". Hence, as the n 
loci approach infinity, they tend toward asymptotes at angles of + 180°/n, 
+540°/n, +900°/n, . . . . In other words, if n is 3 [a triple zero of G(s) 
at infinity], the three approaches to infinity are along lines at angles of 
60°, —60°, and 180° (Fig. 4.4). 1 m 

The +60° asymptotes do not, in general, intersect at the origin when 
extrapolated, but instead meet at a point along the real axis. This point 
of intersection must be determined if the asymptotes are to be con- 
structed accurately. The point can be found as follows: the open-loop 

1 Throughout the remainder of this chapter, the root-locus method is described in 
terms of the single-loop configuration of Fig. 4.1. The extension of the method to 
other configurations is obvious. 


228 ROOT-LOCUS METHODS 


transfer function is written in the form 


p(s) SEIS ib. 99 ue da 
gs) se ber b. 


(4.16) 


The numerator of the frequency-dependent fraction is divided into the 
denominator to give 


p(s) i (4.17) 
a0) f erra 

The loci are described by equating the denominator above to — K. " 
am + (b —a)sm!--... = —K (4.18) 


When s is large, the left side of Eq. (4.18) behaves as a polynomial ef 
degree n, with the sum of the zeros —(b: — ai). Consequently, the 
asymptotes meet at the point 


gate a Picus (4.19) 
n 
In other words, 
s : Z poles — X zeros : (4.20) 
(number of finite poles) — (number of finite zeros) 


(6) Loci on real azis. 
tions of the loci are readil 
axis, the angles of the ve 


The parts of the real axis which comprise sec- 
y determined from Eq. (4.12). Along the real 
ctors from any conjugate complex pair of zeros 
th the result that the total angle of G(c) is made 


h imaginary azis. Routh’s testi frequently od 
he loci cross the jw 8X! 


\ at these intersections. The test is applied to the 
polynomial p(s) + g(s). i 

(8) Angles of departure and. arrival. The angles at which the loc! 
leave the poles and arri 


ve at the zeros are readily evaluated from Ed: 
(4.12). For example, in the configuration of Fig. 4.5(a), the angle o 
departure of the locus 


part from the pole at —1 + jl is desired. If a test 
point is assumed only slightly displaced from the pole, the angles con 


T It should be noted that it is not possible to say (if n > m + 2) that p(s) + 9) 
behaves as s"*» + byemtn~1as g tends to infinity, and that, accordingly, the asymptotes 
meet at —bi/(m +n). The fallacy here arises from the assumption that in the 
polynomial p(s) + q(s), as s becomes large, the lower-degree terms (which involve 
are much less than s"*» + bismtn-i, 

1 M. F. Gardner and J. L 


- Barnes, 
197 —201, John Wiley & Son 


“Transients in Linear Systems," Vol. I, PP 
s, Inc., New York. 1942. 
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tributed by all critical frequencies except the pole at —1 + j1 are deter- 
mined approximately by the vectors from these poles and zeros to 
—1+ 1. The angle contributed by the pole at —1 + jl is, then, just 
sufficient to make the total angle 180°. In the example shown ia the 
figure, the departure angle is found from the relation 


+45° — (135° + 90° +26.6°+ 60; = 180° + n360° (4.21) 
m m jur ps pim; 


Solution for 6;, the angle of locus departure from the pole at —1 + j1 
gives a value of —26.6°. Hence, the ` ^ 
locus leaves the pole at an angle of 
—26.6°, as shown in Fig. 4.5(b). 

(9) Point of breakaway from real 
axis. The point at which a locus 
breaks away from the real axis can 
be readily calculated. Figure 4.6(a) 
shows the loci for a system with three 
real open-loop poles; the point —a -1-jx s-plane 


(a) Open-loop Pole-zero 
Configuration 


(b) Root Loci 
Fic. 4.5. Loci for 

K(s + 2) ‘ 

GG) 7 EFE + 28 +2) 


Fic. 4.4. High-gain asymptotes with 
triple zero at infinity. 


wo loci leave the axis is to be determined. A point sı & 
sis considered. The transition from —a to 
sı must result in a zero net change in the angle of G(s). The sum of the 
changes in the angles from the various open-loop critical frequencies is 
equated to zero, with the appropriate signs depending on the direction of 
the change and whether the critical frequency is a pole or zero. In this 
example, Fig. 4.6(b) indicates that 

6; + 62 — 6 = 0° (4.22) 


at which the t 
small distance (c) off the axi 
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The small angles can be replaced by the corresponding tangents: 
€ 
pe a ty a = 0 (4.23) 
After cancellation of e, trial-and-error solution of Eq. (4.23) gives the 


value 
a = 0.422 (4.24) 
If the open-loop transfer function has conjugate complex critical fre- 
quencies, the calculation of a breakaway point is slightly more com- 
plicated. It can be shown geometrically that, if the notation of Fig. 


jw 


(a) Form of the Root Loci for 


G(- —— K 
s(8+1)(8+2) 


(b) Catculation of œ 
(c) Calculation of œ with Complex Poles 
om real axis. 


A Fio. 4.6. Break-away fri 
N pia s from —a to sı results in a decrease of 2ey/ (8° + Y) 
includes the uunthowi: Wiles ted by the two complex poles. Here Y 
x Rd Aus The loci represent the locations of the zeros o! 
degree n and the para of z n mE on ef K. It p(s) m HG 
negative of the sum of the zeros, n ue ps ced da ets 
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— p(s)/q(s) has at least a double zero at infinity (as is customaril 

H ` n th 
situation in the study of feedback control systems), the cosffidient of 
s"-! js independent of K. Hence, as certain loci turn to the left in the 
complex plane, others must turn to the right in order that the sum of the 
closed-loop poles may be constant. 

(11) Product of the loci. Likewise, the product of correspondi 
points on the loci is determined by the ‘constant term of the nolynonildl 
p(s) + g(s). If p(s)/a(s) contains a pole at the origin, the constant term 
of rer q(s) is directly proportional to K. 

pplication of these eleven rules and relationships to facilitat 
struction of the loci is illustrated by three examples. id 

Example 1. In the first example, the open-loop transfer function has 

three poles on the negative real axis and a triple zero at infinity: 


K 
90 = Se FIG FB Mn) 


In this case, the polynomial p(s) + (s) is s* + 3s? + 2s + K. The loci 
can be drawn approximately on the basis of the eleven rules, which are 
interpreted as follows: 

(1) The loci start from 0, —1, and —2, as shown in Fig. 4.7(a). 

(2) The loci all terminate at infinity. 

(3) There are three loci. 

(4) For all values of K, there must be one locus on the real axis; the 
other two may be real or conjugate complex. 

(b) Since all zeros are at infinity, all three loci approach infinity as K 
becomes large. These approaches are at angles of +60°, —60°, and 
180° [part (b) of Fig. 4.7, where the arrows ere directed toward the 
zeros]. Equation (4.26) indicates that the asymptotes meet at —1. 

(6) The parts of the real axis between 0 and —1 and between —2 and 
tions of the loci, as indicated in part (c) of the figure. 


— constitute sec 
directions of motion of the closed-loop poles as K 


The arrows show the 
increases. 

(7) The intersections O 
mined from Routh's test. 


f the loci and the imaginary axis are deter- 
The Routh table for the given p(s) + g(s) is: 


s! 1 2 
3? 3 K 
a! SE 

3° K 


zeros on the jw axis occur at the roots of s +2 = 0, or at 
th a K of 6. Part (d) of the figure shows the appro- 


i and the jw axis. 
n-loop poles or zeros, no angle of 


Hence, 
a= tj 42, and wi 
priate intersections of the loc 

(8) Since there are no complex ope 
arrival or departure is involved in the loci. 
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(a) Open-loop Poles 


(b) Asymptotes for Large [o] b 


"| uf 


(d) Points where Loci Ds 
Cross jer-axis 


N 
ES 
Break-away Point ^ 
e on Real Ads à i (f) Sorar Shape of N 
Fic. 4.7. Construction of root-locus plot for G(s) = K 


als + 1)(8 + 2) 
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(9) The point of breakaway from the real axis occurs between 0 and 
—1. Equation (4.24) gives the point as —0.422, shown in Fig. 4.7(e). 

(10) The sum of the zeros of p(s) + g(s) is constant at —3 as K 
varies. The locus along the real axis to the left of —2 must represent a 
monotonic motion of the closed-loop pole as K is increased monotonically 


K 
Fic. 4.8. Root-locus plot for G(s) = 5,5 E pa 4 2) 


(A given value of s can correspond to only one value of K, 
since the equation KGi(s) = —1 is linear in K.) Hence, the conjugate 
complex loci leaving the axis at — 0.422 must always move to the right. 
The over-all root-locus plot can now be sketched, as shown in part (f) of 
thefigure. Furthermore, on the basis of the constancy of the sum of the 
zeros, equivalent points on the three loci can bedetermined. Thus, when 


from 0 to œ. 


. 234 ROOT-LOCUS METHODS 


the two loci cross the jw axis, the third locus must be at —3 ; when the two 
loci break away from the axis, the third must be at —(3 — 2 x 0.422), or 
— 2.156; when the third locus is at —4, each of the first two has a real part 
of 0.5; etc. 

(11) The product of the three zeros is simply —K. Although this 
fact can be used to determine the values of K along the loci, it is some- 
what simpler to evaluate K as follows: a point on the real axis to the left 
of —2 is chosen, for example —2.156, and the value of K is determined 


which makes —2.156 a zero of p(s) + g(s), or sè + 3s?+ 25+ K. The 
polynomial is divided by s + 2.156: 


1 21561 3 2 K 
2.156 1.820 0.388 
0.844 0.180 


Hence, K is 0.388 when one zero is at — 2, 


OM 156 and the other two are at 
—0.422. In a similar manner, other valu 


es of K along the loci can be 
determined, as shown in the com- 
plete root-locus plot of Fig. 4.8. 
The above eleven steps are en- 
tirely analytical. In this first ex- 
ample, such an analytical approach 
to the construction of the loci is 
sufficient; actually, direct solution 
for the zeros of the cubic character- 
istic polynomial is possible. In the 
6,0540, 180* s-plane study of more complicated systems, 
For Test Point on several of the analytical steps be- 
Locus come undesirably complex [e.g 
Fig. 4.9. Graphical determination of a Part (10), in which the loci are 
point on locus for sketched on the basis of the con- 
be stancy of the sum of the zeros of 
ae DGT3P p) + qo Insuch cases, = 
Te A f cal analysis simplifies the deter- 
ee, of jux ay loci. This graphical approach, ores the loci as 
rie wl Bes e angle of G(s) 18 constant at 180°, is the core of the 
Hor pan a and the basis on which the success of the method 
shape of the conjugate ee Soe of a third-order system, the precise 
mine Fora Plex parts of the loci is most readily deter- 
The procedure for the location of a point o in the 
upper-half plane is illustrated in Fig. n re oe oon Him 
tionships as can be readily interpreted are used to obtain an estimate of 2 
point on the locus. The angles of the vectors from 0, —1, and —2 to the 
trial paint are measured. If the sum of these three angles is less than 
, the test point is moved in a direction to increase the total angle: 
e.g., the second trial point might be selecte 
farther from the origin in ord 


G(s) = 
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A graphical procedure is also convenient to determine values of K along 
the loci. At any given point, K is fixed by the relation 


1 

K = ij (4.26) 
|G(s)| is evaluated in terms of the lengths of the vectors from the open- 
loop poles and zeros to the point on the locus. For the example pre- 
viously considered, Fig. 4.10 shows the three measurements required for 
the evaluation of K at the point at which the ¢ of the complex closed-loop 
poles is 0.707. 

Thus, the construction of the loci is a combination of analytical and 
graphical techniques. In simple cases, analytical techniques can be used 


For ¢=0.707 
K=0.54 x 0.73 X 1.66 
=0.65 
Fic. 4.10. Calculation of K. 


e locus; in more complicated problems, the designer 


1 3 , A : 2 nl 
combines the analytical relationships and graphical calculations. Ifo ly 
the general shape of the loci is desired, the simple relations expressed in 


the eleven rules listed above ordinarily suffice. et. 
Example2. In the second example, the open-loop transfer function is 


assumed to have one pair of conjugate complex poles, two real poles, and 
one finite zero: 


to determine the entir 


K(s + 2) 
G(s) = s(s + 3)(s? + 2s + 2) (4.27) 


all eleven rules outlined previously are applied, 


Again in thi 1 
ps edes Mis those relationships of direct usefulness need be 


although in practice on 
considered. ; A 

(1) The open-loop poles at 0, —3, and —1 + jl are noted in the 
8 plane [Fig. 4.11(a)]. 


(2) The finite zero at —2 is marked {part (b) of the figure]. 
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j Jo 
E jl x +j 
1 
+} = 
23 =I a =3 2 31 T 
k x tj 
a) Open-loop b) Open-loo N 
(a) Poles (5) eee. (c) Asymptotes 
Configuration 
je / 
^ 
7 
SHE 
x +j 


(d) Loci on Real Axis M 


(e) Intersections with jav-axis 


jw 


x i* 
—ji614 


N 
(f) Angle ae Deor from x 

plex Pole (g) Sketch of Overall Loci 

Fic. 4.11. Construction of root loci for G(s) — Kle + 2) 


pe SC er. m 
a(s + 3)(s? + 2s + 2) 
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(3) There are four loci, since there are four poles of G(s). 

(4) Whenever complex, the loci appear in conjugate pairs. 

(5) As s tends to infinity, G(s) behaves as K/s*. Hence, the loci 
approach infinity at angles of 60°, —60°, and 180°. The three asymp- 
totes intersect at a point given by substitution of the pole and zero loca- 
tions in Eq. (4.20): 


HO) AEG EE —3)] - [((— 
vs j DOE 3)] — (72) (4.28) 


$7 —1 (4.29) 


Thus, the asymptotes are as shown in Fig. 4.11(c). 

(6) The sections of the real axis from 0 to —2 and from —3 to — œ 
constitute complete loci.t The other two loci, starting from —1 + jl 
are at all times complex and, for large K, tend to infinity along the 80° 
asymptotes. The root-locus diagram now takes the form shown in part 


(d) of the figure. 
(7) Intersections with the imaginary axis are determined from Routh’s 


test. The polynomial is 
p(s) + g(s) = st + 59 + 88° + (6 + K)s + 2K (4.30) 


The first three rows of the Routh table are: 
st 1 8 2K 


st 5 6+K 
s$| 34— K 10K 


The polynomial has imaginary zeros when 
50K = (6 + K)(84 — K) (4.31) 


Solution of Eq. (4.34) gives a K of 7.03. The corresponding frequencies 
at which the loci cross the imaginary axis are + V (6 + K)/5, or 1.614 
rad/sec [Fig. 4.11(e)]. Clearly, if the open-loop transfer function is sig- 
nificantly more complicated than the G(s) of this example, a graphical 
procedure is desirable for the evaluation of the points at which the loci 
move into the right-half plane, since the equation analogous to (4.31) 
becomes undesirably complex. 

(8) The angle at which the locus leaves the pole at —1 + j1 is given 
by Eq. (4.21) and is —26.6° [Fig. 4.11(/)]. 

(9) There is no breakaway from the real axis. 

fIt is necessary to consider the possibility that the two loci emanating from 
—1 + j1 may go to the real axis between Oand —20r —3and —«. Twoloci would 
then leave the axis at & higher value of gain. With the locations of the real critical 
frequencies chosen for this example, however, the two loci starting from the complex 
poles never come close to the real axis. If this is not evident, it can be demonstrated 
by the remaining steps of this section and a graphical determination of & few points 
of the loci. In particular, steps (8) and (10) give a strong indication that the complex 


loci never touch the real axis. 
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(10) The sum of the closed-loop poles is the constant value —5, as 
given by Eq. (4.30). Since the two loci along the real axis always move 
from right to left as K is increased, the complex loci must move from 
left to right, and the form of the over-all diagram can be sketched as 
indicated in part (g) of the figure. 

(11) The product of the four closed-loop poles is +2K. For the 
value of K (7.03) when the two complex loci cross the jw axis at +71.614, 


" [| 
H3 
ERES E) 


EN MF; 
NA - 


X 


Fia. 4.12. Root loci for G(s) = — KC 2) —— 
a(s + 3)(s? + 2s + 2) 
the product of the two real poles must be 2 
X 7.03/(1.614)?, or 5.40. 
The two real poles are, thus, determined from the bid Gh dha 


(—p1) + (—p:) = —5 (4.32) 
(—p1)(—p2) = 5.40 (4.33) 
The two poles are at —1.58 and —3.42. 
The complete root-locus diagram for this example i in Fi 
te root i e is sh . 4.12. 
After the relationships described above are used to dsticisine thn aal 
nature of the loci, graphical analysis permits improvement of the accuracy 
of the complex loci to any desired degree and 
appropriate values of K along the four loci. 
Example 3. The final example of this section demonstr: 
1 L ; t rob- 
lems which arise when a study is desired of the effects of uds oun 
parameters. The open-loop transfer function considered is 
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20aK, 
s(s + a)(s? + 4s + 20) 


Here a is a parameter variable from 0.2 to a very large value and K, is the 


G(s) — (4.34) 


—24j4x jo 


-2-j4x 
Fira. 4.13. Open-loop poles with a = 0.2. Fia. 4.14. Root loci near origin for 
4K, 
a(s + 0.2)(s* + 4s + 20) 


velocity constant. Root-locus diagrams are to be constructed to portray 
the effects of varying a. 

When a is very small, the open-loop poles are located as shown in Fig 
4.13. In the region of the s plane : 
very near the origin (e.g., in a circle 
of radius a), the system appears to 
have only the two open-loop poles 
atOQand—a. The polesat —2 4-j4 
are far out in the s plane and, when 
viewed from the origin, are effec- 
tively canceled by two of the zeros 
atinfinity. The loci, shown in Fig. 
4,14, coalesce at approximately 
—a/2, then break away from the 
real axis normally, as if to follow the 
vertical line through —a/2. As 
the gain increases and the loci move 
away from the real axis, they enter 
the portion of the plane containing z 


the polesat —2 + j4. Then start- 
ing to behave as though associated Fra. 4.15. Root loci for 


G(s) = 


—— «-2-j4 


with a fourth-order system, the twe 4K. 
loci from 0 and —a break over into G(s) = U O3yQ Eds d 20. 


the right-half plane to approach 
the i45? asymptotes. Simultaneously, the two loci from —2 + j4 turn 


to the left (since the sum of the closed-loop poles is constant) and move 
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toward the +135° asymptotes. The complete diagram is shown in Fig. 
4.15 for an a of 0.2. 

Figure 4.16 shows the open-loop poles with a very large (compared to 
V 20, the distance from the origin to the complex poles). With K, 


small, the loci behave as though there were only three poles in the open- 
loop transfer function: one locus moves to the left along the real axis, the 


jo 


=2+j4 +j 720 


—2-jAx 


Fic. 4.16. Open-loop poles for 


400K, 
s(s + 20) (s? + 4s + 20) 


Fia. 4.17. Root loci at small K» for 
400K. 

uiuo SUR, ___, 

O = FRG + ie 20 


G(s) = 


7 
x “Asym ptotes 
4 


Fro. 4.18. Root loci for G(s) — s EG ERE 
s s 


conjugate complex pair. Fi 
diagram. 
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Thus, for very small values of a, the loci originating from 0 and —a are 
the ones moving into the right-half plane, while, for large values of a, 
instability is caused by the motion of the poles starting from —2 + j4. 
The transition between the two conditions occurs when a is 4, with the 
diagram as shown in Fig. 4.19. Asa is increased from a very small to a 
very large value, the loci change as shown by the sequence of Figs. 4.15, 
4.19, and 4.18. The apparent order of the system changes from second 


-24j4 


K,7125|-23j245 
Kyat? 


-2-j 
; 80K. 
Fra. 4.19. Root loci for G(s) = se FD + 48420) 


to fourth to third as the number of poles in the significant part of the 
s plane is, successively, two, four, and three. s : 

General Comments. The three examples of this section demonstrate 
the general techniques available for constructing the root loci. On the 
basis of the simple relationships considered, an approximate picture of 
the loci can be obtained without any extensive analysis. Refinement of 
this rough sketch can be effected either by graphical or analytical meth- 
ods, although ordinarily the graphical approach is easier. 

The success of root-locus design depends at the very outset on the 
ability of the designer to sketch the loci rapidly. As in any design 
method, the more experienced the engineer, the more efficient use he can 
make of the analytical tools available. After a few examples, the analyst 
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achieves the ability to picture intuitively the shape of the loci for a wide 
variety of pole-zero configurations. The previous three examples, com- 
bined with the remaining examples of this chapter, are selected in an 
attempt to give the reader a start toward achieving this very desirable 
familiarity. 

4.3. Graphical Construction of the Loci. As indicated in the last sec- 
tion, the success of the root-locus method is derived from the possibility 
of plotting the loci from a graphical analysis and with any desired accu- 
racy. Several aspects of such a graphical construction are discussed 
briefly in this section. 

Direct Graphical Analysis. The basis for the graphical analysis is 


expressed in Eq. (4.12), stating that the points s; on the root loci satisfy 
the relation 


Z/vectors from open-loop zeros to Sj 
— Z/ vectors from open-loop poles to s; = 180° + n360° (4.35) 


Here n is any positive or negative integer or zero. As indicated in the 
examples of the last section, the loci are constructed by first determining 
the approximate locations on the basis of certain rules and analytical 
relations and then improving the accuracy by a trial-and-error procedure 


The graphical construction can be performed with a protractor to 


i I a trial point and a ruler to determine 
the gain from the magnitudes of the vectors, The magnitude may also be 


greater accuracy is desired 
bined with the 


f the loci and determination of the gai i one 
Qus gain. The Spirule € 
Sists of a transparent protractor for addition of the angles directly and à 


struction of the loci is a rapid proc 
of the over-all design. t oe 
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Phase-angle Loci. An alternate method} for the construction of the 
root loci is based upon the determination of the phase of the forward 
transfer function (¢.e., the negative of the open-loop transfer function) 
over the entire s plane. The total phase is the sum of the individual 
contributions from each pole and zero. Addition of the components from 
the various critical frequencies leads to the phase-angle loci, the loci 
along which the net phase of the forward transfer function, G(s) in Fig. 
4.1, is 180°, 170°, 160°, ete. The root loci are only a few of the phase- 
angle loci, those for angles of 180° + n360°. 

In any simple case, the phase-angle loci are considerably more difficult 
to construct than the root loci. In more complicated cases, particularly 
in problems in which the approximate locations of the root loci are not 
apparent, construction of the phase-angle loci provides a straightforward, 
logical method of analysis. In addition, the phase-angle loci, including 
the root loci as one small part, provide significantly more information 
than is present in the root loci alone. For these reasons, the remainder 
of this section is devoted to a brief description of the construction and 
interpretation of the phase-angle loci. The method of construction is 
illustrated with several simple examples. In each case, the open-loop 
transfer function is divided into factors sufficiently simple that the cor- 
responding phase-angle loci are known. These various loci are then 


combined to yield the phase-angle loci for the over-all system. 
(1) Single pole. The transfer function considered first has only one 


pole and no finite zero: 


G(s) = s S F (4.36) 


The corresponding phase-angle loci are shown in Fig. 4.20. The con- 
tours of constant phase are radial lines emanating from the pole at —a. 
If the critical frequency is a zero rather than a pole, the loci are the same 
but the signs of the angles are changed. S ne 

(2) Two poles. The next case in increasing complexity is a transfer 


function with two finite critical frequencies. If both are poles, 


K 
EY TEE TY 4.37 
66) GE 2)6 5 GU 
The corresponding phase-angle loci are derived from the relation 
1 1 
/G(s) = d a E / 7i (4.38) 


tis the sum of the two components. The 
Superposition can be effected by plotting the loci of Fig. 4.20 on the same 
Sheet, twice, once centered at —a, then at —b. It is more convenient, 
however, to plot the loci for a single pole on two sheets of tracing paper. 
The total phase-angle loci are plotted on a third sheet, placed on top of 

PX i eedback Control System by Phase-angle Loci, Trans. 
AIEE, n E pec» and Industry, Vol. 71, pp. 330-339, 1952. 


The total angle at any poin 
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Fra. 4.20. Phase-angle loci for G(s) = EE. 
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Fre. 421. Phase-angle loci for G(s) = EFOTT 
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the two loci displaced so that the centers lie at —a and —b. The exact 
shape of the loci depends on the separation of the two poles. Figure 4.21 
shows the diagram for one possible separation with both poles real. The 
loci associated with a pair of conjugate complex poles are found by super- 
posing two plots of the form of Fig. 4.20 but with a vertical relative dis- 
placement. The result is shown in Fig. 4.22. 


Fia. 4.22. Phase-angle loci for two conjugate complex poles. 


In the same way, the phase-angle loci for one 
pole and one zero are constructed by graphical superposition of the 
individual loci. Figure 4.23 represents the loci in this case. 4 

(4) Three poles. The same technique of building up the loci from 
individual components can be continued. If Figs. 4.20 and Sd 
combined, with appropriate relative displacements, the plot of Pe A 
results, representing the diagram for a transfer function with tl Teal 


Poles. . . H H . 
The construction of these phase-angle loci is simplified if a few basic 

d ; i i ied: H f H mm 

eed described in Sec. 1.3 is useful in visualizing 


(1) The potential analogy . 
the general shape of the loci. In terms of this analogy, the phase-angle 
loci represent the streamlines. 


(3) One pole, one zero. 
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i ly on the relative 
2) The shape of the phase-angle loci depends only e 
ae eee of oido poles and zeros. For example, the loci have 


the same form for the two transfer 
+30 jw 


functions 
Ki 4.39) 
SO = +I i 
G.(s) = Le (4.40) 


(s + 1)(s + 2) 


The loci for G;(s) are those for G(s) 
shifted to the left by one unit. 

(3) The phase-angle loci are 
symmetrical with respect to es 
axis in all ordinary cases in whic 
the open-loop poles and zeros are 
real or occur in conjugate complex 
pairs. d 

(4) The asymptote approache 
by the locus for an angle 0 is is 
straight line making an angle 
—6/(n — m) with the real axis, 
where n is the number of poles ae 
m is the number of zeros in t 


. Asan 
3 open-loop transfer function. £. 
Fra. 4.23. Phase-angle loci for exémplo the transfer function con 
G() = k £8. sidered is 
ere K 4.41) 
(Center of circle for angle 9 is at G(s) — s(s + Dis + 2) p 
b-ca,.b—a E 
So op Foo t a) The locus for a phase of "^ 
; makes an angle of +90°/(3 alas 
or +30°, with the real axis. Figure 4.25 shows the asymptote, as we 
the three poles, 


(5) The behavior of ag 


r iven locus near the poles can be determined py 
mspection. If the —90° locus for Eq. (4.41) is again considered, the two 
nonzero poles contribute negligible angles near the pole at the our al 
hence, the locus approaches (or leaves) the pole at the origin vertically, 
as indicated in Fig. 4 96. Near either of the other poles, the nero-fre- 
quency pole alone contributes 180°; consequently, the —90° locus lie 
entirely to the right of the 5, 


[5] axis. d b: 
(6) If extrapolated, the asymptotes all intersect at the point given bY 
the equation 


ape. Sense ON (4.42) 
n—m 


tn this analysis, the —459° locus is considered distinct from the —90° bs 
After the phase-angle loci are constructed, angles of 360* can be removed if desired. 
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|-270° ju 
-360 31! 228" am) 
-405* 
450? 
-495* 
Berl. a s 
E, 
+H 
44507 
44057 
*390/ — 5159; ame NOCT 
+270° 


: 2E: 
Fr. 4.24. Phase-angle loci for G(s) = EEDE 


s-plane s- plane 


Fic. 4.25. Asymptote for —90° locus for Fia. 4.26. Behavior of —90° locus near 


K 
_ _ hae the origin for G(s) = — i 1542) 
96 = eFDE TD s(s + 1)G + 2) 


Here, 
p (s + zi(s +22) ccc (8 + 2n) (4.43) 
Go) = Key pyle p): e+p) 

i i —2j —p;. For the open- 
That is, the finite zeros are denoted —z;, the poles Di 
p td funatidh of Eq. (4.41), Eq. (4.42) indicates that the asymp- 


totes originate from the point 


5 EDS dam 
817— i (4.45) 


Hence, the asymptotes are drawn as shown in Fig. 4.27. 
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On the basis of these six concepts and a few simple ae 
phase-angle loci for the G(s) of En € - be et a e» e 
lier, the loci can also be drawn by the superp 
(C eaa 2nd one pole. Figure 4.24 shows a few of the ope 
loci in this example. The root loci (previously drawn in Fig. 4.8) are 
le loci for 180° and 540°. . 
ee appreciably more difficult to construct, even approrimatey 
than the root loci, the phase-angle loci contain considerably more in ses 
tion than is available in a root-locus diagram. In the study of sev 


jw 
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1 K 
Fi. 4.27, Asymptotes for phase-angle loci of G(s) = 


s(s + 1)(s + 2) 


Special types of Systems, the 
with transportation or distan 
Even in the analysis of an ordina 


in, the equipotential lines (c 
constant gain K) are th i 


(analogous to the phase-angle loci). Once the phase-angle loci are con- 
structed, the lines of constant gai 


calculation. In this way, the points on the various root loci correspond- 
ing to the same gain can be determined. 


W of the phase-angle loci for the open-loop trans- 
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fer function 


Em 
s(s 4- 1)(s 4- 2) 


The gain corresponding to a closed-loop pole at —2.5 is readily deter- 
mined from the fact that G(—2.5) is equal to —1. Accordingly, 


Las = 2.5(—2.5 + 1)(—2.5 + 2) (4.47) 
Ka = 1.875 (4.48) 


The corresponding points on the other two loci are found by drawing a 
contour starting from —2.5 and orthogonal to each of the phase-angle 
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G(s) = (4.46) 
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EJ 
HN 
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and constant-gain locus for 


K 
Fia. 4.28. Phase-angle loci for G(s) = C +D6 +2 
K = 1.875. 
loci. Even the few loci shown permit appr 


oximate construction of this 
constant-gain contour, shown in Fig. 4.28. The intersections with the 
other loci occur at —0.25 + j0.83. — R 
When the constant-gain contour isin separate parts, at least one point 
on each part must be determined, and it is more difficult to locate accu- 
rately the corresponding points on the various root loci. In RISE case, 
more of the phase-angle loci are required. Figure 4,29 shows the con- 
tours for a gain of 0.23 and the same open-loop transfer function pre- 
viously considered. : 1 i e 
Thus the graphical techniques of construction, and in particular the 
phase-angle loci, provide the possibility of extending the root-locus piot 
to obtain a more complete picture of system behavior. The question o 


250 ROOT-LOCUS METHODS 


whether the work involved in construction of the phase-angle loci is 
warranted depends on the accuracy desired in the theoretical design. 
The general concepts associated with the phase-angle loci are important, 
because, even if the loci are visualized only approximately, the constant- 
gain contours can often be sketched roughly to indicate the approximate 
location of corresponding points on the various root loci. 


Fia. 


> 


.29. 


4.4. Design in Terms of Root Loci. 


; Th idi ith which 
AGE loci can be constructed form BUE d ve lg 


the basis for the success of root-locus 


functions of appropriate tandem 
n be determined from the root-locus diagram- 
ting the general approach, is provided by con- 
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sideration of a controlled system with the transfer function 
poe) TRE 
s(s? + 2s + 2) 


A tandem network, with transfer function G;(s), is to be inserted asin 
Fig. 4.30 to give an over-all closed-loop system meeting the specifications 


K., > 10/sec (4.50) 
Overshoot of step-function response < 30% (4.51) 


G(s) = (4.49) 


Before various compensation schemes are considered, it is advantageous 
to obtain an estimate of the extent of the difficulties presented by the 
specifications. For example, is a velocity constant of 10 an order of mag- 
nitude larger than that realizable by a flat gain in the tandem system, 


Compensation 


Fic. 4.30. System with tandem compensation. 


with the flat gain adjusted to give appropriate overshoot? If Gi(s) is 
simply K;, the forward transfer function is 


Ki 
G(s) — SG + 2s + 2) (4.52) 


The root loci for the uncompensated system are sketched in Fig. 431. 
Interpretation of the root loci requires a few specific values of gain and 
an estimate of the relative locations of the real and complex poles. 
Routh's test indicates that the system is absolutely unstable for all values 
of K, larger than 4, or K, larger than 2. Corresponding points on the 
various loci are readily determined if a point on the real locus is assumed. 
When the corresponding linear factor is removed from the characteristic 
polynomial, a quadratic results. For example, when the real pole is at 
—1, the complex poles are the zeros of s* + s + 1, and the corresponding 
value of K, is unity (Ke = 0.5). Figure 1.22 shows that the corre- 
sponding overshoot is less than 2 per cent. When the real pole is at 
— 1.5, the complex poles are the zeros of s? + 0.58 + 1.25 (an Wn Of about 
1.118, a t of approximately 0.224), and the associated K1 is 1.875. The 
overshoot in this case is approximately 37 per cent. An overshoot of 
about 30 per cent is realized by a system with Ky approximately equal to 
1.6, or with a velocity constant roughly 0.8. Since these initial con- 


siderations are directed at obtaining a picture of the scope of the problem, 


there is no need for accurate calculations of either the root loci or the 


: ; i igni k, it is clear 
Overshoot as a function of gain. Without any significant work, 
that the compensation network must increase the velocity constant by a 


factor of about 12 without changing the overshoot. 
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Integral Compensation. Integral, derivative, and cancellation com- 
pensation are the three simple types of compensation which are normally 
considered before more complex schemes are investigated. The simplest 
procedure for boosting the velocity constant without adversely affecting 


f" 
B 


Fic. 4.31. Root-locus diagram for G(s) = Ki AW TIETZ and K, = 2Ke. 


the relative stabilit 


I y involves the insertion of i lense 
tion. The transfer edi a 


function of the tandem network is selected as 


S + ka 
Sta 


Gi(s) = K, (4.53) 


f the open-loop transfer function, i? 
ntribute significant phase lag in the 
uency. 

curve r ee the root-locus diagrams of Fig. 
t epresents the complex loci for K,G;(s) alone; 
the solid curve represents the loci for Gi(s)G2(s), where P tue the 


Eis pole and zero introduced in the open-loop transfer function by the additio 
of integral Compensation are termed a dipole because, from the region of the s plane 
of interest in the stability analysis (the region in the vicinity of tie open-loo poles at 
—1 + j1), the pole and zero appear very close together. p p 
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form of Eq. (4.53) with an e of 0.01 and a k of 15. If the integrating 
dipole is added near the origin, the loci in the vicinity of —1 + j1 are not 
changed significantly, since from these points the two poles and the zero 
near the origin seem to merge into a single simple pole. The open-loop 


-BT 
z s +0.15 1 P 
Fia. 4.32. Root loci for G(s) = Ki 5 4- 0.01 sE + 2s +2) 


transfer function is now : 

ec a E N 4.54 

Gi(s)Ga(s) = Kis F a s(t + 2s F 2) be) 

Thus, although the loci are unchanged around —1 + jl, the velocity 
constant corresponding to a given Ki is 


x. Ks (4.55) 


velocity constant is increased y the multiplicative 
factor k. In ths bert K, must be multiplied by about 12 i meet 
the specifications. Consequently, the time-constant ratio a ne ea 
grating dipole should be chosen to be at least 12, preferably i allow 
the dipole to contribute a slight phase lag in the vicinity o ae T 
This slight phase lag is desirable to avoid the necessity o! me nee 
excessively small, with the attendant difficulties of eigen le ne 
work with practical element sizes. The exact location of the m e ee 
the precise value of æ) is not critical. As æ is increased, the i pete 
change as indicated in Fig. 4.32, where the loci originating at —1 £ J 


Accordingly, 


254 


shifted in toward the origin slightly. 
less than approximately 0.01. 
Lead Compensation. A second po 


s- plane 


(a) Uncompensated System 


(b) Compensation Transfer 
Function, Kis 8) 


(c) Effect of Passive Lead 
Network 


Fig. 4.33. Effect of lead compensation, 
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Thus, it is desirable to select an « 


ssibility for simple compensation is 

available in the conventional pas- 
sive lead network, with the transfer 
function 


s+B 


Gi(s) = Ky 8 4- nB 


n1 
(4.56) 


In terms of the frequency response, 
the lead network is introduced to 
add positive phase shift in the vi- 
cinity of the feedback cutoff fre- 
quency and thereby to decrease the 
average rate of cutoff in the fre- 
^quency band where the gain passes 
through 0 db. 

In the example considered pre- 
viously, the presence of the complex 
poles at —1 + jl indicates that 
compensation with a simple lead 
network is not particularly effective 
as a means of increasing the veloc- 
ity constant for a given relative 
stability. In elementary texts, the 
source of the difficulty is portraye 
in the gain and phase plots, une 
the rapid change of the phase 0 
G(jo) through —180? (resulting 
from the complex open-loop poles 
means that a simple lead network, 
With a maximum positive shift o 
less than 90° regardless of the time- 
constant ratio, can increase the 
bandwidth (or velocity constant, 
only slightly. 

The root-locus plots demonstrate 
the difficulties in a somewhat differ- 


zero at —8 can only prevent the 
e right-half plane; regardless of thé 
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gain, the relative damping ratio of the complex closed-loop poles is never 
significantly higher than that of the open-loop poles. If a passive lead 
network is used [part (c) of the figure], the addition of the lead pole and 
zero results in complex loci which bend upward before they turn toward 
the right-half plane. The lead compensation results in only a slight 
increase in the velocity constant. 

If the original poles are distrib- 
uted along the negative real axis, 
the simple lead transfer function 
is more effective in compensation. 
As shown in Fig. 4.34, for an origi- 
nal system with three real poles, 
the introduction of a real zero stabi- 
lizes the system. Even with the (a) Uncompensated System 
pole of the lead transfer function 
included, the complex loci turn to 
the left as they break away from 
the real axis if the time-constant 
ratio of the lead network is suffi- 
ciently large to make the system, in 
the vicinity of this break-away, ap- 
pear to be characterized by only 
three poles. 

Cancellation Compensation. The 
ineffectiveness of simple lead com- 
pensation of the open-loop transfer 
function containing conjugate com- jo 
plex poles, an ineffectiveness which 
is particularly pronounced if the 
relative damping ratio of the com- 
plex poles is small, suggests the use at E a 
of a compensation transfer function 
with two zeros and two poles. On s- plane 
a theoretical basis, the simplest 
functions of this type have zeros ^ (c) Passive Lead Compensation 
which cancel the poles of the trans- — p, 4.34, Effect of lead compensation if 
fer function of the controlled sys- all original poles real. 
tem. In the example considered N^ r 
previously, the resulting open-loop system is still third-order and 


£ +28 +2 1 (4.57) 


(b) Proportional-plus-lead 
Compensation, K,(s+8) 


Gi) Gila) 


Compensation cancels the poles of G(s) and inserts new poles at more 
advantageous locations in the s plane. 4 

Selection of appropriate values for a and b is governed by the complete 
Specifications, which might restrict such performance characteristics as 
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, 


In the particular example outlined above, where the only qu 
are on the velocity constant and the overshoot of the step-func 
response, a variety of values for a and b can be used. 


(1) Ifthe simplest selection is made, a and b are chosen such that Es 
frequency normalization. 


i ard i ity constant 
open-loop poles radially outward in the s plane. If the veloci 
(for a given t of the closed-loop poles) is to be increased by a factor of 12, 


jw 


Fic. 4.35. Root loci for real poles, Fi. 4.36. Root loci for G(s) = 


Ki 3 
a(s? + 40s + 401) 


the distances of the poles from the origin must be increased by the same 
factor, 12. Hence, 


a@=2X 12 = 24 b = 2 X (12)? = 28g (4.58) 


the compensation transfer function, is to be realized bY 
an RC network, the d 


iscussion of Chap. 3 demonstrates that a and b must 
t the zeros of s? 


! 2s 4-2 
G(s) = k,— t 2s 2- 
uo Rie, + 40s + 401 


The Corresponding root-locus diagram is shown in Fig. 4.36, demonstrat- 
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with all closed-loop poles real for a range of values of Kı. Determination 
of the required extent of translation can be effected by a trial-and-error 
procedure in a few steps. It is clear that the real part (originally at —1) 
must be made larger than — 12 if the velocity constant is to be increased 
by the factor 12. Actually, the exact amount of the shift is not critical, 
since the specifications are at best only general guides to desired system 
behavior. It is largely immaterial whether the K, realized is 8, 10, or 12. 

The particular scheme used to locate the poles of Gi(s) depends on 
other specifications not considered here or the form desired for the com- 
pensation network. If this network is RC, the synthesis procedures of 
Chap. 3 can be used for the determination of a suitable network. If the 
transfer function of Eq. (4.59) is selected, the compensation network 
must involve at least one inductance. The basic principles of synthesis 
presented in the last chapter can be extended to this case, or a suitable 
network can be found by inspection. For example, if both numerator 


and denominator of G,(s) are di- 
vided by s, y 
, s +2 + 2/3) 

Gila) = Ki 904 (01/5) (4.60) 


The frequency-dependent part of 
G(s) can be recognized as the volt- 
age ratio of the network shown in 


Fia. 4.37. Network to realize 


Fig. 4.37; the constant multiplier LEE E: Q/) . 
K, is realized by amplifiers indepen- EO = 5440 + 01/5) 
"dent of frequency over the band of (Values in ohms, henrys, farads.) 

interest.  , 


The cancellation compensation described 
letely satisfactory solution to the design 
act cancellation is frequently wasteful of 


amplifier gain, and the resulting compensation network often involves 
undesirable element sizes or an excessive complexity. ; These disadvan- 
tages can often be overcome if more general compensation schemes are 


considered. s 1 utor da 
Cancellation compensation is & particular form of generalized lea 
compensation, with the two lead zeros specified at the Suet of tho 
` desi loci clearly show that there is no necessity o cance 
E Pann F the two loci of Fig. 4.38 cor- 


the poles of G(s) exactly. For example, i of r 
seoda do d Fs the same performance characteristics. The addi- 


tional closed-loop pole and zero of part (b) of the figure are generated by 
the inexact cancellation. These two critical frequencies, however, do 
not contribute significantly to either transient or frequency jenes. 
If the generalization of cancellation compensation is carried one step 
further, it is clear that all cancellation restrictions on the tyo cepe 
tion ne may be relaxed. s of the RIGEN pn 
si rein aA 
pe a | UN p any location of the eritical frequencies which 


More General Compensation. 
above does not furnish a comp 
problem. "The requirement of ex 
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accomplishes this end can be considered. Figure 4.39(b), for example, 


indicates that two real zeros and two real poles can be used if the time- 
In this figur», the two loci origi- 
t and then downward toward the 
Whether these loci actu- 


constant ratios are sufficiently large. 
nating at —1 + j1 are drawn to the lef 
real axis by the presence of the two real zeros. 


jo 


T 
s- plane 


(a) Uncompensated 
System 


: K, 
(a) Loci for Obits arse 


-4-j 


(b) Compensated System 


ud A30 Sompensation with two zeros 
WO poles. t 
ally xi. x (Not drawn to scale.) 


. or onl he E . t " 
ain toward the right-h plane fants direction 
: z I 
critical frequen; fos and poles, but in either 
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system, a wide variety of suitable transfer functions for the tandem com- 
pensation network can be derived if the ‘specifications determine only the 
error constants and the relative stability. The essential advantages of 
the root-locus method are based on the presentation of information about 
the transient response as well as the frequency response. With a knowl- 
edge of the positions of the poles and zeros of the closed-loop transfer 
function, the designer can determine at once the significant characteristics 
of the system performance in the time domain. 

Final Example. One final example illustrates the application of the 
root-locus methods of analysis. The effect of quadratic lead compensa- 
tion is considered, when the transfer function of the controlled system is 


K 
Gals) = SF 3.28 + 3.50) iud 


The compensation network to be considered has the transfer function 


(s + 1)? 
$9 = GF g)G + 20 ac 


Although the compensation as indicated is not particularly effective as a 
means of increasing the velocity constant for a given relative stability, it 
does result in increases in bandwidth and speed of response. Of more 
importance here, however, the example serves to illustrate the interpreta- 
tion of the root loci. 

Figure 4.40(a) shows the open-loop pole-zero configuration, with 
simple poles at 0, —1.6 + jl, —8, and —20 and a double zero at —1. 
The root loci are sketched in the manner outlined in Sec. 4.2. For the 
initial stages of the following analysis, an accurate root-locus diagram is 
not required, and the rough sketch of Fig. 4.40(b), which can be drawn in 
large part by inspection, suffices as the starting point. At a later point 
in the analysis, the specific sections of the loci which are of particular 
interest are determined in more detail. 

Certain characteristics of the system are at once apparent from the root 
loci even though the corresponding positions of the poles along the 
various loci are unknown: 
ponse of the system contains a long-duration component 
he closed-loop pole on the negative real axis between 
litude, equal to the residue at this pole in the Laplace 
transform of the step-function response, depends primarily on the distance between 
this pole and the double zero at —1. With the response transform possessing the 
poles and zeros shown in Fig. 4.40(c), the residue, calculated from the vectors from all 
other critical frequencies to the pole in question, is always negative, with the result 
that the long tail tends to be stabilizing, decreasing the overshoot and making the 
system more sluggish. 

(2) As a result of the closed. 
exponential in the step-function response. 
tive, this term tends to counteract the effect of the long- 
first part of the transient- 


(1) The step-function res} 
(a long tail) as & result of t 
Onnd —1. The component amp 


-loop pole between —1 and —8, there is another real 
Since the corresponding residue is posi- 
duration term during the 
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(3) In the closed-loop step-function response, there is one term with a time con- 
stant less than „p sec. For all practical purposes, this component can be neglected. 
(4) If the gain is sufficiently high that the two real poles and the double zero at —1 
approximately cancel, the primary characteristics of the transient response are 
governed by the two conjugate complex poles of the closed-loop system function. 
‘These two poles are termed the control poles, because of their importance in fixing 


—20 
-16-jl 


(a) Open-loop Poles and Zeros 


Jw 


Control Pole —=x 


Negligible 


Control Pole — 


(c) Closed-loop Poles and Zeros 


Sketch 5 Plus Zero-frequency 
(b) Sketch of Root Loci Pole for-Step- function Drive 
Fic. 4.40. System of example of Sec. 4.4. 


performance characteristics. The overshoot of the step-function response is some- 


what less than the value indicated by the ¢ of these complex poles as a result of the 
stabilizing long-duration component. 


A more detailed analysis of the significant characteristics of the 
transient response for any specified gain or as a function of the gain 
requires the determination of corresponding points on the various loci. 
In other words, for a given gain, where are the five closed-loop poles? 
Or, for a value of gain corresponding to one pole at a particular point, 
where are the other four poles? In particular, a typical design problem 
might be: For a given overshoot of the closed-loop step-function response, 
what value of gain should be used and what is the corresponding transient 
response? 

: The significance of these questions is illustrated by a specific numerical 
investigation of part of the root-locus diagram of Fig. 4.40(b). Since 
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the overshoot is reduced by the long-duration component of the step- 
function response, a rather small ¢ is used for the conjugate complex 
closed-loop poles. A ¢ of 0.316 (corresponding to the closed-loop poles at 
an angle 0, as shown in Fig. 4.41, where 6 is arctan 3) corresponds to an 
overshoot of about 36 per cent (see Fig. 1.18) when the closed-loop system 
function has only the two poles. It is not unreasonable to anticipate 
that this value of 36 per cent is reduced to less than 25 per cent by the 
stabilizing effect introduced by the "n" 
other poles and zeros. Hence, the i 
points at which the complex loci cross 
the lines for ¢ = 0.316 areinvestigated 
in more detail. 

Figure 4.42 indicates that these in- 
tersections occur at approximately 
—2.61 + 37.83. Again in the evalua- 
tion of these points, exact calculations 
are not particularly important;f & 
short trial-and-error procedure with a 
protractor suffices to determine the 
points along the lines AB of Fig. 4.42 
at which the net phase angle contrib- 
uted by the five open-loop poles and 
the double zero is 180°. Likewise, the Fie. 4.41. Location of complex closed- 
lengths of the vectors from the open- loop poles. 
loop critical frequencies to —2.61 + j7.83 can be found with a ruler. 


From the six vectors shown in Fig. 4.43, 


8.25 X 6.90 X 8.89 x 9.51 X 19.07 
K- (799) = 1438 (4.63) 


The other closed-loop poles for the same K are now determined. The 
pole on the negative real axis between 0 and — 1 is found most readily by a 
trial-and-error procedure. Since the predominant factor in determining 
this pole is the length of the vector from the double zero at — 1, two steps 
of trial and error ordinarily suffice. For example, if a value —0.7 is 


assumed, the corresponding K is 


07 X73 X193 X V1.81 X V181 
- (4.64) 
(0.3)* 
K = 1983 (4.65) 


The numerator factors in the right side of Eq. (4.64) represent the magni- 
tudes of the vectors from the five open-loop poles to —0.7; the denomi- 

+ The three significant figures used in locating the poles and throughout the remain- 
der of this example represent an accuracy which is excessive for the usual design 


problem, where the specificstions and equipment characteristics are often known 
only very approximately. The accuracy is carried through this example to illustrate 


the possibility of utilizing the root-locus approach even when very accurate calcula- 


tions are required. 
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tan 0-3 


205.020316 -261—j783 


Fr. 4.42. Root loci and complex closed-loop poles with t = 0.316. 


Fic. 4.43. Vector lengths for evaluating K. 


nator factor, the vector from the double zero at —1. Since the numer- 
ator factors are nearly constant if the value of —0.7 is changed slightly, 
the proper value for & K of 1438 can be determined from the equation 


(1 +z)? 1983 


(0.3)? ~ 1438 aon) 
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Here, z is the closed-loop pole for a gain of 1438. Solution of Eq. (4.66) 
gives 
x = —0.648 (4.67) 


This value of z can be checked by calculating the corresponding gain. 
In the same manner, the closed-loop pole between —1 and —8 is 
evaluated as —1.352. The pole to the left of —20 can be neglected, and 


the resulting closed-loop system function is 


ae 59.7(s + 1)? 
R9 = (s + 0.648)(s + 1.352)(s* + 5.22s + 68.1) 


(4.68) 


C. 
The factor 59.7, used to make R (0) equal to unity, is not the gain, 1438, 


because the pole to the left of —20 is not included in Eq. (4.68).t 

The corresponding transient response 
can now be evaluated by consideration of T jw 
Fig. 4.44, the pole-zero configuration for —2.614-7.83 
the closed-loop system function. The 
following characteristics of the step-func- 
tion response can be deduced directly, 
without calculating the exact inverse 
transform. 

(1) The time constant of the primary 
component of the transient response is 
1/2.61, or 0.383 sec. 

(2) The time required for this primary 
component of the output to reach the first 
maximum is 7/7.83, or approximately 0.4 
sec. 

(3) If just the two complex poles were 


present in £ (s), the overshoot of the step- 


function response would be 36 per cent. 
The contribution of the two complex poles 
of the actual system function to the over- 
shoot is somewhat different than 36 per 
cent as aresult of the fact that the presence 


C 
of the other poles and zeros of R (s) affects 


—2.61—j7.83 
x 


both the magnitude and phase of theresi- yy. 4.44. Closed-loop poles and 
zeros. 


TE 
due of aR (s) in the poleat —2.61 + 57.83. 
These changes can be determined graphically as shown in Fig. 4.45. The 


ie pole outside —20 can be found readily if desired, since it is at —1438/59.7, or 
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residue is changed by the factor 


" 
k—2.61457.83 ç? 


= (0.648)(1.352) AB 


4.69 
—2.61+4j7.83 Lm ie 


134... 
where k 21455: = residue of < 7 (s) inthe 


pole at —2.61 4- j7.83 
k signs: = residue of 
" 68.1 = 
s s? + 5.22s + 68.1 
the pole at —2.61 + 
57.83 
A, B, and C = vectors shown in Fig. 
4.45 
(0.648) (1.352) = a factorintroduced be- 


cause £ (s) of Eq. 


(4.68) has a multiply- 

ing factor of 59.7 

rather than 68.1 
Substitution of ‘the values of A, B, and C, 
as determined graphically from Fig. 4.45, 
yields 


7261-783 k—2.614;7.83 o 
E. = 0.85/0 (4.70) 
bar 4:45, Vectors for ET —2.6147.83 
CE in residue at —2.61 + Hence, the overshoot introduced by the 


damped sinusoid is reduced to 0.85 X 
36 = 31 per cent, even before the decrease resulting from the long-dura- 
tion component is considered. 


.(4) The other, exponential terms of the step-function response have 
time constants of 1/0.648 = 1.54 sec and 1/1.352 = 0.740 sec. 
(5) The amplitude of the long-duration term is simply the residue of 


ic (s) in the pole at —0.648 and can be found from Eq. (4.68) and 
4 


measurement of the appropriate vectors: 


(0.352)? 
k_o.us = 59.7 7 —0.648)(0.704)(8.07/—75.9)(8.07/ 475.9 (479) 
k-os«s = —0.25 (4.72) 


(6) The amplitude of the term in e~'*** is the residue of : £ (s) in the 


pole at —1.352. Evaluation of the five vectors gives 


k_t.a52 = +0.12 (4.73) 
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(7) The total response is the sum of four terms: a step function, a 
damped sinusoid, and the two exponentials. The total overshoot is 
determined roughly as follows: it was shown in (2) above that the peak 
value of the response occurs at approximately 0.4 sec. At this time, the 
sum of the two exponential terms is approximately the same as at 
t = 0; hence, because of the exponential terms, the overshoot is reduced 
by slightly more than 25 — 12 or 13 per cent. Accordingly, the over- 
shoot of the over-all response is slightly less than 18 per cent, and the 
maximum value occurs about 0.4 sec after initiation of the transient. 


12 


1.0 


0.2 


0 04 0.8 12 16 20 24 28 
t (sec) 

Fic. 4.46. Unit-step-function response for 

[^] 59.7(s + 1)? a 

% ©) = G-EO48) F 1852) * F 5.22s + 68.1) 


(8) The over-all transient response can be sketched, as shown in 
Fig. 4.46. Clearly, the response in this example has been determined in 
considerably more detail than is ordinarily required in the design of feed- 
back control systems. In most cases, evaluation of corresponding points 
on the root loci, and hence of the set of closed-loop poles, is sufficient to 
indicate the general nature of the transient response within the accuracy 
required for design. The detailed analysis of this example is presented 
to illustrate the type of information which can be drawn from the root- 
locus plots with essentially no laborious calculations. 

Once the closed-loop poles are determined, the closed-loop frequency 
Tesponse can be sketched with the asymptotic plots. t Alternatively, the 

1A brief discussion of the asymptotic gain-frequency plots is given in Sec. 6.4. 

Ore detailed presentations can be found in standard seryo texts: e.g., G. S. Brown 
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gain and phase characteristics can be determined graphically as described 
in Sec. 1.2. For the above example, with c (s) given by Eq. (4.68), the 


gain characteristic is shown in Fig. 4.47. The very slight dip in the 
characteristic iri the vicinity of 0.7 rad/sec indicates the long tail in the 
response, while the dip near 1.5 rad/sec represents the partially com- 
pensating effect of the term --0.12e-1352t The M, of 3.8 db (or the 
amplitude ratio of 1.55), corresponding to a second-order System with & 
f of 0.34 or an overshoot of 33 per cent, is not particularly indicative of 
the relative stability of the closed-loop system. 


Closed -loop Gain (db) 


10 100 
Frequency (rad/sec) 
Fia. 4.47. Closed-loop gain characteristic. 


Concluding Remarks. The examples of this section on compensation 
in terms of the root-locus plots are not intended to illustrate all possible 
techniques which can be used in the determination of appropriate com- 
pensation transfer functions. The root-locus method and, more gen- 
erally, the concept of working in terms of the pole and zero positions in 
the complex plane afford powerful techniques for design, because one 
picture of the poles and zeros presents the salient characteristics of both 
transient and frequency responses. 

4.6. Other Uses of the Root-locus Method. The root loci constitute 
a graphical method for the approximate determination of the zeros of a 
polynomial. In the analysis of the single-loop feedback system of Fig. 
4.48, the root-locus plot permits the evaluation of the zeros of p(s) + q(s), 
where p(s) and g(s) are the polynomials forming the numerator and 
denominator, respectively, of the forward transfer function, The zeros 
of p(s) + g(s) are located from the known zeros of the individual com- 
ponents p(s) and q(s). The root-locus method, including the rules and 


and D. P. Campbell, ‘Principles of Servomechanisms,” Chap. 8, John Wiley & Sons, 
Inc., New York, 1948; or H. Chestnut and R. W. Mayer, “Servomechanisms and 
Regulating System Design,” Vol. I, Chap. 11, John Wiley & Sons, Inc., New York, 
1951. 
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techniques for determining the loci, is useful in a variety of analysis 
problems, some quite distinct from the design of feedback systems. 

Factoring Polynomials. In a variety of situations, the root-locus 
method can be applied in the approximate determination of the zeros of a 
polynomial. In particular, the root-locus approach provides a useful 
adjunct to conventional procedures (e.g., Lin’s method), for the rapid 
convergence of these more accurate methods often depends on the selec- 
tion of a first approximation which is reasonably close to the correct 
value. 

One example suffices to illustrate the application of the root-locus 
method. The polynomial selected is 


p(s) = s* + 5s* + 11s? + 14s? + 10s + 4 (4.74) 


The zeros of p(s) can be found either by Lin's methodf or by a combina- 
tion of Horner's method and Routh’s test. In the latter approach, the 
zeros are shifted to the right in the 
complex plane until Routh’s test 
reveals one or more zeros on the 
imaginary axis. The Routh table 
also indicates the location of imagi- 
nary zeros. These zeros are then 


removed, and the procedure is re- C js p(s) 
peated with the reduced polynomial. R n(s) 
In the case of Eq. (4.74), the follow- Fio. 4.48. Single-loop system, 


ing steps are used: ; 
(1) The Routh test is used to determine if p(s) is Hurwitz (i.e., if all 


zeros are in the left-half plane): 


s] 1 11 10 
a) g x x 
1 2.8 0.8 
aj Bf 941 
1 1.12 
st] LOS 0$ 
1 0.476 
a| 0-014 
1 
o| 2-476 
4 


Here, each row is divided by the number required to make the first entry 


unity, and, since the number of zeros in the right-half plane is not of 


interest, the table is formed only until a minus sign appears. In most 


1G. S. Brown and D. P. Campbell, op. cit., pp. 89-91. 
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cases, no more than slide-rule accuracy is required unless zeros are very 
close to the jw axis. The above table indicates that p(s) is Hurwitz. 

(2) The sum of the five zeros is —5, and all zeros are in the left-half 
plane. Hence, unless there are five zeros with a real part of —1, there 
must be at least one zero with a real part between 0 and —1. The zeros 
are moved to the right by an amount 0.75 in order to determine whether 


there are any zeros between c = 0 and c = —0.75. This translation to 
the right is accomplished by Horner's method: 
15 11 14 10 4 0.75 


0.75 3.188 5.86 6.11 2.92 
1 4.25 7.812 8.14 3.89 1.08 
0.75 2.625 3.89 3.19 


1 3.5 5.19 4.25 0.70 
0.75 2.06 2.35 


1 2.75 3.13 1.90 
0.75 1.50 


1*2 1.63 
0.75 


1 1.25 


The polynomial with translated zeros is 


pi(s) = s5 + 1.25st + 1.63s? + 1.90s? + 0.70s + 1.08 — (4.75) 
(3) The Routh test is applied to pi(s): 


j 1 1.63 0.70 
ot) 1-28 180 1-08 
1 1.52 0.86 


a| 0.11 —0.16 


Since a minus sign appears, formation of the table can be stopped at this 
point with the knowledge that pi(s) is not Hurwitz. The shift of 0.75 ie 
too large and a smaller translation must be used. 

(4) The original polynomial is reconsidered, and the zeros are shifted 
to the right by an amount 0.5. 


€ S 11 14 10 4 0.5 
0.5 2.25 4.375 4.8125 2.59375 
1 4.5 8.75 9.625 5.1875 1.40625 


0.5 2 3.375 3.125 
14 6.75 6.25 2.0625 
0.5 1.75 2.5 
13.5 5 3.75 
0.5 1.5 
1478 3.5 
0.5 
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The resulting polynomial is 
pis) = s* + 2.55* + 3.58? + 3.75s? + 2.0625s + 1.40625 (4.76) 
(5) The Routh table for p(s) is: 
sj 1 3.5 2.0625 
a| 25 375 140075 


slo x9 
1 0.75 
a| 025 05625 
1 0.75 


The polynomial p2(s) has a pair of zeros on the jw axis at 


+j v0.75 = 30.866 


(6) These zeros are removed from p:(s) to yield the reduced poly- 
nomial p3(s): 
2.75 1.875 
3.5 3.75 2.0625 1.40625 
0.75 1.875 
2 
2 


.75 1.875 2.0625 1.40625 
.75 1.875 2.0625 1.40625 


Thus, p2(s) can be written 


p(s) = (s? + 0.75)ps(s) (4.77) 
pals) = sè + 2.58? + 2.75s + 1.875 (4.78) 


(7) The polynomial pa(s) is next considered. Application of the same 
procedure results in the factoring 


pis) = (s + 1.5)(s? + s + 1.25) (4.79) 


(8) The zeros of p2(s) are then at +j0.866, —1.5, and —0.5 + jl. 
The zeros of the original polynomial p(s) are located 0.5 unit to the left of 
the zeros of p2(s), or at —0.5 + j0.866, —2, and —1 + jl. Thus, 


p(s) = (sf +5 + I) + 2)? + 28 + 2) (4.80) 


The complexity of the procedure outlined above can be reduced in the 
general case if it is possible to obtain a rough estimate of the shift required 
to move the zeros farthest to the right over to the imaginary axis. Like- 
wise, if Lin's method is used, the procedure is considerably simplified if an 
initial trial factor can be found which approximates a true factor of the 
the root-locus method can be used 


polynomial. In either of these cases, 
to indicate the approximate locations of the zeros. The accuracy of the 


root-locus analysis depends only on the effort expended; generally, it is 
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more efficient to switch to an analytical procedure more amenable to the 
use of a desk calculator once the roots are located approximately. 
In the example used above, the original polynomial is 


p(s) = së + 5s* + 118? + 14s? + 10s 4- 4 (4.81) 


Emphasis is switched from the zeros of p(s) to the zeros of 1 + m(s)/n(s), 
where m(s) + n(s) is identical with p(s). In other words, p(s) is sepa- 
rated into two additive components m and n, preferably chosen such that 
the zeros of m and n can be determined either by inspection or with as 
little work as possible. There are a number of ways in which p(s) can be 
divided: 
(1) One method is to allot the highest powers to n(s), the lowest to 
m(s): 

m(s) = 14s? + 10s + 4 n(8) = 85 + 5s* + 11s! (4.82) 


(2) If p(s) is divided according to its even and odd parts, m(s)/n(s) is 
2 ratio of the form even/odd or odd/even. If p(s) is Hurwitz, m(s)/n(s) 
is & reactance function, with all poles and zeros simple and alternating 
along the jw axis. 


(3) A particularly simple division of p(s) involves the selection of 
n(s) as & polynomial of the form 


n(s) = s + 5s* + 11s? + as? + bs (4.83) 


The first three coefficients of n(s) are made identical with those of p(s) by 
selecting the zeros of n(s) according to the conditions 


Sum of zeros of n(s) = —5 
Sum of zeros taken two at a time = +11 (4.84) 


The five zeros of n(s) are chosen as follows: one zero is placed at the origin; 
two additional real zeros are selected to add to —5: e.g., — 1 and —4; the 
other two zeros, which must have a sum of zero, are chosen to make the 
sum of all the zeros taken two at a time equal to --11. If these two are 
denoted ia, the quantity a is determined by the condition 


0[(—1) + (74 + @ + (—a)] + (-1)((—4) + (a) + (—2)] 
+ (-4)[@ + (=a)] + (a)(—a) = +11 (4.85) 


a= +j VTI (4.86) 
The five zeros of n(s) are then 0, —1, —4, and +j v7, and n(s) is 
n(s) = s(s + 1) (8 + 4) (8? + 7) (4.87) 
The corresponding m(s) is p(s) — n(s), or 
m(s) = —21(s + 1.04) (s — 0.183) (4.88) 


Regardless of the method used to separate p(s) into m(s) and n(s), the 
function 1 + m(s)/n(s) is now formed. In order to complete the 
example, the separation described by Eqs. (4.87) and (4.88) is considered. 
The zeros of the original polynomial p(s) are identical with the zeros of 
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the expression 
14 m() _ —21(s 4- 1.04)(s — 0.183) 


n)" t Se 1G dye 


If the root loci are considered as plots of the motion of the zeros of 
1 + m(s)/n(s) as a function of the gain K, Eq. (4.89) is rewritten 


mG 1 K(s + 1.04)(s — 0.183) 
nO ta F DG- 4 - 7) 


The zeros are to be determined when K is —21. 
The root loci, shown in Fig. 4.49, are constructed by the usual pro- 


ceduré, initiated by location of the poles and zeros of m(s)/n(s) in the 


(4.89) 


i3 (4.90) 


Values of K Shown in Italics 


Fia. 4.49. Root loci for factoring polynomial. 


s plane. The loci desired are for negative values of gain—.e., the loci 

» s + 1.04)(s — 0.183) . 
represent the points at which the phase of EROR d + D s De + ^ is 0°. 
Thus, those sections of the real axis which constitute parts of the loci are 
to the left of an even number of singularities, and, as s tends to infinity, the 
loci approach the asymptotes at 0°, +120°, and — 120°. As indicated 
previously, if the loci are used only to determine a rough approximation 
for the zeros, the loci are constructed with just enough care to indicate the 
general characteristics. 

In the specific example considered here, the loci of Fig. 4.49 demon- 
strate the approximate location of the zeros. Lin’s method or the com- 
bination of Horner’s method and Routh’s test can then be employed for a 
more accurate factoring of the polynomial. Alternatively, the root- 
locus method can be employed as à complete procedure for the factoring 
of polynomials if the loci are constructed with more accuracy in the 
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vicinity of the points corresponding to the appropriate value of gain. 
If the original polynomial is of a high degree, the two components (m and 
n) can individually be factored using the root-locus techniques. 
Parameter Variations. The root-locus method can be used for the 
study of the effects of the variation of a single parameter in a network. 
If z is the changing parameter, the root-locus method is most easily 
applied if the transfer function of the network is written in the form 


1 + 2G,(s) 
1+ zGy(s) 


Here G(s), G(s), and G.(s) are independent of x, and f(z) is independent 
of frequency s. Poles of G(s) may be generated by poles of G.(s), zeros of 
1 + zG(s), or poles of G.(s). Likewise, the zeros of G(s) may be zeros of 
G.(s), zeros of 1 + 2G.(s), or poles of G,(s). Thus, the manner in which 
n Ra È changes in z cause motion of the 
poles and zeros of G(s) can be ana- 
lyzed by a consideration of the zeros 
of the two functions 1 + zG.(s) 
and 1+ 26G,(s). xz is considered 
as a variable gain, and G,(s) or 
G,(s) as the open-loop transfer 
function. 
The circuit of Fig. 4.50 illustrates the specific details of the analysis. 
If Go (that is, 1/R2) is the parameter which varies, the corresponding 


G(s) = f(z)G«(s) (4.91) 


Fic. 4.50. Circuit with variable Ra. 
(Values in ohms, henrys, and farads.) 


4 E " 
motion of the poles and zeros of *. (s) is determined in the following steps. 
1 


(1) The transfer function of the ladder network is derived in the 
usual manner, by assuming an output voltage and working back toward 
the input. If E;is assumed unity, 


Current through C = Ic = ECs = 2s 


(4.92) 
Voltage across E; = Er, = Es + Ic(Rs + Ls) 
= 1 + 28(% + 38) 
=s+ts+1 (4.93) 
Current through R: = Ir, = A = Gs(s? + s + 1) (4.94) 


Current through Ri = Iı = Ir, + Ic = Gos? + (Gs + 2)s + e 


Input voltage = E; = Er, + 11k: = (s? ++ s + 1) 
4 + (Gos? + (Gs + 2)s + Gal 


6i 6; Gs 
-(iS)o 2e s (4.96) 
E 
Transfer function = T (8) 
1 


1 
= U + G,/2)s + (2 + G2/2)s -+ 1 + Gr/2 


(4.97) 
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(2) The transfer function is written in the form of Eq. (4.91) by 
rewriting the numerator and denominator polynomials as a sum of the 
form pi(s) + xp2(s), where pi(s) and p2(s) are polynomials in s and inde- 
pendent of the variable z. In this example, the appropriate form is 


Es 1 
Eg, 9 7 $X3:041-F Gis F s+ D] 


(4.98) 


The polynomial s? + 2s + 1 is now factored from the denominator to 
yield , 
Es 1 1 
#9 ~#4241,, 5 84841 
lc GG 2s D 


(4.99) 


Comparison of Eqs. (4.91) and (4.99) indicates that, in this case, 
r=: (4.100) 


fa) =1 (4.101) -1 ps 

G(s) = FEES! (4.102) i 
Gals) = 0 (4.103) 
Gs) = DAI (4.104) 


(3) The only root-locus plot re- 
quired here is that for 


Gz +s+1 
1+2G(s) =-l+ 9340541 


(4.105) 


G,(s),is considered as the open-loop Values of G3 
transfer function, and G;/2 is associ- in Italics 

ated with the gain along the loci, as 5 
shown in Fig. 4.51. As G» varies -18 
from zero to infinity, the two poles 


E 
of ES (s) move along the paths shown 


EYI 


E: 
Fia. 4.51. Motion of poles of E (s) with 
1 
changes in G2. 


and the two zeros remain at infinity. 
m the variation of Gz about a normal operating value G;o is of interest, 
e procedure can be modified slightly. After the transfer function 


D 
2 H 
E (s) is determined, G2 is replaced by the quantity Geo + AGs. The 


analyn is then carried through as described above, but with AG: con- 
sidered as the variable parameter. For example, if in the analysis of the 
circuit of Fig. 4.50 the variations of G2 about a normal value of 2 are to be 


studied, Eq. (4.97) is rewritten 
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1 


go- 


[1 + 3(2 + AG2)]s? + [2 + 3(2 + AG2)]s + 1 + 3(2 + AG:) 


(4.106) 


The denominator of the transfer function is written as a sum of the form 


pr(s) + AG: po(s): 


E: 
po~ 
Equation (4.107) is written 


FO- 


1 
28? + 3s + 2 + $ AGs(s? + 8 + 1) (4-107) 
1 i 
2(s? + 1.5s + 1) 7 Pan SIEGE (4.108) 
He AGs ey 1.58 +1 


The root-locus diagram, with both positive and negative values of AG? 
now of interest, is shown in Fig. 4.52 for AG; varying over the range from 


i3 ; 
T N cy jo 
TERGA ^ 
neo prece 
AG;=—1 


Fia. 4.52. Effect of small variations of G: 
around 2. 


—1 to +1. The form is similar to 
that of Fig. 4.51, except that the 
“open-loop” poles are now at the 
zeros of s? + 1.5s + 1, rather than 
s* + 2s +1. Exactly the same 
information is carried in Figs. 4.51 
and4.52. In the analysis of a com- 
plicated network, when the loci 
must be constructed graphically, 
consideration of the variation about 
a normal operating value oceasion- 
ally simplifies the analysis. 

The example considered above is 
sufficiently simple that the study 
can be carried out without the root- 
locus techniques. In a more com- 
plex ease, however, use of the loci 
systematizes the analysis. The 
method is useful if both transient 
and frequency responses are desired 
as a function of a cireuit parameter, 
When the frequency response only 


is to be studied, analysis is more simply effected in terms of the asymptotic 


plots of the gain |» (jo) | versus frequency, if the variable parameter 
1 


enters into the determination of only one or two break frequencies. 


Other Applications. 


the root-locus techniques are useful. 


There are a number of other problems in which 


In network theory, for example, 


the realization of a specified transfer impedance (output voltage/input 
current) by a reactive network terminated in a resistance is based on the 
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equation 


E 

Zu(s) = ESO] (4.109) 
The various terms are described in Fig. 4.53: G is the load conductance 
1/R; zi (s) and 222(s) are the open- 
circuit transfer and driving-point — (s) 
impedances of the lossless network. ° 
In a typical problem, the poles of 
212(s) and zss(s) are identical, with 
the result that the zeros of Z12(s) 


5) 


Network 
[z2(5), 222(3)] 


are the zeros of z12(s), and the poles 
of Zis(s) are the zeros of 1 + Gz«s(s). Zao Fe 
If the coupling network consists Ble). 
only of inductors and capacitors, ni) TG) with Roo 
the poles and zeros of z22(s) are Ez(a) 


simple and interlaced along the jw Z2(8)= Tis) with =o 


axis. With the network working A s 
into an open-circuit (G = 0), the E aaa of transfer imped- 
poles of Zis(s) are those of z12(s) 

or z»(s). As the network is loaded (G increased), the poles are shifted 


into the left-half plane and then toward the zeros of 2:;(s). A root-locus 


Values of Gain G 
in Italics 


= k st+1 
Fic. 4.54. Root loci for 1 + G a6? + D 


investigation of 1 + @z22(s) demonstrates the manner in which the loading 
of the network leads to this shift of the poles of the transfer function. 
For example, Fig. 4.54 shows the root loci when t 
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+i 


TEN (4.110) 


za(s) = 


The root-locus method is also useful in the analysis of the transfer 
function of a tandem combination of networks. The discussion of par- 
titioning in Sec. 3.8 demonstrates that the over-all transfer function for 
the configuration of Fig. 4.55 is 


2120712 
je) = A All 
ns) Zora + 215 (4110) 


The poles of zi;(s) are the zeros of zo» (s) + zus(s), or 1 + (1/z:so)21s- 
Accordingly, if the poles and zeros of both zz% and zi; are known, the 
poles of zy(s) can be found from the root loci. 


I (8) 


= 


Network a 
222, (8) 212,(5) 


Network b 
Zyy (0) zia, (0) 


LES 
ale) 1, (8) 


Fie. 4.55. Tandem connection of two networks. 


4.6. Concluding Comments. The root-locus method represents à 
graphical procedure for the determination of the zeros of a polynomial in 
terms of the zeros of two additive parts. In the design of feedback con- 
trol systems, the method provides a means for working in terms of the 
poles and zeros of both closed-loop and open-loop transfer functions and, 
consequently, permits the designer control over both transient and fre- 
quency responses of the system. As a simple, rapid method for factoring 
polynomials, the root-locus techniques also are applicable in a variety of 
other analysis and design problems. 

The key to the root-locus method lies in the techniques for approximate 
construction of the loci. Basically, the loci move from the poles to the 
zeros of the open-loop transfer function. In the majority of cases, 
familiarity with a few simple loci is sufficient to permit the analyst to 
sketeh rapidly the general form of the loci, even with considerably more 
complex configurations and particularly if the poles and zeros are spread 
widely over the plane in order that the loci in one region depend on only a 
few of the critical frequencies. The rules and procedures described in 
Sees. 4.2 and 4.3 form the basis both for rapid, approximate construction 
and for more accurate construction, if required. The examples of this 
chapter and Chap. 6 indicate the nature of the loci for a variety of pole- 
zero configurations which arise frequently in the design of feedback 


control systems. ; A b 
There are a number of questions which logicallv arise in the use of the 


root-locus method: 
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(1) How is the root-locus approach used to guide the design of a system to control 
the effect of disturbing signals entering at points other than the input? 

(2) Since the root-locus method is based on the transfer functions as descriptions 
of the system components, how are the transfer functions derived from experimental 
measurements? 

(3) Can the root-locus techniques be applied in the design of a-c servomechanisms? 


Discussion of these questions is postponed until Chap. 6, since the same 
questions arise in connection with Guillemin’s synthesis procedure, pre- 
sented in the next chapter. 


CHAPTER 5 


SYNTHESIS THROUGH 
POLE-ZERO CONFIGURATIONS 


The root-locus method of synthesis represents a radical departure in 
philosophy from the more conventional methods of design working in 
terms of the frequency-domain behavior of the open-loop transfer func- 
tion. By working through the poles and zeros of the various transfer 
functions, the designer is able to control simultaneously the frequency 
response and the transient response. He need no longer depend on rather 
tenuous relationships between frequency and time domains. It is cer- 
tainly true that, in the vast majority of feedback control systems, realiza- 
tion of a value of M, of 1.3 leads to a system with a suitable step-function 
Tesponse. Unfortunately, however, it is all too often the unusual system 
that the designer is called upon to consider. The emphasis on fire-con- 
‘trol equipment and other high-performance systems attaches even greater 
significance to transient performance. Indeed, often in fire-control 
problems the transient response is the only acceptable measure of system 
performance; frequency response is primarily of interest in the investiga- 
lion of the noise power coming through the system. 

The wide acceptance in the feedback-control field of design through 
poles and zeros is based largely upon three advantages: 


(1) The ability of the designer to control transient response, 
(2) The ability of the designer to control the effect of lond-torque disturbances or 


other corrupting signals. "This facet of the design problem is discussed in detail in 
Chap. 6. 


(3) The cireumspection such a method affords the designer. 


The principal disadvantage of this method of design lies in the extent of 
the requirements imposed on the designer: familiarity with Laplace- 
transform methods and with the significance of various pole and zero 
configurations in terms of transient response. i . "m 
Frequently in the design of feedback Systems, problems arise where it is 
highly desirable to work in a more logical synthesis pattern. The word 
synthesis rigorously implics a Jogical procedure for the transition from 
specifications to system. In pure synthesis, the designer is able to take 
the specifications and in a straightforward path proceed to the final 
system. In this sense, neither the conventional methods of servo design 
nor the root-locus method is pure synthesis, for in each case the designer 
attempts to modify and to build up the open-loop system until he has 
278 
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reached a point where the system, after the loop is closed, will be 
satisfactory. 

In many ways, this state of the art of servo design is analogous to the 
conventional filter theory of the communications engineer. Conven- 
tional filter theory, characterized by the constant-k and m-derived sec- 
tions, essentially involves a building-up of the filter, section by section, 
until satisfactory characteristics are obtained. On the other hand, 
modern filter theory, typified by Darlington’s procedure for the synthesis 
of filters for prescribed insertion loss, has taken an approach which 
involves two steps: 


(1) A transfer function in the complex frequency s is determined from the specifica- 


tions, 
(2) The transfer function is realized by a network. 


Guilleminf in 1947 proposed that the synthesis of feedback control sys- 
tems take the same form. Because of the closed-loop nature of the 
servo problem, three steps are necessary: 


(1) The closed-loop transfer function is determined from the specifications. 
(2) The corresponding open-loop transfer function is found. 
(3) The appropriate compensation networks are synthesized. 


Such an approach to the synthesis of closed-loop systems represents a 
complete change in basic thinking. No longer is the designer working 
inside the loop and trying to splice things up so that the over-all system 
will do the job required. On the contrary, he is now saying, “I have a 
certain job that has to be done. I will force the system to do it.” 

In practice, of course, no one method of synthesis is always optimum, 
regardless of the problem. Certain types of problems are best suited to 
certain techniques. Guillemin’s philosophy and the details of the 
methods to carry it out are widely useful tools in the feedback-control 
field. In the last analysis, the capable engineer has at his command 
as many different techniques as possible; on the basis of his experiences 
and the nature of the problem, he uses those techniques which are appro- ®' 
priate. Indeed, in any one system design, a variety of techniques may 
be useful, particularly if the system is complicated with a number of 
different loops to be designed or if the specifications relate to specific 
characteristics of the performance in both time and frequency domains. 
It is the purpose of this chapter to present the methods associated with 
Guillemin’s approach and to indicate the types of problems in which 
these methods are of greatest assistance. 

5.1. Determination of the Closed-loop System Function from the 
Specifications. The initial step in Guillemin’s procedure involves the 
determination of the closed-loop system function from the specifications. 
Essentially what is required is an analytical statement of the specifica- 


tJ. G. Truxal, Servomechanism Synthesis through Pole-zero Configurations, M I'T 
Research Laboratory of Electronics Tech. Rept. 162, August 25, 1950; and M. R. Aaron, 
Synthesis of Feedback Control Systems by Means of Pole and Zero Location of the 
Closed Loop Function, Trans, AIEE, Vol. 70, Part II, pp. 1439-1445, 1951. 
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tions and, in particular, a statement in such a form that it is readily 
interpreted in terms of the poles and zeros of the closed-loop system 
function. This part of the design is in many ways the most difficult part 
of the problem, for, in the feedback-control field as in most other branches 
of engineering, specifications may take a wide variety of forms and be 
undesirably vague. It is impossible here to consider more than the com- 
monest specifications. When unusual specifications arise in particular 
problems, a heavy burden is placed on the designer to interpret these into 
analytical forms. This difficulty is, of course, not a disadvantage of 
Guillemin’s approach; rather, it is characteristic, regardless of the design 
method used. 

The choice of an over-all system function is governed by two general 
factors: the fixed components and the performance specifications. By 


Compensation Fixed Elements 


Gy (8) Gala) 


Fic, 5.1. Simple single-loop feedback control system. 


the term “fixed components" is meant those components (commonly the 
elements of the controlled system and the motor, gear train, and power 
members) which must be used for economic or availability reasons. In 
general, the nature of these fixed components determines the excess of 
poles over zeros required for the closed-loop system function C(s)/R(s); 
while the performance specifications determine suitable regions in which 
these poles and zeros may lie. 

The manner in which the nature of the transfer function, G;(s), of the 
fixed components constrains the selection of C/R is illustrated by Fig. 5.1, 
representing a simple unity-feedback single-loop system with tandem 
compensation. C/R is related to G2(s) by the expression 


c X Gi(s)G2(s) 
RO 7 1X 6,9649 (53) 


Here G;(s) is the transfer function of the compensation network. In any 
physical system, the open-loop transfer function tends to zero at high fre- 
quencies, with the result that 


C 
9 — (Gals) (5.2) 
If the compensation is to be easily realized by a physical system, it is 
desirable that G(s) not possess a pole at infinity. Consequently, C/R 

1It is mathematically permissible for Gi(s) to possess poles at infinity, and theo- 


retically such a network could be built, or at least constructed to any desired accuracy 
over any specified finite portion of the frequency spectrum. Any design procedure 
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must tend to zero, as s approaches infinity, at least as fast as G(s). In 


other words, 
(Ny — Ne)orr = (Np — Nada, (5.3) 


The excess of poles over zeros for C/R must at least equal the excess for 
Gz. 

The second factor determining the choice of C/R is the set of per- 
formance specifications. The commonest specifications are those dis- 
cussed in Sec. 1.7 and include the error constants, the bandwidth, and the 
general characteristics of the transient response. In each case, it is 
necessary to be able to interpret specifications of these types in terms of 
the poles and zeros of the closed-loop transfer function. Although par- 
ticularly applicable in Guillemin’s approach, the relationships derived 
below are basic and of importance regardless of the synthesis procedure 
used. 

The error constants of interest are the position, velocity, and accelera- 
tion constants. Interpretations of these constants in terms of the steady- 
state errors, frequency response, sensitivity, and time delay and rise time 
of the step-function response were developed in Sec. 1.8. These error 
constants are determined completely by the positions of the poles and 
zeros of the closed-loop system function. 

As shown in Eq. (1.250), the generalized position, velocity, and acceler- 
ation constants are defined in terms of the Maclaurin expansion of the 
transfer function Æ(s)/R(s), the ratio of the transform of the actuating 
signal to the transform of the input:f 


E 1 i d 
nV UVLLEQ ae a c3 


As a result of the relation between C/R and E/R, the error constants also 
serve to define the Maclaurin expansion of C/R: 

lon mler a Fa 
TASKEN Kee mae (5:5) 


The relation between Kp, K», and Ka and the poles and zeros of C/R is 
readily determined if C/R is written in factored form: 


(s +z) (s + 22) © + + (8 2u) 
(s + pi)(s + p2) © + © (8 + Pa) 


With this notation, the zeros lie at —z;, the poles at — pj. 


(a 
pO dc 


c() =K (5.6) 


which admits this possibility immediately permits the selection of the ideal over-all 
system function C/R = 1, regardless of the nature of the fixed components. This 
difficulty simply means that engineering judgment must be used to restrict the 
admissible class of functions. 

T If the system does not possess unity feedback, the generalized error constants are 
ordinarily defined in terms of the E;/R transfer function, where E; refers to the 
equivalent unity-feedback system: that is, Ei is I — C. where I is the desired value of 
the output. 
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C s = 
(1) Kp: K, is simply related to a (0), as shown in Eq. (5.5). 


QM TI 
EDUC 


(5.7) 


Solution for K, in terms of 2 (0) and substitution of pole and zero values 


fort (0) yields 


K n Zj 
K, = ——+- — (5.8)1 
II»-Xl[lz 


jel jel 
(2) K,: The derivative of C(s)/ R(s) at the origin is equal to —1/Ke- 
In most servo systems, R (0) = 1, with the result that 1/K, can be 


written T. 
if 
x == s [nz e. (5.10) 


The operation of taking the logarithm replaces the multiplication of 
factors in C/R by an addition. Substitution of Eq. (5.6) into (5.10) 
yields 


d 
x--|ekenerme «i In (8-22) 


v 


Gp): e + pa}, (5.11) 
iis fipa el 2 UE 29 
T 3 Gat TES stp 8 + Pn/ smo 
(5.12) 


1 $ 1 S 1 
—-— C E ES 5.13)* 
K, he a ( ) 
jel j=l 
m 


t The symbol I indicates the product of all factors from j — 1 to and including 
j=1 
3 


jam. For example, I aj = 0s. 
j=l 
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(3) Ka: Equation (5.5) indicates that —2/K, is equal to the zero- 
frequency value of the second derivative of $9. For the clearest 


interpretation in terms of the poles and zeros of C/R, Kais also written in 
terms of the logarithmic derivative. 


TOE A RS 


Consequently, if S (0) is equal to unity, 


" z = ips L er. zi B (5.15) 


Differentiation of the right side of Eq. (5.12) and substitution of s — 0 
yields, with K, as given in Eq. (5.13), 


5 1,91. Wi ^ 
Ems DE We 
j=l j=l 


If K, is infinite, Ka is expressible directly in terms of the squared recip- 
rocals of the poles and zeros. 

Equations (5.13) and (5.16) are of basic importance in servo synthesis 
for they represent the correlation between the error constants and the 
system response characteristics. Indeed, these two equations are simply 
another way of stating the relationship between the velocity and accelera- 
tion constants and the time delay and rise time of the step-function 
response of the system. In addition, the two equations place in evidence 
the manner in which lead and integral equalization permit control over 
K, and Ka without affecting relative stability, and, by presenting the 
effects of conventional compensation schemes in a somewhat different 
light, the equations indicate more general methods of compensation. 
These interpretations of Eqs. (5.13) and (5.16) are clarified by the 
following comments. 

Independence of K, and Ka. The two equations indicate that there 
exists the possibility for more or less independent control over K, and Ka. 
One simple example points this up rather forcefully. If a simple second- 


z GEN oI ; 
order servo system is considered, z (s) is given by the equation 


Ox. a wk 
R dr + ons + ox G) 


1/K,, the sum of the reciprocals of the negatives of the poles, is simply the 
ratio of the last two coefficients of the denominator: 


lr (5.18) 


K, o 
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Determination of Ka can be effected either by making a direct Maclaurin 
expansion of P (s) by long division or by use of Eq. (5.16), with the 


result 
1 1-4" 
Ka ws 


(5.19) 


Clearly, Ka is infinite if 
p[-3 (5.20) 


Certainly from the standpoint of system performance, there is little 
choice between relative damping ratios of 0.4, 0.5, or 0.6, although 
judgment of the system characteristics from K, would indicate that 0.5 
was far and away the best choice. This example, as well as the discussion 
of Sec. 1.8, reaffirms the dangers associated with attaching too much sig- 
nificance to the higher-order error constants. 

Pole-zero Configurations for Infinite Velocity Constant. The expression 
for K, in terms of the poles and zeros is 


1 3 1 V 1 
K, Y Dj » 2j ( 
j=l j=1 


On the basis of this equation, the relationship between the velocity con- 
stant and a variety of simple pole- 
zero configurations can be readily 
deduced. As an example, the vari- 
ous configurations which yield 
an infinite velocity constant are 
determined. 

The pole-zero configurations con- 


“Ps s-plane sidered in detail in the following dis- 
x-p. cussion are all characterized by the 
s : fact that the principal characteris- 

. 52. i poles a principal c 
Tek, bas t a a tics of the transient response of the 


system are fixed by one pair of con- 
jugate complex poles, —p; and —pz in Fig. 5.2.1. All other poles are 
placed either so far out to the left in the complex plane (as —2» — Pa 
and — ps) or so close to a zero (as — ps) that they contribute negligibly to 
the transient response. To a first order, the system characteristics are 
determined by the two control poles —p; and — p; and any zeros in the 
significant part of the plane. Extensive consideration of this apparently 
oversimplified case is justifiable on at least three grounds: 

First, even if classical methods of design were used, the majority of 
feedback control systems, in their final form, degenerate, at least to & 
rough approximation, to essentially this simple system. Control of the 
system characteristics by one pair of poles is synonymous, in terms of the 


+ J. H. Mulligan, Jr., The Effect of Pole and Zero Locations on the Transient 
Response of Linear Dynamic Systems, Proc. IRE, Vol. 37, pp. 516-529, May, 1949. 
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Nyquist-diagram approach, with a nice, clean tangency to the desired 
M, circle. 

Second, if system synthesis is carried out using Guillemin’s approach, 
restriction of significant critical frequencies to one pair of conjugate 
complex control poles plus one or more zeros gives the designer all the 
freedom he can intelligently use. Intelligent design, whether by the 
root-locus method or through Guillemin’s approach, requires that the 
designer be able to interpret effects of the motion of the poles and zeros in 
terms of the consequent changes in the transient response. Thus, in a 
practical case, although a suitable system might be designed using a large 
number of significant poles and zeros, the designer is ordinarily better off 
to yield some of this freedom and go to a simple system which he can 
handle. 

Third, in certain specific cases, it is admittedly not feasible to reduce to 
two the number of significant poles in the over-all system function. This 


s- plane 


(b) 
Fig. 5.3. Two pole configurations which can be made to yield similar transient 
responses. 


difficulty does not mean that satisfactory dynamic performance cannot 
be realized. Essentially similar characteristics, for example, can be 
obtained from the two pole configurations of Fig. 5.3. The decreased 
relative stability indicated by the diminished relative damping ratio of 
the complex poles as the transition is made from part (a) of the figure to 
part (b) is offset by the introduction of a pole on the negative real axis. 
The difficulty in reduction of system complexity is encountered, for 
example, in the design of aircraft control systems, in which the aero- 
dynamical, mechanical, and hydraulic components lead to a relatively 
complex system before any compensation or stabilization is introduced. 
Even in higher-order systems, however, the basic ideas of this analysis are 
valid. The consideration of the simple two-pole system suffices to 
describe the fundamental features of the method. 

There is an even more decisive reason for considering this particular 
configuration, for by the use of this configuration, Guillemin guarantees 
that the poles of the open-loop transfer function lie on the negative real 
axis, with the result that tandem compensation can be accomplished by 
RC networks. This aspect of the configuration is discussed in detail in 
Sec. 5.8. In these characteristics of this configuration lie one of the 
novel features of Guillemin’s approach and, to a very great extent, the 
keystone of the success of this method of synthesis. Therefore, the 
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following discussion considers only the simplest type of pole-zero con- 
figuration, that shown in Fig. 5.2, and the appropriate positions of the 
zeros for infinite velocity constant are investigated. 


For a control system in which R (0) = 1, the velocity constant is 


simply related to the logarithmic derivative of the system function at 
the origin by Eq. (5.10), repeated below. 


x =— s [n € ol, (5.22) 


Visualization of those pole and zero positions which lead to an infinite 
velocity constant is aided by the use of a potential analogy. If the poles 
are considered as electric line unit charges of one polarity, the zeros of 


d d gd as [^i 3 
the opposite polarity, the derivative of R (s) corresponds to the electric 


field, or the force on a unit charge. The velocity constant, consequently, 
is analogous to the inverse of the electric field at the origin, an infinite 


Tic. 5.4. Configuration to illustrate po- Fia. 5.5. Configuration yielding infinite 
tential analogy. velocity constant. 


velocity constant to zero electric field. The use of the analogy is illus- 
trated by Fig. 5.4, portraying a very simple pole-zero configuration. A 
pair of conjugate complex poles is placed at —1 + j, corresponding to an 
wn of V2, a t of 0.707. One finite zero (at —21) is to be used to make the 
velocity constant infinite. The required value of z, is desired. 

In the potential analogy, there is no vertical field at the origin regard- 
less of the value of z, since the vertical components of the two conjugate 
line charges cancel. The two horizontal components of the field at the 
origin add, however. Each field component is of the form (cos @)/w,, 
since the electric field due to a unit positive line charge is of the form 1/7, 
where r is the vector from the charge to the point of interest. The net 
horizontal field due to the two pole charges is then (2 cos 6)/«, or unity. 
The zero causes a horizontal field component in the opposite direction 
and of magnitude 1/zı. Realization of infinite velocity constant thus 
requires that zı be equal to unity, as shown in Fig. 5.5. 

Vaaiation of the relative damping ratio associated with the conjugate 
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poles results in a variation in the required zero position. As the poles 
approach the jw axis (¢ tending to zero), the horizontal field component 
decreases and the required zero position moves farther to the left in the 
complex plane. The variation of zı with t is shown graphically in 
Fig. 5.6. 

The introduction of additional poles complicates the picture somewhat. 
The addition of one pole on the negative real axis (Fig. 5.7) modifies 
slightly the required zero position. Addition of the pole at — p; requires 
motion of the zero inward toward the imaginary axis in order that the 
zero-frequency component of the electric field resulting from the line 


Fio. 5.6. For configuration of Fig. 5.4, 21 Fig. 5.7. Configuration complicated by 


required to give infinite velocity constant. addition of one pole. 


Fic. 5.8. Zero required for infinite velocity constant with ¢ = 0.5 and one extra pole. 


charge at —2: may be increased enough to offset the component resulting 
from the charge at —ps. For a pair of conjugate complex poles with a 
relative damping ratio of 1, the required value of zı varies with p; in the 
manner shown in Fig. 5.8. It should be noted that Fig. 5.8, as well as 
Fig. 5.6, is drawn only to indicate the general trends of the various effects 
described. In any specific problem, appropriate curves or specific points 
on the curve are quickly determined on the basis of the potential analogy 
or the analytical expression [Eq. (5.21)] for the velocity constant in 
terms of the pole and zero positions. 

Figure 5.8 indicates that the addition of the pole on the negative real 
axis has little effect on the value of 2: required for infinite velocity con- 
stant unless the pole position is of the same order of magnitude as wn. 
The presence of a number of poles, rather than merely one, increases the 
effect on the required position of zi. 

In the preceding paragraphs, the infinite velocity constant was realized 
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by a single zero on the negative real axis. A somewhat more complex 
scheme with certain advantages discussed later involves the use of a pair 
of finite zeros either on the negative real axis or at conjugate points. As 
an example, poles are assumed to lieat —1 + jand —6. A pair of zeros 
is to be added to make K, infinite. Suitable locations for these zeros 
can be determined either from the potential analogy or directly from the 
equation for K, in terms of the pole and zero positions: 


1 ` 1 = 1 
= = E 5.23 
K, DE e ( ) 
j=l j=l 


In this case, with K, equal to infinity and the poles as assumed, 


1 1 1 I 
Dir bingo 
T--- (5.25) 


If the zeros are complex, their positions are more appropriately described 
by the associated relative damping ratio and undamped natural resonant. 


ja frequency, 


-1+j 
x 


E [to 
3 iy 


zb avt 
6 (5.26) 


Equations (5.25) and (5.26) describe 
the locus of Fig. 5.9. With one zero 
at infinity, the other is located at 
—0.86. As the former moves in, the 
other moves out, with the appropri- 
ate position of the double zero at 
—1.72. The locus is completed by the two semicireular arcs shown. 
Zeros at any pair of values on this locus result in an infinite velocity 
constant. t 

Ciearly the number of zeros and poles considered could be increased 
still further, but it appears that a system of the complexity of Fig. 5.9 is 
approaching the limit of the designer’s ability of interpretation. It was 
pointed out in Sec, 1.4 that even in a case of this complexity the general 
characteristics of the transient response are not always obvious. 

The above discussion is an attempt to indicate a line of reasoning and a 
way of looking at the design of feedback control systems. The relation- 
ships between the error constants, particularly the velocity constant, and 
the poles and zeros of the closed-loop system function are material aids in 


Fic. 5.9. Locus of two zeros for infinite 
velocity constant. 


T The negative real axis between —0.86 and the origin and the positive real axis 
are also paired as part of the complete locus, but in most feedback control systems 
it is desirable to avoid nonminimum-phase system functions (.e., functions with zeros 
in the right-half plane). 


—— — - 
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increasing the designer’s circumspection, regardless of the design tech- 
nique he may choose to use. The zero loci for infinite velocity constant 
are one example of methods of manipulation of these relationships. 
Even though an infinite velocity constant may not be desired in a specific 
problem, the loci and the potential analogy indicate the general nature 
of the pole-zero configurations leading to a high K..  Combination-of this 
relationship between the configuration and K, with the obvious relation- 
ships between the pole and zero positions and the bandwidth, relative 
stability, and significant time constants in the transient response permits 
the choice of a pole-zero configuration to meet the common types of 
specifications. 

Compensation in Terms of Pole-zero Configurations. Regardless of the 
design method used, compensation of a feedback control system can be 
viewed as a boost in the velocity constant (or open-loop gain) while 
maintaining the relative stability roughly constant. Conventionally, 
compensation is either or both of two types: integral or lead. The effects 
of integral or lead compensation on the open-loop transfer function are 
well known and discussed in considerable detail in any of the basic servo 
texts. It is helpful, in addition, if the designer is aware of the effects of 
various methods of compensation on the closed-loop system function. 

In the preceding paragraphs, it was shown that one method of boosting 
the velocity constant entailed the addition of a simple zero on the negative 
real axis. In more conventional terms, the addition of this zero cor- 
responds to lead or derivative com- 
pensation. Addition of the zero 
boosts both the bandwidth and the 
velocity constant. Since the nu- 
merator polynomial of the over-all 
system function is identical with that 
of the open-loop transfer function, 
the zero added to the pole-zero con- 
figuration appears as the zero of the 
lead-compensation network. The 
relative positions of the pole and zero of the lead-network transfer func- 
tion depend upon the location of this zero in the over-all pole-zero 
configuration. 

An alternate method for increasing the velocity constant is evident 
from a consideration of the relation between K, and the pole and zero 


positions: 


Fia. 5.10. Basic pole-zero configuration. 


n 1 A 

1 1 

É-Llz-ÀAi (5.27) 
j=l j=l 


One basic pole-zero configuration is shown in Fig. 5.10. K,, as given by 
Eq. (5.27), can be changed significantly without appreciable effect on 
either the transient or frequency response if a dipole is added near the 
origin (Fig. 5.11). The zero at —z; and the pole at — p; are placed suffi- 
ciently close together that the residue of the transfer function in the pole 
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at — p: is made negligible. This can be done since the residue is propor- 
tional to the separation of the pole and zero. Even though p; and z; are 
nearly equal, there may be a significant contribution to 1/K, in Eq. (5.27) 
because the inverse values, 1/p; and 1/z;, are large numbers compared to 
the other terms in the equation. ` 

As a specific example of this method of raising K,, the configuration of 
Fig. 5.12 is considered. Poles are located at —1 + jl and —5, and a 
zero is at —4, with the resulting system function 


€ oy) = — 208 + 4) 
R^' ~ (s? + 2s + 2)(s + 5) 
The velocity constant, computed from Eq. (5.27), is 1.05. A dipole is 


added near the origin on the negative real axis. „Since the velocity con- 
stant is to be increased, the zero must be inside the pole (in order that 


(5.28) 


Fi. 5.11. Dipole added to configuration  Fia. 5.12. Configuration for example of 
of Fig. 5.10. integral equalization. 


1/p; may be less than 1/z; to result in a decrease in 1/K,, an increase in 
K,). The resulting over-all system function is 


Pi (s + 4) (8 + 2) 
5= 

zi (F 2s +2) (e + e+ p) qn 
The amplitude of the added term in the unit step-function response is the 


SG = 2: 


p LG. 
residue oj ER (s) in the pole at —p;: 
pi (4 — p) (z: — pi) 
ko; = 2.5 = 7——— d —— o 
b zi (—pi)(p} — 2p. + 2)(5 — pi) 

If p; is much smaller than any of the poles or zeros in the original con- 
figuration, the residue is approximately 
mE. 4(z — pi) 
(—z) 10 
ks qm 


Zi 


(5.30) 


k-n = 2.5 (5.31) 


(5.32) 


If the added transient term resulting from the addition of the pole is to 
have an initial amplitude less than 5 per cent, it is necessary that p;/2; lie 
between 1 and 1.05. 


CLOSED-LOOP SYSTEM FUNCTION 291 


If p; and z; are chosen to yield a ratio satisfying the above condition, 
the transient response of the system is not appreciably affected by the 
addition of the dipole. Specifically, the response to a unit step function 
is changed in two ways: 

(1) The term (—1 + pi/z;)e7?: is added. 

(2) The original terms are modified, but only slightly because, as a result of the 


fact that the fraction (s + z;)/(s + p;) is essentially unity at the original poles, the 
residues at these poles are almost unchanged by the dipole addition. 


Thus, p; and z; must be chosen subject to the above constraint (p;/z; less 
than 1.05) and placed so as to yield the desired K,. With the dipole, K, 
is given by the expression 


(5.33) 


As an example, a K, of 10 is chosen. Then, 


~--= 5 (5.34) 


1 [pi eA 17 
2 (2 — 1) 7 30 (5.35) 


If the maximum allowable value, 


1.05, is selected for p;/z:, the pole and s-plane 
zero positions are found to be x 
pi = 0.059 (5.36) Fie. 5.13. Final configuration for exam- 
z; = 0.056 (5.37) ple of integral compensation. (Not 


.. . drawn to scale.) 
The final pole-zero configuration is 


that of Fig. 5.13; the final system function is 


2.64(s + 0.056) (s + 4) 


c 
RO = G+ 2s + 2l + 5)( + 0.089) (6.38) 


This method of increasing K, by the addition of a dipole is the familiar 
integral compensation. A dipole with the zero inside the pole in the 
over-all system function corresponds to a dipole with the pole inside the 
zero in the open-loop transfer function. (This rather unusual relation 
between open-loop and closed-loop transfer functions is clarified in Sec. 
5.8.) It is of interest to compare the effect of the addition of the dipole 


to the Zo configuration and the known effects of the addition of 


integral compensation to the open-loop transfer function. It is clear that 
from either viewpoint the K, is increased. Inspection of the closed-loop 
pole-zero configuration would seem to indicate that the dipole tended to 
increase the bandwidth slightly since the zero is inside the pole. How- 
ever, for the same relative stability, the bandwidth is somewhat decreased 
as a result of the fact that the dipole tends to make the transient response 
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slightly more sluggish. A sharper cutoff results when this added slug- 
gishness is equalized by a slight decrease in the relative damping ratio 
associated with the conjugate complex poles. 

Consideration of integral equalization in terms of the closed-loop pole- 
zero configuration does indicate that the transient response contains a 
long tail of small amplitude. The term k_,,e~?, which is added to the 
system step-function response, has a time constant of 1/p;, which is large 
compared to the original time constants of the system. Thus, although 
it can be made of small amplitude, a long-duration tail will always exist 
when integral compensation is used. 
^ Generalized Picture of Compensation. The fourth significant result 
based on the equations relating the error constants to the positions of the 
poles and zeros of the over-all system function is the generalized picture 
of compensation as the modification of pole-zero configurations to meet 
specifications on the error constants as well as the general characteristics 
of transient and frequency responses. In this light, lead and integral 
compensation are simply two methods of effecting the desired end. More 
generally, compensation can take a number of forms, of which two are 
particularly simple: 


(1) The addition of zeros. 
(2) The addition of zeros and poles in combination. 


The addition of zeros only is typified by lead equalization, with one zero 
added on the negative real axis, but more generally includes the use of 
pairs of conjugate complex zeros as well as real zeros. The zeros and 
poles in combination can take the form of dipoles or, more generally, 
quadripoles and higher-order systems. In terms of the open-loop trans- 
fer function, these generalized concepts of lead and integral equalization 
correspond to the use of generalized compensation transfer functions, 
including both complex and real poles and zeros. 

5.2. Examples of Selection of Over-all System Function. The method 
of selection of the over-all system function C/R is illustrated by three 
examples which are purposely chosen simple to facilitate understanding 
of the basic elements of the procedure. 

Example 1. For the first example, the specitications considered are the 
following: 


(1) The fixed part of the system is described by the transfer function 


G(s) = wes (5.39) 


(2) The frequency response and transient response are to be generally governed 
by & bandwidth less than 100 rad/sec and a relative damping ratio of the control 
poles of about 0.7, corresponding to a system with a step-function response having an 
overshoot less than 5,per cent. 

(3) The error constants are to satisfy the following inequalities: 


K, > 50/sec (5.40) 
Ka > 100/sec? (5.41) 


The selection of a suitable C/R is divided into four steps. 
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(1) If C/R is chosen consistent with the pole-zero configuration in 
which one pair of conjugate complex control poles governs the response, 
the bandwidth and velocity constant of the system are determined 
principally: by the locations of the two control poles and any finite zeros. 
The first step in determining the configuration involves a decision as to 
the necessity of using zeros. 

If C/R possesses no finite zeros, the bandwidth of the system, defined 
as the frequency at which the gain is 3 db down from the zero-frequency 
value, is directly related to wn and t of the control poles by the relation 


Bandwidth = w,(1 — 2t? + V2 — 4t? + 4¢43 (5.42) 


With a relative damping ratio of 0.7, the bandwidth in rad/sec is equal to 
wn; if ¢ is 0.5, the bandwidth is 1.27wn. The velocity constant, on the 
other hand, is also directly proportional to w, (again under the assump- 
tion that the response is governed by only the two control poles). 


K= > (5.43) 


Inspection of Eqs. (5.42) and (5.43) reveals that, for systems with the 
simple pole configuration under consideration, a bandwidth/velocity- 
constant relationship exists, with the ratio a function of the relative 
damping ratio only. Specifically, in two common cases, the two quan- 
tities are related by the equations 


¢=0.7 K, = 0.71 (bandwidth) (5.44) 
¢=05 K, = 0.79 (bandwidth) (5.45) 


In both above equations, the bandwidth is expressed in radians per 
second. 

The specifications in the example under consideration are sufficiently 
lenient, therefore, to permit realization of the required velocity constant 
and bandwidth without the use of finite zeros. 

(2) The two control poles are placed at —70 + j70, yielding a band- 
width of about 100 rad/sec and a relative damping ratio of 0.7. 

(3) The resulting K, is evaluated from the expression for K, in terms 
of the pole and zero positions [Eq. (5.27)] and found to be 70/sec. The 
system possesses & Ka of approximately 10‘/sec,? with the result that all 
specifications are met by the C/R with these poles. 

(4) The fixed components possess a transfer function with two more 
poles than zeros, so that C/R must have an excess of poles over zeros of 


two. A suitable C/R is then 
dus 9800 
pO = F 140s + 9800 
Example 2. As a second example, the same specifications are used, 
with the exception that the allowable bandwidth is dropped to 50 rad/sec. 


Finite zeros are now required, for the desired velocity constant, 50/sec, is 
greater than that permitted by the allowable bandwidth if no zeros are 


(5.46) 
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used. 1f lead compensation is used (a simple zero on the negative real 
axis), the specifications can be met by the use of one real zero. Figure 
5.14 presents graphically the increase in both the velocity constant and 
the bandwidth resulting from the addition of one finite zero. It is clear 
from the curves that the addition of the zero increases the velocity con- 
stant more than the bandwidth and permits meeting the more stringent 


Pee EF ME H 
-H /| | 


CQ). at 
R(s) ^ a290,5 isn 


Fia. 5.14. Ky and bandwidth for system with two poles and one zero. 


performance specifications of this example. In particular, with t — 0.7, 
the bandwidth is never more than approximately twice wn even if the 
zero is brought in until the velocity constant becomes infinite. Con- 
sequently, the control poles can be chosen at —20 + j20 with the cer- 
tainty that the bandwidth specification will be met. 

(2) The required location of the zero is determined by the specified 


velocity constant: 
EIU Sr xS (5.47) 


If ps is arbitrarily chosen as 160 (it can be shown that if this pole is to con- 
tribute negligibly to the transient response, p; must be roughly six times 
wn), the above equation gives a zi of 27.6. 
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(3) With poles at —20 + j20 and —160 and a zero at —27.6, the 
infinite-frequency behavior of C/R is consistent with that of the fixed 
components and the resulting bandwidth is about 45 rad/sec. The 
resulting C/R is 

e = 4640(s + 27.6) 
RO) = F 40s + 800)(s + 160) 
The corresponding step-function response is shown in Fig. 5.15. 


Example 3. For the third example, the same specifications as in 
Example 2 are met by integral compensation. Since the bandwidth is 


(5.48) 


Integral Compensation 
Cus 2520 (s--34) 
Lead Compensation Ro (&35) (s^ 70s--2450) 


© (5) - 510 (£276) 
R V" (s7:-40s--800) (s+160) 


0 0.02 004 006 008 010 O12 (014 O16 018 
t (seconds) 
Fic. 5.15. Unit-step-function response of examples of Sec. 5.2. 


not appreciably increased by the addition of the dipole, the two control 
poles can be placed at —35 + 735, yielding a relative damping ratio of 
0.7 and a maximum bandwidth of 50 rad/sec. 

Either the pole or the zero of the compensation dipole can be arbitrarily 
placed, or the dipole separation can be specified, as in the preceding sec- 
tion, to control the amplitude of the long-time-constant tail in the 
transient response. If the pole is placed at —3.5, the zero is located from 


the specified value of Ky: 


LESE ate sii 
zw. pK, (649) 
zı = 3.40 (5.50) 
The resulting g (s) is 
C 2520(s + 3.4) 
g (9 = G+ 10s + 2450) (s + 3.5) (5.51) 


The associated transient response is shown in Fig. 5.15. The close 
similarity between the transient responses of the two systems of Examples 
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2 and 3 is noteworthy, particularly in view of the apparently striking 
dissimilarity between the two system functions. 

5.3. Determination of the Open-loop Transfer Function from the 
Closed-loop System Function. "The second step in a synthesis along the 
lines suggested by Guillemin is a determination of the open-loop transfer 
function corresponding to the closed-loop system function chosen to meet 
the performance specifications. It is this step which was the stumbling 
block to successful logical synthesis of servomechanisms before Guille- 
min's work, for in its basic form 
this step involves the evaluation of 
the roots of a polynomial. The es- 
sential problem is illustrated in Fig. 


5.16. E (s) is known, with the nu- 


Cija ps 
R p(s)+q(s) 


Fic. 5.16. Unity-feedback, single-loop 
feedback control system. 


merator and denominator polyno- 
mials in factored form; the poles 
and zeros of the open-loop transfer 


function G(s) are to be found. 
These unknown poles and zeros are related to the known f (s) by the 


equation 
G(s) 


C 
R (s) = T+G@ (5.52) 


If S (s) is written as the ratio of polynomials, p(s)/n(s), and G(s) as 
p(s)/q(s), 


GE p wet | et 

ROn I+ pta (5:53) 
n(s) = p(s) + a(s) (5.54) 
q(s) = n(s) — p(s) (5.55) 


In other words, the zeros of the open-loop transfer function are identical 
with the zeros of the closed-loop system function, while the poles of the 
open-loop transfer function are the zeros of the polynomial n(s) — p(s). 
In general, determination of these zeros involves solution of a polynomial 
of the degree of n(s). It was this problem of zero determination which, 
until Guillemin’s work, discouraged design through this method of work- 
"ing from the over-all system inward toward the compensation networks. 

The foundation for the success of Guillemin’s method lies in the pro- 
cedure he presented to ensure a simple solution to the zero-determination 


: [^] 
problem. He proposed that the pole-zero configuration for R (s) be 


chosen not only to meet the specifications, but also to ensure that all 
zeros of q(s) lie on the negative real axis. If this condition is satisfied, 
the zeros of g(s) can be determined graphically by plots of n(s) and p(s) 
(polynomials with known zeros) for real values of s and by graphical sub- 
traction according to the equation 


a(s) = (s) — p(s) (5.56) 
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The imposition of the additional constraint that all poles of the open-loop 
transfer function lie on the negative real axis is not only necessary if the 
synthesis is to be simple, but also frequently desirable to ensure that the 
transfer functions of the compensation networks be realizable by RC 
networks. 

The critical part of the procedure 
is, then, the choice of the original 
pole-zero configuration for C/R. 
The configuration discussed in Sec. 
5.1 and shown again in Fig. 5.17 is o piane 
characterized by one pair of conju- 
gate complex control poles, one or r y 
more dipoles, poles far to the left in EN aped r a 


the s plane, and one or more finite 
zeros. A configuration of this type meets the two basic requirements: 


(1) Ordinary specifications can be met by choice of the critical frequencies. 
(2) The poles of the open-loop transfer function can be made to lic on the negative 


real axis. 

Although not general, this configuration is not so narrowly specialized 
as might at first glance appear. As pointed out in Sec. 5.1, not only do 
the vast majority of systems designed by any other method essentially 
reduce to this configuration, but in this system the designer has all the 
freedom he can intelligently use, while at the same time he possesses a 


n(o) 


Fic. 5.18. Configuration without dipoles. Fre. 5.19. General characteristics of n(o) 
for configuration of Fig. 5.18. 


clear concept of the nature of the transient response and those factors 
which are significant in determining this response. 

The statement was made above that with the use of the poie-zero con- 
figuration of Fig. 5.17 it is possible to guarantee that all poles of the 
spenloep transfer function lie on the negative real axis. This startling 
phenomenon is demonstrated by sketches of the form of the polynomials 
n(o) and P(o), evaluated for real values of ø. Initially any integral- 
D D MAS dipole is ignored, and the configuration is that in Fig. 5.18. 

ere are one pair of conjugate complex control poles and a group of poles 
far to the left in the s plane on the negative realaxis. Figure 5.19 indi- 


298 POLE-ZERO SYNTHES!S 


cates the general shape of n(c), the denominator polynomial of the over- 
ali system function. For the four-pole case shown, n(c) is a quartic with 
two real zeros, at —p; and —p,. If these two poles of C/R are far to the 
left in the s plane (e.g., at least five or six times as far from the imaginary 
axis as the complex poles), the control poles lead to a dip in z(e) near the 
origin. The location of this dip is clear from the form of n(c): 


n(o) = (s? + Bane + ex) + ps)(o + Ds) (5.57) 
If ps and p, are both appreciably larger than fwn, the first minimum of 
n(c) occurs in the vicinity of —fw,. The larger the value of t, the more 


pronounced the dip (with ¢ = 1, a double root exists and the minimum 
lies on the axis). 


Fic. 5.20. Determination of zeros of q(s) Fic. 5.21. q(s) possesses a pair of conju- 
if p(s) is a constant. gate complex zeros. 


The denominator polynomial q(s) of the open-loop transfer function is 
determined from the equation 


g(s) = n(s) —»(s) ` (5.58) 


a(s) is equal to the denominator minus the numerator of the over-all 
system function. All negative real zeros of g(s) can be found, therefore, 
by superimposing on the plot of n(c) a plot of p(o) and determining the 
intersections of the two curves. p(c) is ordinarily a low-degree poly- 
nomial, usually at most of second degree. If p(c) is a constant, super- 
position of p(c) and n(s) takes the form shown in Fig. 5.20. The two 
curves intersect ate = 0 if, as is ordinarily the case in a servomechanism, 
q(s) possesses a zero at the origin. The other zeros of q(s) are at —2, 
—B,and —y. Furthermore, these are all the zeros since q(s), like n(s), i$ 
a quartic. 

What conditions must be satisfied if all zeros of g(s) are to be negative 
real? In terms of Fig. 5.20, four intersections of the two curves must 
occur. This can be assured by a suitable choice of p; and p4, in par- 
ticular by making ps and p, sufficiently large. If p; is allowed to become 
too small, the situation portrayed in Fig. 5.21 exists: g(s) has one pair of 
conjugate complex zeros which cannot be determined by sketches of 
n(c) and p(c). But in the synthesis procedure and in meeting the 
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specifications, the exact values of p; and p. are not critical. The only 
requirement is that both be sufficiently large to guarantee that the cor- 
responding poles do not contribute significantly to the transient response. 
Thus, if p(s) is a constant, the pole-zero configuration under considera- 
tion here can be made to lead to negative real zeros, exclusively, for g(s). 

Much the same situation exists if p(s) is a linear or quadratic function, 
the two cases shown in Figs. 5.22 (a) and (b). In each case, four inter- 
sections of the two curves can be assured by appropriate selection of ps 
and p4, simultaneously with satisfaction of the condition that ps and pi 
should be sufficiently large. Furthermore, the same conditions prevail 
when n(s) is of degree higher than four and regardless of the degree of 


(a) p(s) A Linear Polynomial (b) p(s) A Quadratic Polynomial 
Fia. 5.22. Determination of open-loop poles. 


p(s) [except for the obvious constraint that p(s) must be of no higher 
degree than n(5)]. 

The diagrams of Figs. 5.20 and 5.22 indicate the general procedure for 
a graphical determination of the negative real poles of the open-loop 
transfer function from the poles and zeros of the closed-loop system func- 
tion. , The figures represent the essential features of the second step of 
feedback-control-syatem synthesis according to Guillemin’s procedure. 
In addition, this general approach of obtaining as much information as 
possible by plots of the functions along the negative real axis is useful in 
establishing correlations between open-loop and closed-loop character- 
istics regardless of the design procedure that may be used. In the follow- 
ing section a number of special techniques and relationships are pre- 
sented to permit full utilization of plots of this type. In addition, the 
discussion considers the difficulties encountered when an integral- 
compensation dipole is introduced in C/R. 

5.4. Additional Correlations between Open-loop and Closed-loop 
Characteristics, The graphical procedure for the determination of the 
open-loop characteristics from the closed-loop system function was 
described in detail in the last section. There are five additional com- 
ments which should be made in connection with this procedure. 

K, in Terms of the Real-axis Plots. The velocity constant K, is 
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placed directly in evidence by plots of n(c) and p(c). As shown in Sec. 
e 

5.1, Eq. (5.9), K, is related to the derivative of R (s): 


1 d[c 
maor [2 [2 oft (5.59) 
In terms of the numerator and denominator polynomials of C/R, 
1 d | p(s) 
male. aia 
A _ [2(0  »p(0)»'(0) 
K, Es ^ n*(0) | om 


With S (0) equal to unity, Eq. (5.61) becomes 


1 _ w (0) — p’ (0) 

rA ae (5.62) 
In a plot of p(c) and n(c), the two curves intersect at the origin if the 
open-loop transfer function has a pole at zero frequency. In addition, 
the difference in the slopes of n(o) and p(c) at the origin is a measure of 
the velocity constant of the system. 
For example, an infinite velocity con- 
stant implies that n'(0) is equal to 
p' (0), or, in other terms, that a double 
zero of g(s) is at the origin, which 
agrees with the familiar criterion 
of a zero-frequency double pole in 
the open-loop transfer function. : 

Integration Dipoles. The graphi- 
Fio. 5:23. De US E cal procedure described in the pre- 
Pole waen musara dipole prent? ceding section for the determina- 
x ; tion of the open-loop poles becomes 
impractical when integral compensation is used to increase the velocity 
constant. With C/R possessing a dipole near the origin, both (c) and 
n(o) possess zeros for slightly negative values ofe. The plots of p(s) and 
n(c) take the form shown in Fig. 5.23, with the near equality of the two 
zero-frequency slopes leading to the possibility of large errors in any 
graphical determination of the intersection. 

The integrating zero of q(s) can easily be found analytically once the 
other zeros are known. From the known poles and zeros of the over-all 
system function C/R, the value of the velocity constant can be deter- 
mined by use of the expression 


&-Ni-)1 (5.63) 
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A second expression for K, is available from the definition in terms of the 
open-loop transfer function: 

z el 

K, — lim [e S 5.64 

EMO Se 
With K., p(s), and all but one zero of g(s) known, Eq. (5.64) yields the 
remaining zero, the integrating pole of the open-loop transfer function. 

This method for the determination of one zero is illustrated by the 

system function of Eq. (5.38), 


(s + 0.056) (s + 4) 


c 
PO = 2:64 G2. + 2) + 5)(s + 0.058) (5:65) 
Here, 
p(s). = 2.64(s + 0.056)(s + 4) (5.66) 
n(s) = (s? + 2s + 2)(s + 5)(s + 0.059) (5.67) 


A sketch of the form of Fig. 5.24 places in evidence at once three poles of 
the open-loop transfer function, at s = 0, — 1.885, and —5.168. Thus, 
the open-loop transfer function is of the form 


p(s) 2.64(s + 0.056)(s + 4) 
q(s)  s(s-- 1.885)(s + 5.168)(s + a) 


The poles and zeros of the closed-loop system function were initially 
chosen to make the velocity con- 
stant equal to 10. Hence, the un- nie) 
known open-loop pole —a is given 

by the equation 


.. (2.64) (0.056) (4) 


(5.68) 


ip(o) 


= (885)(5.168). 6-99) 
ce = 0.00607 (5.70) 


Simplification of Graphical Pro- 
cedure. There are several short 
cuts that can be used to simplify 
the graphical procedure for the de- 
termination of the zeros of q(s): 

(1) Obviously (c) and p(s) 
need be plotted only in the vicinity 
of a zero of q(s). A rough sketch Bue nee ona S the par for the deter- 
of n(c) and p(o) suffices to determine eros ob qp. 
approximately the intersections and, consequently, the regions of interest. 

(2) The pair of relationships for K» [Eqs. (5.63) and (5.64)] can be 
used to determine any one of the zeros of g(s) or to check on the accuracy 
of the graphical calculations. 

(8) Other analytical relations are available to determine other zeros 
or to check the calculations. The simplest of these is the relation between 
the sums of the zeros of n(s) and g(s). The numerator and denominator 
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polynomials of the over-all system function can be written 
no) =s (X p) lo (6.71) 
j-1 jel 


p(s) = k [5 + (Š z) ge ia II z] (5.72) 
j=l gal 


q(s) is the difference of these two functions. In all cases of interest, n is 
at least equal to m + 2, with the result that the first two terms of q(s) 


have the form 
ed» 
I 


Consequently, the sum of the zeros of q(s) is identical with the sum of the 
poles of the over-all system function. From this relation, any one of the 
zeros of g(s) can be found once the other zeros are known. (The rela- 
tionship is of little value for the determination of the integrating zero, or 
any small zero, because of the inaccuracy introduced in the subtraction 
of nearly equal large numbers.) 

Analytical Determination of Two Zeros. The above relation yielding 
the value of the sum of the zeros of 
q(s) and the two expressions for the 
velocity constant, yielding the value 
of the product of the zeros of g(s), 
can be used together to find, very 
simply, any two zeros of q(s). 

Approximate Determination of 
Large Zeros, The approximate de- 
termination of the real zeros of q(s) 
lying far from the jw axis is particu- 
larly easy if p(s) is a ipiam 

4 ; Figure 5.25 illustrates the genera! 

P perdu Aeg mie) “ares tho Kale shape of n(c) if the system response 

is controlled by one pair of conju- 

gate complex poles and all other poles are placed far from the jw axis. In 
this case, 


Coe Gap 
RO (8? + 2toss + wa) (s + pa) (s + pa) E 
In the vicinity of ps, n(o) behaves as —pi(sz + ps). If p, is large, the 
slope of n(o) has a large negative value. Consequently, the intersection 
of p(o) and n(o), actually occurring at —y, can be considered to occur at 
—ps, with a negligible error in the system characteristics. 
5.6. Realization of Required Open-loop Transfer Function. The final 
step in synthesis along the lines proposed by Guillemin for feedback con- 
trol systems entails realization of the open-loop transfer function, deter- 
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mined as outlined in Sees. 5.3 and 5.4. The problem is complicated by 
the existence of certain fixed components which must be used for eco- 
nomic or other practical reasons. Thus, in the simple case of the design 
of a tandem servomechanism, the compensation network, represented by 
the transfer function G;(s) in Fig. 5.26, must be designed in such a way 
that the desired open-loop transfer function results from the tandem 


Compensation Fixed Elements 
Gi(s) G;(s) 


Cy = Pls) 
go ES 


Fia. 5.26. Single-loop system with tandem compensation. 


combination of compensation network and fixed components. Ana- 
lytically, Gi(s) must be chosen such that 


Gi(sS)Gs(s) = o (5.74) 
The required G,(s) is then 
1 p(s) 
Gi(s) = GG) aO (5.75) 


In alternate system configurations (e.g., with minor loops), the required 
transfer functions for the compensation networks are determined in a 
similar manner. 

What is the significance of Eq. (5.75)? With this approaeh the 
designer is basically coercing the system into behaving as required to 
meet the specifications. The coercion, furthermore, is not at all subtle, 
for G;(s) is essentially chosen to cancel out all the poles and zeros of G;(s) 
and reinsert a satisfactory set of critical frequencies. The dynamic 
characteristics of the motor, gear train, load, ete., are completely modi- 
fied by the compensation network. There are certain apparent objec- 
tions to such a blatant scheme of design: 

(1) The commonest objection rests on the argument that one cannot 
cancel out motor time constants and expect the motor to behave in uny- 
thing like a linear mode. Of course, this is true. If a motor possesses 
the transfer function 1/s(0.1s + 1), it is unreasonable to suppose that 
a tandem network with a transfer function (0.1s + 1)/(0.001s + 1) is 
likely to result in an over-all system with a controlling time constant 
of 1 msec. ‘Trouble arises because of inaccuracy in the original descrip- 
tion of the motor, small neglected time lags present in the motor but 
neglected in the original characterization, and, most important, non- 
linearity in motor operation. 

This whole argument, however, is not a valid objection to Guillemin’s 
method of design. The nature of the performance demanded from the 
motor and the fixed components of the system can be considered to be 


304 POLE-ZERO SYNTHESIS 


determined by the specified characteristics of the output. Regardless, 
then, of the design method, the degree to which the motor is driven is 
determined by the specifications. Failure of the motor to operate 
properly or on a linear basis with the actual input signals and with the 
system designed by Guillemin’s procedure simply means that a large 
enough or good enough motor has not been chosen at the outset of the 
system design. 

(2) A second objection to this cancellation method of compensation 
is based on the impossibility of ever achieving perfect cancellation. It is 
well known, for example, that the significant time constants of a two- 
phase motor depend rather strongly on the amplitude of the driving 


s-plane s-plane 


Fic. 5.27. Pole configuration for approxi- Fic. 5.28. Variation of the time constant 
mate transfer function of two-phase Tı. 
motor. 


signal as well as the output impedance of the amplifier and other param- 

eters which vary during operation. Clearly, then, it is impracticable to 

design a compensation network which results in complete cancellation 

of the poles and zeros of G2(s) under all conditions.. Fortunately, how- 

ever, complete cancellation is not necessary; the necessary condition is 
one of approximate cancellation. 

As an example, one transfer function used frequently to describe a two- 

phase motor is of the form 
K 
B — ————— 5.76 
G8) = Ss DS D (19 


The corresponding pole configuration is shown in Fig. 5.27. Application 
of Guillemin’s synthesis procedure might result in & compensation-net- 
work transfer function of the form 


(Tis + 1)(T2s + 1) (5.77) 
(Tas + 1)(Tss + 1) 
The resulting open-loop transfer function, G:(s)G2(s), would have poles 
at 0, — 1/T,, and —1/T, and no finite zeros. If T: varies during opera- 
tion over the interval shown in Fig. 5.28, imperfect cancellation occurs, 
and the open-loop transfer function is of the form 


p(s) _ K(Tis + 1) (5.78) 
q(s  s(Tas + D)(Tus + 1)(Tis + 1) 


Gs) = 
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Here T; is used to denote the value of T; for which the compensation 
network is designed. Although it is difficult to be quantitative here 
concerning the permissible variation in Ti, it is clear that appreciable 
variation in T, does not affect adversely the dynamic characteristics of 
the open-loop transfer function. Such variation results in the addition 
of an extra zero and pole to the over-all system function C/R, but these 
two critical frequencies are close together, with the result that the 
residue at this pole is very nearly zero and the residues at all other poles 
are not significantly altered. 

Thus, if the variations in the characteristics of G2(s) are kept small, the 
cancellation approach to compensation is still valid. The difficulties 
inherent in this approach are neither worse nor better than those 
encountered with more conventional design techniques. Any design 
method for linear systems must be modified if large variations in system 
parameters occur, as for example the 100:1 or greater change in gain of an 
aireraft control surface as the aircraft speed and altitude vary over the 
flight regime. 

(3) The third objection most commonly raised to the cancellation 
method of compensation expresses dislike for the unnecessary com- 
plexity of the transfer funetions of the compensation network. Any 
synthesis method requiring complete cancellation of the critical fre- 
quencies of G(s) and insertion of selected poles and zeros is generally 
going to require complicated compensation networks. Actually the 
situation is not so undesirable as might at first appear. In the first place, 
the realization of rather complicated transfer functions by suitable net- 
works is frequently not troublesome. The discussion of Chap. 3 on 
network-synthesis procedures indicates that the synthesis problem is in 
many cases not a major difficulty of the over-all system design. Sec- 
ondly, the transfer function of the compensation network is required to 
cancel out only those poles and zeros of G2(s) which are not also poles and 
zeros, respectively, of the desired open-loop transfer function. A utiliza- 
tion of at least some of the poles of G2(s) in p(s)/q(s) is possible in most 
cases because of the flexibility permitted in the determination of the 
over-all system function C/R to meet the specifications. In other words, 
in the usual case, the poles and zeros of C/R can be chosen anywhere 
within limited regions and still meet the performance specifications. The 
situation might be that of Fig. 5.29, where any location of the poles and 
zeros within the appropriate shaded regions would result in a satisfactory 
system. As a result of the simplicity of the method for determining the 
open-loop poles and zeros from the closed-loop system function, it is not 
difficult to select specific positions within these regions in such a way that 
several of the poles of the desired open-loop system function are already 
present in G2. 

Techniques for this adjustment of the zeros of g(s) are apparent from 
the example of Fig. 5.30, which illustrates the situation for which the 
over-all system function C/R has no finite zeros [p(c) a constant] and 
four poles, two negative real and two conjugate complex. If one pole of 
G; is in the vicinity of — p4, — p4 can be adjusted slightly to make —y 
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equal to this pole. System performance is not significantly changed by 
variation of p4, since the large magnitude means that this pole has little 
effect on either transient or frequency response. If another pole of Gs 
is in the neighborhood of —8, variation of either p; or the t of the con- 
jugate poles permits equalization of —8 and the pole of Gs. 


€ &- plane 


n(o) 
Fic. 5.29, Permissible regions for the Fia. 5.30. Determination of zeros of q(s) 
poles and zeros. when p(s) is a constant. 


One specific example illustrates the application of these ideas. The 
specifications considered are 


KZ 
Gul) = e F 0815) + 1.625) + 11.62) (5:79) 


K, > 0.9/sec 
t 20.5, o, & 1.2 rad/sec for E (s) 


Since the desired values of wn, t, and K, indicate that K, is to be appre- 
ciably less than the bandwidth, the specifications can be met by a C/ R 


s-plane 


| 


e . 5.32. f q(s) in the e: le. 
Fia. 5.31. Pole configuration for R (s). Eu. baanZeronotio M) sempe 


with no finite zeros. The pole configuration chosen for C/R is shown in 
Fig. 5.31, with the analytical form of C/R 


1.44p3pí 


C 
n) = G+ Bats 1449 + ple + p) GM 


The sketch for the determination of the zeros of q(s) is shown in Fig. 
5.32. If p3 and p, are chosen much larger than unity, n(c) behaves near 
the origin approximately as papilo? + 2.4¢0 + 1.44). This function has 
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a minimum ate = —1.2t. The specified value of £t of 0.5 leads to a first 
minimum of n(c) occurring in the vicinity of c = —0.6. If the zeros of 
n(o) at —ps and — p, were not present [i.e., if n(c) were quadratic], —a, 
the intersection with p(c), would occur at ¢ = —24t = —1.2. The 
effect of ps and p. is to pull down the n(c) curve in the vicinity of —a. 
Consequently, the value of æ is always greater than 2.4t and approaches 
2.4¢ as ps and p, tend to infinity. 

To simplify the complexity of the compensation network, it is desired to 
choose a C/ R in such a manner that q(s) incorporates as zeros as many of 
the poles of G2(s) as possible. G(s) is given by Eq. (5.79); q(s) is of the 
form 


als) = s(s + o)(s + B)(s + y) (5.81) 


Since a > 2.4t, no zero of q(s) can occur at — 0.615. It is possible, how- 
ever, to place zeros of g(s) at —1.625 and —11.62. If p4 is chosen to be 
approximately 11.5, y can be made as close as desired to 11.62, and one of 
the poles of G(s) is utilized in the open-loop transfer function. 

Either «æ or 8 can be chosen equal to 1.625, but if a is chosen, — p; will 
lie farther to the left and the pole at — ps will have less effect on the fre- 
quency-domain and time-domain characteristics of C/R. 'To make 
a = 1.625, either ¢ or p; can be arbitrarily chosen, with the other properly 
adjusted. A graphical sketch of n(o) and p(c) indicates that ¢ can be 
adjusted slightly to make a = 1.625 without violating the approximate 
specification on t. If p; is chosen as 8, 


n(s) = (s? + 24fs + 1.44) (s + 8)(s + 11.5) (5.82) 
p(s) = 132.5 (5.83) 
¢ is determined from the relationship 
n(s) = 132.5 fors = —1.625 


The resulting value of t is 0.506, and the final form for C/R, realizing a 
K, of 0.95, is 


C 132.5 
gw 


(s* + 1.22s + 1.44) (s + 8)(s + 11.5) 
The open-loop transfer function is already known to a large extent; i.e., 


p(s) . 132.5 
g(s)  s(s- 11.62)(s + 1.625)(s + 8) 
Only 8 remains to be determined. This can be done graphically, as 


Shown in Fig. 5.33, or analytically from either of the two relationships 
previously discussed in this section: 


(5.84) 


(5.85) 


(a) From the sum of the zeros of n(s) and q(s) 


11.62 + 1.625 + 6 = 1.22 +8 + 11.5 (5.86) 
B = 7.48 (5.87) 
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(b) From the known value of K, and the relation for K, in terms of the poles and 


zeros of p(s)/q(s), 
132.5 
0.95 = 1162 x 1.6258 (589) 


B = 7.37 (5.89) 


The discrepancy between Eqs. (5.87) and (5.89) is in part a result of 
rounding off numbers throughout the calculation, in part due to the fact 
—11.62 is not the exact value of the pole of the open-loop transfer func- 
tion if C/R is given by Eq. (5.84). 


160 


140 


120 


100 


-80 -78 -76 -74 -72 -70 
Fia.-5.33. Third zero of q(s). 


(c) From the graphical determination, 


B = 7.32 (5.90) 
Thus, »(s)/a(s) is completely determined as 


p(s) 132.5 
q(s)  8(8 + 1.625)(s + 7.35)(s + 11.62) (6:21) 


(4) A last objection arises when G»(s) is a nonminimum-phase transfer 
function, i.e., contains zeros in the right-half plane. This situation occ&- 
sionally arises when the output of the fixed part of the system is the 
result of the subtraction of signals entering along two parallel paths. 
Under these conditions it is clearly impracticable to force the poles an! 
zeros of the compensation-network transfer function to cancel the critical 
frequencies of G(s), for this cancellation would necessitate a pole of Gils) 
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in the right-half plane, an unstable compensation network. Although 
unstable transfer functions can be realized theoretically by the use of 
feedback amplifiers, practical difficulties make this solution completely 
undesirable. 

If G«(s) is nonminimum-phase, the simplest procedure is to include the 
right-half-plane zeros of G; in the open-loop transfer function p(s)/q(s). 
The initial selection of the poles and zeros of the closed-loop system func- 
tion C/ R is modified to force this configuration to include the right-half- 
plane zeros. The other critical frequencies are chosen in such a way as to 
lead to a system meeting the specifications. The synthesis procedure is 
essentially unchanged in this case, the plot of n(c) and p(c) to determine 
the open-loop poles taking the usual form. 

5.6. Comments on Guillemin's Method of Synthesis. The preceding 
sections have attempted to delineate the basic philosophy of Guillemin's 
synthesis procedure. The first step in synthesis involves an interpreta- 
tion of the specifications in terms of the pole and zero positions for the 
over-all system function. In the second step, the open-loop transfer 
function is determined. The third step includes realization of the 
required compensation networks. Although the basic pattern is a funda- 
mental evolution from specifications to final system, there is inevitably a 
certain amount of anticipation in the design. For example, the poles and 
zeros of C/R are chosen only approximately in the initial step; final 
adjustment can be made to simplify the compensation network by at 
least partial utilization of the poles of Go. 

The system designed along these lines is in many cases essentially the 
same as the system which results from more conventional methods of 
synthesis. Guillemin’s procedure, just as Evans's root-locus method, 
provides a different viewpoint for the designer. Familiarity with these 
two general techniques gives the designer tools with which he can handle 
many of the unusual systems or systems with uncommon specifications. 
In particular, the two methods present for the first time the possibility of 
achieving throughout the design complete control over characteristics of 
the system transient response. In many applications. presentation of the 
principal specifications in terms of time-aomain characteristics makes this 
control over the transient response essential. As am example, the discus- 
sion of Chap. 6 emphasizes the difficulty of trying to relate the frequency 
and transient characteristics of subsidiary transmissions. In other 
words, the significant effects of load-torque disturbances or other cor- 
rupting signals entering the system at points other than the input may be 
measurable only in the time domain; design on a frequency basis leaves 
the designer with the difficult and onerous task of trying to determine 
relations between frequency-domain and time-domain characteristics. 
A second example of the type of problems in which Guillemin's procedure 
is partieularly useful lies in systems designed by statistical methods. 
The examples of Chap. 8 point out this close correlation between the 
philosophy behind statistical design methods and that of Guillemin's 
procedure. Essentially the two methods differ only in the type of input 
signals considered. 
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Neither Guillemin's procedure nor any of the familiar design methods is 
a panacea for all the problems associated with linear design. Indeed, 
perhaps the strongest impression the feedback-control-systems engineer 
acquires is the desirability of combining the various techniques in any 
one problem. Not only must the successful designer be able to draw 
upon his knowledge of a variety of engineering fields (mechanical, 
hydraulic, electrical, etc.), but he must in a narrower sense be able to 
combine the various techniques for system design to realize a final system 
meeting specifications which mey take a tremendous variety of forms. 

The following section presents an example of synthesis using Guille- 
min’s techniques, an example which is purposely chosen sufficiently 
simple to illustrate the basic elements of this approach. In this case, & 
pair of systems is determined, each of which meets the performance 
specifications. 

5.7. Example of Guillemin's Procedure. Synthesis is initiated by a 
determination of the specifications, including the transfer function of the 
fixed part of the system and the performance characteristics. The 
following specifications are considered: 


(1) The fixed part of the system is described by the transfer function 


7200 
3(s + 10)(s + 30) 


(2) The performance characteristics are specified by the bandwidth, velocity 
constant, and relative damping ratio associated with the control poles: 


Bandwidth: less than 60 rad/sec 
K,: greater than 60/sec 
t: approximately 0.7 


GG) = (5.92) 


If a pole-zero configuration other than the type discussed in the preceding sections 
was to be used, the specification of t would 
be replaced by one describing the relative 
stability. 


As the first step in the synthesis, 
the over-all system function C/R is 
chosen. Since the specified velocity 
constant exceeds the allowable band- 
Fro. 5.34. Configuration for example of width, at least one zero must be 


Guillemin’s procedure. ised ine CARI noise or similar 
considerations do not preclude the use of lead networks, the specifications 
can be met by a C/R with the pole-zero configuration shown in Fig. 5.34. 
If t is roughly 0.7, the value of o, and the location of the zero are set by 
the bandwidth and velocity-constant specifications. With no zeros, an 
wn of 60 rad/sec would satisfy the bandwidth specification. Addition of 
the zero necessitates a decrease in w, to realize the same bandwidth. In. 
anticipation of the effect of the zero, wn is chosen as 28.3 rad/sec. (The 
bandwidth must be determined after C/ is completely known, to ensure 
satisfaction of the specifications, but this choice of wn leaves an appre- 
ciable margin of safety.) 
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The location of the zero is determined from the relation for K, in terms 
of the pole and zero positions: 


T 
n= 5.93 
K, d Se pe 2 (5:93) 
If the poles at — p, and — p are neglected, a satisfactory value of z, is 30. 
The zero is placed at — 25 to allow a margin of safety to permit realization 


of the required K, when the poles at — p: and — p4 are included. The 
form of C/R is then 


TEE € 
RS) —OSPPP3 (s E 56.6rs + 800)(s + p3Y(s + pi) 


(5.94) 


The choices of ps and p, are largely arbitrary, subject only to the con- 
straints that 1/p + 1/p, must not 
appreciably influence 1/K, and that n) | 
ps and p, must differ sufficiently to 
yield real zeros of g(s). A rough 
sketch of n(c) and p(c) (Fig. 5.35) 
indicates that satisfactory values are 


150 (5.95) 
400 (5.96) 


Ps 
Pa 


From the general shape of p(s) and 
n(c) shown in Fig. 5.35, it is appar- 
ent that, by slight adjustment of the 
parameter t, it is possible to make 
a = 10 without appreciably affecting 
system performance. The appropriate value of t is most readily deter- 
mined analytically: 


(s? + 56.6¢s + 800)(s + 150)(s + 400) = 32 x 150 x 400(s + 25) 
ats = —10 (5.97) 
t = 0.656 (5.98) 


Thus, the final value of C/R is 
c 32 X 150 x 400(s + 25) 
R9 = (4 37.18 + 800)(s + 150) (s + 400) 


The resulting K, is 65/see, and the bandwidth is less than 55 rad/sec. 

Determination of the open-loop transfer function constitutes the 
second step in the synthesis. From the sketch of Fig. 5.35 and the 
method used to select r, it is evident that 


p(s) 32 X 150 x 400(s + 25) 
qs) s(s + 10)(s + B)(s + Y) 


Fia. 5.35. Zeros of q(s). 


(5.99) 


(5.100) 
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The values of 8 and y can be determined either graphically or analytically, 
although in this simple case the analytical procedure is probably easier. 
The product fy is known from the specified K, and Eq. (5.100). 


. 32 X 150 x 400 x 25 : 
65 = Tm (5.101) 


By — 73,800 (5.102) 


The sum f + y can be found from the equality of the sum of the zeros of 
h(s) and q(s): 

37.1 + 150 + 400 

Boy 


104 8--»y (5.103) 
577 (5.104) 


Simultaneous solution of Eqs. (5.102) and (5.104) yields the values of 
B and y. s 


B = 191 (5.105) 
y = 386 (5.106) 
The open-loop transfer function is 
1.92 X 10° 
p(s) X 10*(s + 25) (5.107) 


q(s)  s(s-- 10)(s + 191)(s + 386) 


The synthesis is completed by a determination of a suitable compensa- 
tion network. The transfer function of the compensation network is 
first determined: 


EN, 
Gi(s) = as) Gals) (5.108) 
Bw =o Ee (5.109) 


(s + 191) (s + 386) 


As an example of the method for realization of this compensation, the 
tandem compensation network is synthesized as an open-circuit transfer 
impedance of a ladder network by the methods discussed in Bec. 3.6. 
The open-circuit transfer impedance is set equal to the desired function of 
frequency, G;(s) of Eq. (5.109). An appropriate driving-point impedance 
is chosen with the same poles as ;? and the zeros are interlaced to satisfy 
the conditions for realizability as an RC network. 


_ (s + 250)(s + 500) (5.110) 
(s + 191)(s + 386) 


Zu 


The driving-point impedance is now developed in a ladder network 1n 
such a way as to realize the desired transmission zeros. If these zeros are 
realized by antiresonant series arms, the final network takes the form 
shown in Fig. 5.36. This network, shown in its simplest form and with- 
out any adjustment in impedance level, is by no means necessarily the 
best network, but is shown only to complete the problem. 
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The final compensation network represents the tandem connection of 
two lead networks. Objection might be raised to the solution to the 
design problem on the basis of the difficulties inherent in the practical 
realization of two lead networks, each with time-constant ratios of the 
order of 10, especially in the presence of noise. The high time-constant 
ratios, however, are a direct consequence of the high K, required by the 
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specifications. The final system would be subject to the same objections 
regardless of the design method used, if compensation were effected by 
lead networks. 

This objection can be overcome by using a combination lead-lag net- 
work for compensation, corresponding to the use of a dipole in the C/R 
pole-zero configuration to meet the specification on K,. Simultaneously, 
the bandwidth can be appreciably 
reduced, if desired. With this ap- 
proach, the synthesis takes the 
following form: 

Rather arbitrarily, the wn of the 
control poles is chosen as 15 (the 
actual wn which would be used in 
practice would depend upon how 2 
much the bandwidth was to be de- Fic. 5.37. Configuration for alternate 
creased by the use of integral rather system. 
than lead compensation). The over-all system function is then of the 
form 


c due (225pips/z;)(s + 2:) 
R (s? + 30rs + 225)(s + pi)(s + ps) 

The pole-zero configuration is shown in Fig. 5.37. 
The zero and poles of C/R are determined. If the long tail in the unit- 


step-function response is to have an amplitude less than 0.05, the dipole 
critical frequencies must satisfy the condition derived in Sec. 5.1, 


z = 0.95p; (5.112) 


(5.111) 


The values of z; and p; are found from the above equation and the specified 
velocity constant, given by the equation 


ERI CIUS T oe (5.113) 
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If t is approximately 0.7 and p; of the order of 100, Eq. (5.113) becomes 


1 Zi 13 
= ——)= .114 
z (s a) Teo (5.114) 
Simultaneous solution of (5.112) and (5.114) yields 
z = 0.577 (5.115) 
p: = 0.607 (5.116) 
C 225 X 100 x 20 8 + 0.577 
RO= 19 (s? + 21s + 225)(s + 0.607) (s + 100) e) 


The velocity constant realized by this system function is 60, the relative 
damping ratio is 0.7, and the w, is 15 rad/sec. 
The next step in the synthesis is the determination of the open-loop 
transfer function, which is of the form 
p(s) _ 100 X 225 X 20(s + 0.577) 
q(s) 19s(s + o)(s + B)(s + y) 
The denominator polynomial g(s) is given by the equation 
q(s) = n(s) — p(s) (5.119) 
q(s) = (s + 0.607) (s? + 21s + 225)(s + 100) 
" 100 x 225 X 20 
19 
The determination of the zeros of g(s) is simplified if the integrating 
zero is first neglected and the polynomial q,(s) is considered, where 


(5.118) 


(s + 0.577) (5.120) 


qi(s) = s(s* + 21s + 225)(s + 100) — 100 x225 x 20 s — (5121) 
ORT [e + 21s + 225)(s + 100) — XS] (5.122) 


With this simplification, the zeros of q1(s) can be found by a graph of the 
form of Fig. 5.38, in which the two 
components inside the brackets in 
Eq. (5.122) are subtracted graphi- 
cally. The zerosof q:(s) are found to 
lie approximately 0, +0.496, —23.3, 
and —97.2. These are also zeros of 
the actual denominator polynomial 
q(s), if the assumption can be made 
that the magnitude of s is much 
larger than 0.577 and 0.607 in the 
vicinity of these zeros. Thus, two 
zeros of g(s) are very nearly —23.3 
and —97.2. 

q(s) also possesses a zero at the 
origin. The fourth, or integrating, zero can be determined from the 
known value of K, and the definition of K,. Thus Eq. (5.118) with the 
two known finite zeros yields 


Fic. 5.38. Zeros of subsidiary poly- 
nomial, qı(8). 
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100 x 225 x 20 0.577 
19 23.3 X 97.2a 


With K, equal to 60, a is about 0.10. The final expression for the open- 
loop transfer function in factored form is 


p(s) s + 0.577 


«(s ^ 73" SF 0.10)(6 F 233) + 97.2) 


It should be noted here that analytical methods for the determination of 
the integrating zero are apt to lead to the same pitfall as a graphical 
method, i.e., difficulty with maintaining accuracy when relatively large, 
nearly equal numbers are subtracted. Determination of this integrating 
pole by use of the defining equation for K, eliminates this difficulty. 


K, 


(5.123) 


(5.124) 


A. 
10 


Fic. 5.39. Compensation network (in ohms and farads). 


The transfer function of the compensation network is determined 
from the specified fixed components and the desired open-loop transfer 
function: 


(s + 0.577) (s + 10)(s + 30) 
(s + 0.10) (s + 23.3) (s + 97.2) 
The appropriate tandem compensation network is designed on the basis 
of the techniques presented in Chap. 3. If the transfer function is to be 
realized as an open-circuit voltage ratio, the identification is made 

yia (s + 0.577) (s + 10)(s + 30) 

yz (s + 0.10) (s + 23.3) (s + 97.2) 
Division of both numerator and denominator by the factor (s + 0.577) 
(s + 30) yields appropriate values of y: and yzs: 


Gi(s) = 3.29 (5.125) 


(5.126) 


yis s+ 10 (5.127) 
_ (s + 0.10)(s + 23.3)(s + 97.2) 
yn = (s + 0.577)(s + 30) (5.128) 
Expansion of yz: (by a partial-fraction expansion of y22/s) gives 
61.55 15.2s 
yo = s +13.1 + $ 0.577 ete $4 30 (5.129) 


Since y, as shown in Eq. (5.129), can be identified as y,2 plus an admit- 
tance function, the network, before adjustment of impedance level, takes 
the form of Fig. 5.39. A variety of alternate networks, some with better 
element spreads, can be found by changing the common factor by which 
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both numerator and denominator of the voltage ratio were divided in the 
first step in the network synthesis. 

The networks of Figs. 5.36 and 5.39 constitute two possible solutions to 
the synthesis problem. The example, as pointed out earlier, was pur- 
posely chosen simple to illustrate the basic elements of the approach to 
servomechanism synthesis proposed by Guillemin. Certain comments 
relative to this example are appropriate at this time: 

(1) Two solutions were developed for the compensation network on 
the basis of two pole-zero configurations for the over-all system function 
C/R. Clearly, a large number of other systems may be easily designed 
simply by using other variations of the pole-zero configurations for the 
closed-loop system function. In the first example, lead compensation 
was used, while the second solution emphasized the use of integral 
compensation. 

(2) In the first solution one of the poles of the transfer function of the 
fixed part of the system is utilized as a pole of the open-loop transfer 
function, with the result that the transfer function of the compensation 
network is the ratio of quadratics. This simplification was accomplished 
by choice of the specific value of the relative damping ratio associated 
with the control poles. The second solution does not involve any similar 
pole utilization, which, however, could be effected by control over the 
choice of the position of the control poles. Even without this simplifica- 
tion, the compensation network is not unduly complex. 

(3) The choice of the original pole-zero configuration involves & 
certain amount of experience. Even with the simple specifications con- 
sidered in this example, the choices of the positions of the control poles 
and that of the compensation zero or dipole are interdependent, the 
selection of one affecting the other if the bandwidth and velocity-constant 
specifications are both to be met. The relative stability also depends on 
both the choices since the position of the lead-compensation zero as well 
as the ¢ of the control poles determines the overshoot in the step-function 
response of the system. Such an interdependence of the various param- 
eters would lead to troublesome difficulties in design if the specifications 
were rigid (e.g., if K, had to be exactly 10). Fortunately, in the design 
of feedback control systems, the specifications can always be interpreted 
liberally; there is insignificant difference between systems with velocity 
constants of 8 and 10, for example. Indeed, in many cases, the param- 
eters describing system characteristics are only specified within a toler- 
ance of 20 per cent or more. 

(4) In each solution presented above, only the appropriate tandem 
compensation network wasdeveloped. Suitableminor-loop feedback com- 
pensation networks or networks for more complicated schemes of com- 
pensation could be designed using the same general techniques. I” 
any case, determination of the open-loop transfer function is followed by 
determination of the transfer functions of the various compensation net- 
works. The examples of Sec. 6.2 illustrate the procedure when the 
compensation is to be divided between a tandem network and a minor 


loop. 


CHAPTER 6 


DESIGN IN THE s PLANE 


The two preceding chapters present the basic elements of Evans's root- 
locus method and Guillemin’s synthesis procedure. Both methods 
emphasize the behavior of the pertinent transfer functions throughout 
the entire s plane. In each approach, the transfer functions, both 
closed-loop and open-loop, are characterized by the pole and zero loca- 
tions. Knowledge of the positions of the critical frequencies permits 
rapid approximate determination of the transient and frequency responses 
of the system. The effects of varying gain or changing parameter values 
are studied by evaluating the corresponding motion of the poles and 
zeros, 

Throughout the two chapters, attention is directed toward the classical 
design problem in feedback theory: the design of a system which meets 
certain performance specifications and at the same time incorporates 
certain components which must be used for economic or availability 
reasons. Thus, the problem of direct concern is essentially the filter 
problem—the design of a system with a suitable over-all closed-loop 


transfer function £ (s). In the design, it is assumed either that G2(s), 


the transfer function of the controlled system, is completely known, or at 
least that the appropriate constraints on G.(s) are specified. 

Application of the concept of synthesis in the s plane, whether the 
details of the synthesis are carried out with Evans’s or Guillemin’s 
approach, raises certain questions. For example, the design of a prac- 
tical system often involves the realization of control over not only the 


os 3 C 
filtering characteristics, described by R (s), but also the transmission to 


the output from a point other than the primary input (in other words, 
control over the effect of a disturbing signal). 

An additional difficulty may arise because both Evans’s and Guille- 
min’s procedures are based on the transfer functions. Frequently, the 
characteristics of the controlled system are known only from experi- 
mental measurements, either sinusoidal or transient tests. Before 
design can be carried out in the s plane, a transfer function must be found 
to describe the experimental data. 

Finally, the prevalence of a-c or carrier servomechanisms makes it 
desirable to be able to extend the techniques of design in the s plane to a-c 
systems. In the general case, such an extension encounters certain 
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difficulties, but in special cases (e.g., the design of narrow-band systems) 
the extension is straightforward. 

In this chapter, these rather unrelated aspects of s plane design are 
considered. Sections 6.1 to 6.3 present the basic elements of the design 
of systems with multiple inputs; the approximation problem is considered 
briefly in Secs. 6.4 to 6.6; and the chapter concludes with a brief discus- 
sion of the problems peculiar to the design of a-c systems. Thus, this 
chapter serves as a continuation of either Chap. 4 or Chap. 5. 

6.1. Systems with Multiple Inputs. One of the strongest advantages 
of design in terms of the poles and zeros of the various transfer functions 
rests in the possibility of controlling both the transient and frequency 
responses of not only the closed-loop system used as a filter, but also the 
system used to reject corrupting or unwanted signals entering at points 


Fig. 6.1. System with two inputs. 


other than the reference input. One of the primary motivations for the 
use of closed-loop systems is the opportunity of controlling such dis- 
turbances, For example, Fig. 6.1 is a possible block diagram of a servo- 
mechanism for the positioning of a radar antenna. The output is cor- 
rupted by the wind forces u(t) entering the system as load-torque dis- 
turbances on the output shaft. The use of a closed-loop system permits 
independent control of the transmission from point A to the output and 
the primary transmission from reference input to output. Extreme 
examples of systems with such corrupting disturbances are afforded by 
certain regulators in which the only type of disturbance to which the 
system is subjected is variation in the load.f 

Thus, a feedback control system must be considered an n-terminal-pair 
configuration, with the output, the primary or reference input, and & 
number of secondary inputs. In this section, the particular secondary 
input considered is a load-torque disturbance, but the analysis is appli- 
cable when the corrupting signal enters at any point except the reference 
input. The signal may be random noise, potentiometer noise, etc. In 
very general terms, the design of a system subject to multiple disturb- 


tG. S. Brown and D. P. Campbell, “Principles of Servomechanisms," pp. 293-294, 
John Wiley & Sons, Inc., New York, 1948. Chapter IX of this reference, containing 
a discussion of systems subjected to multiple disturbances, points out the relation 


between £ (s) and e (s) for a tandem system. 
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ances involves the realization of suitable dynamic characteristics for 
several different transmissions. 
Basic Problem. The basic problem is illustrated by Fig. 6.2, the block 


diagram of a system with two inputs. The relation between R (s) and 


£ (s) is evident from either the simultaneous equations describing the 


block diagram or the analysis techniques presented in Chap. 2. Each 
transfer function is the appropriate forward gain divided by the return 
difference: for the primary system, the forward gain is Gi(s)Gs(s)Gs(s) ; 


Fic. 6.2. Block diagram showing multiple inputs. 


for the secondary system, G;(s). In each case the return difference is 
1 + G2(s)G3(s)H2(s) + Gi(s)Gs(s)Gs(s)Hi(s). Hence, 


Gi(s)Gs(s)Gs(s) 


c 
RO -iXeGGGH(G GGG Ho) CP 
c @= G(s) (6.2) 
U 13 GAGAH + OAOA) 


Equation (6.2) is more conveniently written in the form 


[^] Cc 
v9 = age É | (6.3) 


In other words, the transfer function from the point of disturbance input 
to the output is the over-all system function divided by the transfer 
function from actuating signal to disturbance input, with the path 
broken just beyond the disturbance input. In Eq. (6.3), Gi(s) and G2(s) 
may represent transfer functions of multiloop systems: in Fig. 6.3(a), for 


example, S (s) is given by the equation 


c 1 + Gi(s)G2(s)Ha(s) | | C 
y® -| GGG) \Eo] (64 


320 DESIGN IN THE s PLANE 


The first bracketed term again represents the reciprocal of the total trans- 
mission from the actuating signal to the disturbance input without leav- 
ing the disturbance input [in terms of the signal-flow diagram of Fig. 
6.3(b), it represents the transfer function from E; to M; without leaving 
the node M3]. 

Equation (6.3) is the basis for the design of systems with multiple 
inputs. The equation places in evidence the possibility of arbitrarily 


(a) Block Diagram 


(b) Signal-flow Diagram 
Fi. 6.3. Multiloop system. 


s [^i M 
specifying both y: (s) and Co. In other words, theoretically it 18 


: C 
possible to select a R (s) which gives suitable primary characteristics and 


Cc 
^U 
secondary transfer function. The configuration of Fig. 6.4 can be used 
to illustrate the manner in which this independent control is achieved. 
The specifications fix G(s), representing the load, for example; from the 


then to choose, completely independently, (s) to yield an appropriate 
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other specifications, R (s) and U (s) are determined. The ratio fixes 


G(s), the tandem part of the compensation. With G,(s) and G(s) 


[^] 
known, either R (s) or U (s) suffices to determine an appropriate H(s), 


the transfer function of the feedback elements. In other words, $0 


specifies the compensation required. The introduction of the two com- 
pensation transfer functions G,(s) and H(s) permits the division of the 


U(s) 


Fic. 6.4. System with two compensa- Fic. 6.5. Simple tandem system. 
tion networks. 


< C 
compensation between the two in such a way that not only is R (s) 


realized, but also £ (s) is controlled. 


One application of the s-plane approach to the design of a system such 
as that of Fig. 6.4 is readily apparent. The root loci are used to deter- 
mine the total tandem compensation needed to realize suitable dynamic 


ne. * ? Cc mers 
characteristics for the primary system [ien for R gl This single 


tandem block (Fig. 6.5) is now split into the tandem and feedback blocks 
of Fig. 6.4. The values of G;(s) and H (s) to ensure the equivalence of the 
two configurations can be determined in a variety of ways. In many 


cases, G,(s) can be chosen on the basis of the known $ (s) and the desired 


£ (s), and the corresponding value of H (s) can then be found from a root- 


locus plot. The details of this type of analysis are illustrated by the 
examples of this and the following two sections. 

In the majority of cases, the design problem is primarily concerned 
with minimizing the effects of the disturbing signals, a minimization 
which is achieved by placing upper bounds on the transfer function 


G J ae iet Bs 
U (s). These upper bounds may take the form of specifications in either 


the frequency or the time domain. For example, specifications may 
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G 
include the maximum value of U (jw) | in a frequency band of interest or, 


alternatively, the maximum value of c(t) when u(t) is a unit step function. 
In problems of this type, the optimum system is clearly one in which 


Ew is identically zero. Consideration of Fig. 6.4 indicates that this 
ideal situation can be realized in this configuration if Gi(s) is infinite and 
Cc as OIE F 

R (s) is simply 1/H(s). In other words, with infinite forward gain 


between the actuating signal and the disturbance input, the output is 
completely insensitive to the disturbance. Such a system is also ideal 
from the viewpoint of sensitivity, since the over-all system function 


(x. ies s ? x 
R (s) is simply 1/H(s) and is completely independent of the character- 


istics of the controlled system. 

The design of feedback control systems is essentially the attempt to 
approach this ideal situation. The higher the loop gain, the more effec- 
tive the feedback. The design attempts to realize this high loop gain 
over as wide a frequency bandwidth as possible (or as required by the 
specifications), while at the same time ensuring suitable relative stability 
for the system. The problems of design arise because, although the 
open-loop gain can be made essentially infinite over a finite frequency 
band, the gain eventually must drop off with frequency. The average 
rate of cutoff (where cutoff is measured by the maximum frequency at 
which the gain is 0 db) is limited to less than 12 db/octave if the system is 
to be stable, somewhat less if a degree of relative stability is desired. 
Thus, design involves a compromise between high loop gain and relative 
stability. Design of a system with multiple inputs entails the determina- 
tion of how this ideal of high loop gain can be compromised without the 
loss of the tendency for the feedback to reject the disturbance. This 
compromise analytically involves the choice of a function, Gi(s) in Fig. 
6.4, which is finite and for which the gain is as low as possible, but which 


still yields an appropriate $9. In the following paragraphs, the 


choice of G;(s) is considered first in terms of the classical frequency- 
domain design and then in terms of design in the s plane. 
Frequency-domain Design. If the feedback control system is designed 
in the frequency domain (i.e., with the aid of a Nyquist diagram or plots 
of gain and phase versus frequency), it is logical to attempt to introduce 
frequency-domain specifications on the effects of disturbances. The 
spectrum of the disturbance is determined from experimental measure- 
ments or theoretical analysis. On the basis of this spectrum, an allowable 


variation of | - (jw) | is derived. In a simple example, if the disturbing 
signal contains a significant amount of energy in a known frequency 


band, the maximum value of lS 6» in this band might be specified. 
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This maximum is determined from a desire to keep the output resulting 
from the disturbance small compared to the output resulting from the 
reference input. 

Clearly, it is difficult to be specific in regard to a procedure for the 


determination of a maximum value for E (jw) | Meeting a quantitative 
specification depends in large measure on the ingenuity and experience 
U(s) 


Fic. 6.6. System which can be made equivalent to Fig. 6.4. 


of the designer. The procedure can be placed on a more logical basis if 
the statistical methods of Chaps. 7 and 8 are used; in particular, the 


allowable variation of 


E (jw) | over the frequency band of interest can be 


determined from the specification of the permissible mean-square value 
of the output resulting from the disturbance (cf. Sec. 8.1). 

Once the allowable variation (or the maximum value) of £ Ge) is 
determined, the corresponding constraints on the transfer functions of 
the compensation networks can be determined directly. The block 
diagram of Fig. 6.4 is used throughout this section to illustrate the general 
method of analysis. It is assumed that G2(s) is specified and G,(s) and 


H(s) are to be chosen to yicld the desired characteristics for a (s) and 


R 
g (s}. Other configurations which might be considered can be designed 
J 


in exactly the same manner. For example, in terms of both £ (s) and 


s (s), the configuration of Fig. 6.6 is equivalent to that of Fig. 6.4 if the 


following relations are satisfied: 


G(s) = Gi«(s)Gn(s) (6.5) 
T Hi(s) : 
H(s) =1+ Gat) (6.6) 


Thus, if Gu(s) and G(s) represent the controlled system set by the 
specifications, Gia(s) and H,(s) (the transfer functions of the compensation 
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networks) can be found from the two equations above after the con- 
figuration of Fig. 6.4 has been designed. 
The system of Fig. 6.4 satisfies the equation 


Go =r |$ 6| (6:0) 
py Ge) 


In a wide variety of problems, the frequency band of interest for the study 
of disturbances is within the bandwidth of the over-all closed-loop sys- 
tem. In such a case, E Ge) is approximately equal to unity if it is 


„assumed that £0 = 1, or the system possesses zero positional error 


with a step function applied. With this condition, Eq. (6.7) reduces to 


3 1 
|Gijw)| = [Fo] (6.8) 
U [^] 


The maximum value of £ (jw) | determines directly the minimum value 


that |Gi(jw)| may assume in the frequency band of interest. 

Once the minimum value of |Gi(jw)| is fixed, design can take a variety 
of forms. One simple procedure is to assume the frequency-dependent 
portion of G,(s) and determine the corresponding multiplicative gain 
constant from the specified minimum value. H(s), the transfer function 


of the feedback elements, is then used to realize the desired E (s) with 


the known values for G,(s) and G2(s). Since in any practical case, the 
specifications on the effects of disturbing signals always govern certain 
characteristics of the time-domain response of the system, more detailed 
discussion of the design procedure is postponed until the time-domain 
specifications are considered. 

Time-domain Specifications. Complete control over the effects of dis- 
turbances can theoretically be achieved by shaping the frequency 


Gs. (LE 
response 7; (jw), but attempts to interpret the variation of U (jw) in 


terms of time-domain characteristics encounter almost insurmountable 
difficulties because of the absence of simple correlations between Íre- 
quency and time domains. The difficulties arise even in the considera- 
tion of a simple system: e.g., one with a closed-loop system function given 
by the equation 

[^ K(s + 21) 

=(s) = 6.9) 

R (s? + 2to,s + w?)(s + p3) $ 
If the block diagram of the system is that shown in Fig. 6.7, 


1 K(s +2) - 10 
Gils) (s? + 2to«s + w2)(s + Ps) any 


TOE 
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d [^j 
The characteristics of U (s) depend markedly on the G;(s) used to 


realize the closed-loop system function. If Gi(s) is the transfer function 
U(s) 


Fic. 6.7. Tandem single-loop system, 
of a simple lead or lag network, 


E ite S + Do K(s + 21) 
U K,(s + 2p) (s? + 2tess + oz)(s + Ds) 


The response c(t) to a step function of disturbance exhibits very poor 
relative stability if G;(s) describes 
a lag network (with p,much smaller 
than z,). For example, if zọ = zi 
and p, = 1021, 


(^j K 
uO SK 


(6.11) 


s + Tozi 
(s? + twas + wa) (s + ps) 


Substitution of specific numerical 
values illustrates the effect possible 


(6.12) 


here. The poles and zeros of S (s) 


are chosen as shown in Fig. 6.8(a), 
and those of Gi(s) as indicated in 
part (b) of the figure. The closed- 
loop system has a step-function re- 
sponse with approximately 21 per 
cent overshoot (cf. Fig. 1.21). 


e 
With these values, U (s) has the 


pole-zero configuration shown in 
Fig. 6.8(c). The corresponding 
step-function response exhibits an 1 
overshoot of almost 600 per cent. 

Thus, although the final value of 

c(t), with u(t) a step function, de- (c) Configuration for £ (s) 
pends on K, and may be small, the TIO30 si Pole tero COBBEUrktiOns: 


overshoot is excessive. - 
If, in contrast, G;(s) represents a lead network, the system from dis- 
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turbance to output is more stable than the system from reference input to 
^ i C 3 

output. The corresponding pole-zero configuration for T (s) is shown 


in Fig. 6.9. The principal difficulty in this case is the possibility of an 
extremely long-duration component in the step-function response if the 


C " zx 
zero of Gi(s) [the pole of U | is near the origin. The existence of such 


a component means that a short-duration disturbing signal may excite 
the system for a long time after the disturbance has died out. Clearly, 
such a condition is ordinarily as undesirable as the large overshoot prc- 

viously considered. . 
Thus, complete control over the effect of disturbing signals must 
include a knowledge of the charac- 


teristics of g (s) not only in the fre- 


quency domain, but also in terms 
of the transient response. Typical 
specifications govern certain aspects 
of both descriptions of system per- 
à formance. As described above, the 
Fic. 6.9. Pole-zero configuration fg (s) frequency-domain specifications 


when g; is a lead network. govern the magnitude of | n (jo) [^ 


The time-domain specifications vary widely from problem to problem, but 
commonly include the following three characteristics of the response of 
the system to a unit step function of disturbance: 


(1) The final value 
(2) The settling time (or longest significant time constant) 
(3) The maximum overshoot 


The first quantity measures the zero-frequency, or steady-state, error 
with a constant disturbing signal; the second, the speed of response, OF 
the speed with which the system settles down after a disturbance; and 
the third, the relative stability. 

Principles of Analysis. 1f the specifications on the effects of the dis- 
turbance are in a form amenable to interpretation in terms of the poles 


c 
and zeros of U (s), the design of the complete system can be carried out 


in the complex-frequency plane. Before the approach to design is pre- 
sented, however, it is helpful to consider the analysis problem: the 
determination of the performance characteristics from the system transfer 
functions 

The system snown in Fig. 6.10 suffices to make the following discussion 
explicit. For this system, 


(H 1 e 
TO = Gate E o] ga 
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The analysis probs can be stated as follows: From a knowledge of the 


poles and zeros ut pO and G;(s)Gs(s), what facts can be deduced ER 
about the frequency and transient responses associated with — E 


Since the poles and zeros of = eG) are known, any desired transient 


response can be evaluated "s by an inverse Laplace transform, but 
the objective of this analysis is not an exact expression for the transient 
response, but rather an approximate, qualitative picture easily deduced. 


U(s) 


Fie. 6.10. System with disturbance input. 


Thus, the analysis is logically divided into two parts: determination of 
[^] 
the poles and zeros of U (s), and interpretation of these pole and zero 


positions in terms of significant characteristics of the frequency and 
transient responses. 


The poles and zeros of To are those of TO and 1/[G,(s)G:(s)] 
(unless cancellation occurs). The possibility of such cancellation is clear 


if p poi is written in terms of the component transfer functions, 


bae G(s)G2(s)Gs(s) 
R (y) = 1 + Gs(s)Gs(s) Hi(s) + Gi(s)Gs(s)Ga(s) 


(6.14) 
Substitution of Eq. (6.14) in (6.13) demonstrates that zeros ene n may 
be generated by zeros of Gi(s)G:(s) and, hence, may not appear in s (s). 


The expression for $ G) is left in the form of Eq. (6.13), however, 
because it is convenient to determine the settling time and relative 


stability of co in terms of the known characteristics of the over-all 


system described by g (8). 
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C 
Once the poles and zeros of T (s) are known, the frequency response 


€ jw) | can be found in the usual way: either by the asymptotic plots or 
y 


by consideration of the vectors in the s plane from the various poles and 
zeros to a point moving along the jw axis. The three characteristics of 
the unit-step-function response (the steady-state value, the settling time, 
and the overshoot) are determined as follows: 


(1) Equation (6.13) indicates that the final value of this subsidiary step-function 
AN 1 RG rut P NE 
response is simply G 6:0) if R (0) is unity, as ordinarily is the case for feedback 
control systems, 
(2) The settling time (measured by the longest significant time constant) for the 
step-function response is determined by that pole of e (s) nearest the jw axis. Ordi- 


narily, the settling time of the secondary system ($ ©) is at least as large as that 
of the primary system ($ ©), and in many cases the secondary system is appreci- 


ably more sluggish as a result of poles introduced in v (s) by the factor 1/[G,(s)G2(s)], 
poles which lie very close to the jw axis. 

(3) An approximate picture of the relative stability of the secondary system can 
be deduced from the known relative stability of the primary system and the location 


of the poles and zeros of 1/[G:(s)G;(s). The concepts presented in Sec. 1.4 apply 
directly here. 


6.2. Design of a System with Multiple Inputs. The design of a system 


with specified transmission characteristics represented by $o] and 
also with a controlled susceptibility to disturbing si 

gnals can be effected 
with the root-locus method or Guillemin’s procedure. The peus 
problem considered here is illustrated in Fig. 6.10. The two transfer 
functions G;(s) and G;(s) are giv 


determined. en, and Gi(s) and Hi(s) are to be 
The design can be started in several ways. For example, an H,(8) 
might be sought such that G:(s)G.s(s) 


$ ' 1- Gi (S)G. (s) Hi (s) the transfer function from 
point A (Fig. 6.10) to the output, is of such a nature that an appropriate 


tandem network for G(s) results in values of both 5 


R (s) and g (s) meet- 
ing the specifications. A more direct and i i 
breaks the problem into two parts: eee gun a prepress 


(1) It is first assumed that tandem com] i i 

‘ 2: t pensation only is to b. i 
Fig. 6.11), and G,.(s) is determined to yield an appropriate is ERR e edt 
tion $ (s). The determination of Gi«(8) is conveniently effected in terms of the poles 
and zeros, particularly since the criti i i 
PRA ot y since the critical frequencies are needed in the second part 
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(2) The second stage of the design involves a division of the compensation, with 
part effected in the tandem network and part by the feedback elements. Thus the 
singie transfer function Gi«(s) of Fig. 6.11 is replaced by the two transfer functions 
Gi(s) and Hi(s) in Fig. 6.10. The manner of separation of the tandem compensation 


is governed by the specifications on c (s). 


Illustrative Example. The details of the design procedure as outlined 
above are clarified by a simple example. Since the second stage of the 
procedure is of primary interest in this section, it is assumed that the 
first part is completed with the transfer functions, defined in Fig. 6.10, 


1 

G(s) = EEE (6.15) 
05 à 

G(s) = s(s + 0.5) (6.16) 

c 200(s + 2) 

ER = G+ 2s + De F 10)(6 20) (6.17) 


G(s) and G(s) characterize the controlled system and are given in the 


[^] 
Fic, 6.11. Tandem system for realization of desired R (s). 


[^j 
original specifications for the problem. R (s) represents the results of 


s-plane design to meet the over-all system specifications of a velocity 
constant of 1.5, an overshoot in the step-function response of approxi- 
mately 7 per cent, and a bandwidth of less than 1.9 rad/sec.t 

The transfer function of a tandem compensation network which can be 


used to give the above ¢ (s) in the presence of G2(s) and G;(s) is 


Gia(s) = (s + 12.1)(s + 18.8) 


s required in Gia(s) are a result of the wide bandwidth 


(6.18) 


The large lead ratio 


C. 
and high velocity constant desired for R (s) even though the controlled 


system has a transfer function, G2(s)G3(s), with a magnitude which 
decreases rapidly with frequency. 
t The values here and throughout this problem are those existing after the fre- 


AG C " 
quency has been normalized to place the principal poles of R (s) at —1 Ł jl. 
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At this point, the second part of the system design is initiated, the 
control over the system response to disturbing signals entering between 
the G;(s) and G;(s) blocks of Fig. 6.10. In this example, the specifica- 
tions governing this secondary system describe the following three charac- 
teristics of the response to a u(t) which is a unit step function: 


(1) The final value of the output must be less than Yo. 


(2) The settling time must be approximately the same as for a reference input r(t). 
(3) The overshoot is to be less than 25 per cent. 


From these specifications, a configuration is selected and the required 
transfer functions determined 


Selection of a Configuration. The choice of a configuration is largely 


G,.(0)G2(0) Ji £ (0) for the tandem systern. Substitution of the values 


from Eqs. (6.15), (6.17), and (6.18) yields a value of 1.53. Even if this 


value were adequate, the settling time and overshoot would have to be 
considered for the tandem system. 


Once the simple tandem system is rejected, a numb 
figurations can be considered, 


the specifications, since the two degrees of freedom can be utilized to 
e 
control R (s) and T independently, 


In this example, the system 
considered is that of Fig. 6.10, containin 


d E the two unknown transfer 
functions Gi(s) and H (s). 

Partial Determination of G(s) and H (5). Gi(s) and Hi(s) can be deter- 
mined to a large extent from simple logi i 


ogtoal reasoning and the knowledge 
f uui unction G,,(s)G. ich i 
given explicitly by the equation et SUN. Shih f 


C 200(s + 2) 

SAYS 

xmi 1.15)(¢ + 12.1) 3-188) «n 
Certain factors of Gi(s) and H (s) are appa; t r 
arbitrarily without, significant ise of readers, oe 


(1) The simplest way to introduce a zero in £ (s) is by a zero of Gi(s). Hence, 
Gi(s) contains the numerator fac i 


pole of H,(s), but this possibility i 
t The torque constant K, is de; 


fined as the reciprocal of the stead hen 
the only input is a unit step of load-tor R ly-state error whe 
with unity over-all feedback, que disturbance, In other words, for a system 


K, =li 1 
+= fin, GU [5] 
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(2) The poles of G:(s)G;(s) which are also to be poles of g (s) are made zeros of 


Hi(s). Hence, Hi(s) contains the numerator factor s(s + 1.15). 
(3) If Hi(s) is to be simply realized (e.g., by a tachometer and RC network), it 
must have at most a simple pole at infinity. 


(4) The infinite-frequency behavior of $ (s) is identical with that of G:(s)G:(s)G;(s) 
if Hi(s) does not have a third-order pole at infinity, since the minor-loop gain 
G:(s)Gs(s) Hi(s) 
approaches zero as s tends to infinity. Hence, 


Gi(s) — 400 (6.20) 


am 


(5) A pole of Hi(s) produces a zero in the over-all open-loop transfer function. 
This zero must be canceled by a pole of G,(s). 


HG) - Kus ZEB oa) 


Fra. 6.12. System partially designed. 


The most general form of compensation satisfying these five require- 
ments is shown in Fig. 6.12. In this block diagram, Ga(s) and H,(s) are 
arbitrary transfer functions, with G.(s) approaching unity and H,(s) 
approaching unity or zero as s tends to infinity. The corresponding 


open-loop transfer function is 


c 2006 2), ,. _ 1 
EG 716411599) T F o5)G- a F OSEH (92D 


By variation of Ga(s), it is possible to produce a variety of poles and zeros 
in the transfer function from A to B in Fig. 6.12 [the transfer function 


[^] Cc ‘ree 
which determines the relation between R (s) and U gu There is still 


considerably more freedom here than required to meet the specifications. 
In order to reduce this freedom, it is assumed here that it is desirable to 
simplify the feedback network by selecting H.(s) identically unity. The 
resulting transfer function for the feedback elements is simply 


1.15 
Hi(s) = ya S (6.22) 
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Introduction of Time-domain Specifications. a, Kz, and G,(s) must be 
selected to make the open-loop transfer function of Eq. (6.21) identical 
with the desired value of Eq. (6.19), or, if the two expressions are equated 
and like factors canceled, 

1 
0.5Kx | 


(s + a)(s + 0.5) 


le + Der zl Mt 


1 
T Gc 12.16 + 18.8) 


In spite of the numerous arbitrary assumptions already made, there still 
is considerably more freedom than required to guarantee the proper open- 
loop transfer function. The poles at —12.1 and -18.8 in the right side of 
Eq. (6.23) can be generated in the left side by either G(s) or the second 
term in brackets. If the second term has poles at arbitrary points, these 
unwanted poles are canceled by zeros of G(s). 

The selection of a, Ku, and G.(s) must be guided by the three time- 
domain specifications, which can now be interpreted in terms of restric- 
tions on the unknown quantities: 

(1) The torque constant for the system of Fig. 6.12 is 


(6.23) 


K, = 6.0) == 


1.15 629 
But G.(0) can be directly related to a and Ku by substitution of s = 0 in 
Eq. (6.23), 
_ 05a + 0.5K x N 
ADU MS CTS ES (625 
Substitution of Eq. (6.25) in (6.24) gives 
K: = 1.53 + 1.53 Xe pom 
If K, is to be greater than 10, r 
Ku 
a > 5.54 (6.27) 


. (2) The settling time of the Second i ined 
by the poles of the transfer function, d A deditus 


$ (s) = & + a)(s + 115) 


200(s + 2) 
400(s + 2)Ga(s) (s? + 2s + 2)(s 4 10) + 20) (6.28) 
Cory $o 


eas ot ao [poles of the second term in brackets of Eq. (6.23)] must 
e left of —1 if the Settling time of the secondary system is to be at 


rimary system described by e (s) with poles 
at —1 t jl. 5 
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(3) The overshoot specification requires that, except for the zero at 
—1.15, all zeros of £ (s) lie well to the left of —1, since the zero already 


present at — 1.15, when combined with the poles at —1 + jl, generates 
an overshoot of nearly 20 per cent (cf. Fig. 1.21). Additional zeros 
around —1 or farther to the right would increase the overshoot beyond 
the 25 per cent allowed by the specifications. The zeros, excluding 
—1.15, are at —a and at the poles of G,(s). But the poles of G.(s), if 
present at all, are at —12.1 and —18.8; accordingly, the overshoot 
specification is met if æ is of the order of magnitude of 5 or larger. 
Thus, the time-domain specifications reduce to the restrictions that 


Ku > 5.54a 
a>5 


Poles of —— Je lie to the left of —1 
dist 0.5K i 
(s + o)(s + 0.5) 


In addition, realization of the desired open-loop transfer function requires 
that Ky, a, and G(s) be chosen such that Eq. (6.23) is satisfied. Thus, « 
and Ky can be selected to meet Eq. ; 
(6.29), and G,(s) is then determined from 
(6.23). 

Final Selection of Gi(s) and Hi(s). 
The poles of 


(6.29) 


1 
0.5K n | 
[+ gree 28 
can be determined by a root-locus plot as 
shown in Fig. 6.13, where the poles vary pic 6.13. Root-locus ploilor 


along the loci shown as a function of the 0.5K n 
value of Ky. The simplest choice of a @ +05) +a) 


and Ky results in the two poles lying 
at — 12.1 and —18.8, for in this case G,(s) is simply unity, as indicated by 
Eq. (6.23). These values for the poles are realized with a value of a given 


by the fact that the sum of the poles is always —0.5 — a, 


12.1 + 18.8 — 0.5 (6.30) 
30.4 (6.31) 


The corresponding value of Kz can be found graphically from the root- 
locus plot or analytically by equating the constant terms in the two 


denominators of Eq. (6.23). 
0.5a + 0.5Ka = 12.1 X 18.8 (6.32) 
Ku = 425 (6.33) 


These values of a and Kx satisfy the specifications of Eq. (6.29) with a 


a 
a 
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considerable safety factor. Although this is analytically the simplest 
choice for the two variables, the resulting system is wasteful of gain. 
For example, the torque constant realized is about 23, in comparison with 
the required value of 10. In addition, the gain of the feedback transfer 
function is considerably larger than required to meet the specifications, 
since K ; is appreciably larger than 5.54«, and the time constant (1/a) 
associated with Gi(s) and H,(s) is unnecessarily short. Admission of à 


05 
a(0+05) 


T 7 Gy)- 


Fie. 6.14. Final system. 


slightly more complex function for Gi(s)—that is, G.(s) not unity—would 
permit reduction of o to 5 and Ky to 5.54o. 


If the simple set of values is used, with G,(s) 
shown in Fig. 6.14. Here the torque const; 
secondary transfer function is 


c (S) = (s + 30.4) (s + 1.15) 1 
U (s? + 2s + 2)(s + 10)(s + 20) 


shown in Fig. 6.15, indicates that the pre- 
dominant time constant associated 


with E (s) is the same (1 sec) as that 


unity, the final system is 
ant realized is 23 and the 


2 


The pole-zero configuration, 


(6.34) 


with g (s), and that the overshoot of 


the secondary system is controlled 
by the zero at —1.15 and the poles 
Fig. 6.15. Pole-zero configuration for COE d and, accordingly, is ap- 
c proximately 16 per cent (cf. Fig- 
po. ee ae all specifications are 
, : me the syst; ig. 6.14. 
, Recapitulation. At this Point, it is RE R ae the 
Significant features of the design procedure as outlined in the above 


(1) The System is first designed to meet the 


; c Specifications on the 
primary transfer function n (s). 


Here, the assumption is made that the 
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compensation is to be effected solely by a tandem network and that the 
transfer function G,,.(s) of this network is determined. 

(2) The specifications on the effects of disturbances are now con- 
sidered. A suitable configuration to meet these specifications is selected. 
Generally, this configuration must contain at least two unknown transfer 
functions. 

(3) On the basis of physical reasoning, as much as possible of the 
unknown transfer functions is determined. The basis for this determina- 
tion is the required form for the over-all open-loop transfer function. 

(4) Enough arbitrary selections are made to reduce the degrees of 
freedom to a number which the designer can handle intelligently. These 
selections are guided by a desire to keep the net complexity of the 
unknown transfer functions as low as possible. 

(5) The specifications on the effects of the disturbance are considered 
quantitatively and are interpreted, as far as possible, in terms of the 
unknown parameters remaining in the two transfer functions. 

(6) A set of values is chosen for these unknown parameters. Ideally, 
this set is always chosen to result in a system meeting all specifications. 
In general, however, a certain amount of trial-and-error analysis is 
necessary, especially if the specifications are not readily phrased simply 
in terms of the unknown parameters. The use of the root-locus method 
to analyze the minor loops permits rapid investigation of the effect of 
varying parameters on the poles and zeros of the closed-loop transfer 
function. 

(7) Ordinarily, a number of satisfactory sets of values for the unknown 
parameters can be determined without difficulty. One set is selected on 
the basis of practical considerations which are not conveniently stated 
analytically, such considerations as limitations on amplifier gain, required 
size of components, system susceptibility to noise, etc. 

Consideration of these seven steps (particularly the third through 
sixth) indicates that the fundamental philosophy is very similar to that 
of classical servo design theory. An attempt is made to find a set of 
open-loop transfer functions yielding an appropriate closed-loop charac- 
teristic (in this case C/U). Such an approach is satisfactory in the 
majority of problems, but, when unusual specifications are encountered, 
the determination of an appropriate set of compensation transfer func- 
tions can become extremely tedious in the absence of a logical procedure. 

These difficulties can be circumvented if Guillemin’s procedure (Chap. 
5) is used for the division of the compensation between G,(s) and Hi(s). 


With this approach, £ (s) is arbitrarily selected at the outset of the design 
to meet the specifications on the effects of the disturbing signal. G(s) is 


C/R ; 
determined at once from the ratio eU Hi(s) is then evaluated from 


either a (s) or g (s) and the known Gi(s), G2(s), and Gs(s) by the pro- 
cedure described in detail in Chap. 5. In this way, all trial-and-error 
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steps are removed from the design. If the H,(s) resulting from such a 
straightforward approach is undesirably complicated, the poles and zeros 
selected for $ (s) and S (s) can be adjusted slightly in order to obtain 
cancellation of numerator and denominator factors of H,(s). The 
adjustment follows the lines indicated in Sec. 5.4. In general, if the 
specifications are not strict, the intuitive, trial-and-error procedure out- 
lined in this section is desirable; it is only when the specifications become 
more difficult to meet that the logical nature of Guillemin’s procedure is 
most rewarding. 

6.3. Example of s-plane Design. The example of the last section 
was presented to explain the general approach used in the design of a 
system to control a secondary transmission as well as the primary trans- 
mission from reference input to the output. In this section, another 
example demonstrates certain slightly different aspects of the same 


0.000465 (54-0.165) 
G5 (9) = 2.000465 (s +0.165) 
30 2 (020516315) 


Fic. 6.16. Controlled systern for Sec. 6.3. 


approach and also emphasizes the simplicity of the design once the gen- 
eral techniques are understood. 


; r In this case, the complete design is 
considered, rather than just the realization of a suitable secondary 
transmission. 


Specifications. The specifications include a description of the con- 
trolled system, the desired performance characteristics of the over-all 
system, and certain cons 


y traints on the response of the system to & 
disturbance. 


(1) The controlled system is described by Fi 3 t 
transfer function is af i E 
1.975 
G2(s)G3(s) = ———— 9 
2(5)Ga(s) 8(s* + 0.2455 + 6.375) (Gao 
The conjugate complex poles of G2(s)G3(. i 
a(s) are described by an wn of 
Mug An and ar T "yan The disturbance enters ths contralien 
way tha: , th i i 
Lo DW eia dan: a(s), the transfer function from disturbance 


Ga(s) = .0.000465(s + 0.165) 


pce sues 10:100) ‘ 
s(s? + 0.2453 + 6.375) dm, 
Hence, 


4250 
G. Eu ET 
xe) (s + 0.165) (6.39) 
T Again in this example, 


iti i m. 
buie Lt 15 assumed that an appropriate frequency normalization 
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(2) The performance specifications require a system with an overshoot 
of less than 5 per cent, a velocity constant greater than 0.8, and a band- 
width less than 1.5 rad/sec. 

(3) The response of the system to a disturbance which is a unit step 
function is to have the following characteristics: a final value less than 
soro, à maximum time constant essentially the same as that associated 
with the primary system, and an overshoot less than 25 per cent. 

Design of the Primary System. The first step involves the design of 
the primary system: t.e., the determination of a tandem compensation 


network (Fig. 6.17) to yield a £ (s) meeting the specifications. If the 


highly underdamped, complex poles of G:(s)G3(s) are canceled by zeros 


Fia. 6.17. Tandem system for preliminary design. 
of G,,(s), the open-loop transfer function takes the form 


C 1.975K, 
VC s iE CRVEDETUN 6.40 
x TURPIS) (6.40) 
where Ka is the constant multiplier in G;c(s). 

The poles —a and —b must be 
chosen such that closing of the loop 


results in a £ (s) meeting the per- 


formance specifications on over- 
shoot, velocity constant, and band- 
width. If a and b are sufficiently 
different and the open-loop gain is 
large enough, f he characteristics of 


g (9 are almost completely deter- 


mined by the pair of complex poles 
indicated by the complex loci of 
Fig. 6.18. A t of 0.707 for these Fic. 6.18. Root loci if a and b are real. 


poles results in a suitable overshoot f : 
of the step-function response. The wn, which for this ¢ must be less than 


the maximum allowable bandwidth [cf. Eq. (5.42)], is chosen as 1.41 
Tad/sec. If it is arbitrarily assumed that the real closed-loop pole is 
at —10 when the gain is such that the complex poles are at —1 + jl, the 
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closed-loop system function is 


€ ye 20 
R (s? + 2s + 2)(s + 10) 


The corresponding K, is 0.91, and all specifications on £ (s) are met. t 


(6.41) 


Thus, a and b must be chosen to give closed-loop poles at —1 + jl and 
—10. In this simple case, the appropriate values of a and b can be deter- 
mined from the root-locus diagram directly: the sum of —a and —b 
must be equal to the sum of the closed-loop poles, or 


a+b=12 (6.42) 


The product ab must be equal to the sum of the closed-loop poles taken 
two at a time, or 


(—a)(—b) = (~1 + 3(-1 — j) + (-1 + (-10) 
+(—1 —j)(—10) (6.43) 


ab = 22 (6.44) 
Hence, 


40-226 b= 9.74 (6.45)1 


The appropriate transfer function for the tandem Compensation net- 
work is 
10.13(s? + 0.2455 + 6.375) 
Gis(s) = 
er GEIL 9.74) (6:46) 


> Cc ; 
With Gi,(s) and R (s) determined, the performance specifications have 


been met, and attention can now be concentrated on realization of a 
system with suitable secondary transmission. 

Choice of Configuration. A configuration is selected to meet the 
Specifications governing the response to the disturbance. For several 
Teasons a simple tandem configuration (Fig. 6.19) is unsatisfactory. 
First, it is clearly impossible to realize a tandem System with suitable 
relative stability for the Secondary transmission. For the system of 


; Cc 
Fig. 6.19, U (s) possesses very highly underdamped poles close to the 


je axis as a result of the 
responding step-function 
very slowly. Second, eve 
system would be unsatisf 
bility of the system to noi; 


zeros of Gi,(s) at —0.123 + j2.52. The cor- 
Tesponse exhibits oscillations which die out 
n if the specifications could be met, the tandem 
actory in many cases because of the suscepti- 
Se. This difficulty arises because realization of 
t If the K, determined at this 


int is not large enough, a different J 
pole pero configuratii eel Point is not larg: igh, erent closed-loop 


The particular configuration can be selected by trial 
and ae or, more logically, by the methods described in Sec. 5.1 
x flee de ne rcd are of higher order, the methods of Sec, 5.3 are useful 
E graphically the i d 
JS y appropriate open-loop poles from the known closed 
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Gi«(s) by either a mechanical or an electric circuit is most simply effected 
by the use of a set of elements tuned to the resonant frequency (2.52 
rad/sec) and with very little damping. Consequently, any pickup of 
noise (in the electric system) or vibration (in the mechanical system) at 
this resonant frequency would be amplified tremendously by the sharply 
resonant G2(s)G3(s). 


G, (2) = 10:13 (9?+0.2450+6.375)) 


(1225) (2-9.4) 


0.000465 (a +0.165) 
G30)" 5 a020 635) 


C Gi (s)G2(s)Gs(s) 
Fia. 6.20, System with two compensation networks. E (s) = 1 + Gis)Gs(s)Hi(s) 


These disadvantages can be avoided if the configuration of Fig. 6.20 is 
considered. The design problem is now one of selecting values for G(s) 


C; ^ 
and H,(s) which meet the specifications on U (s) and, at the same time, 


yield the required forward transfer function 


C 20 (6.47) 
E s(s + 2.26)(s + 9.74) 
Basic Characteristics of Gi(s) and Hi(s). Certain characteristics of 
Gi(s) and H,(s) can be deduced at once: x 
(1) Hi(s) has a zero at s = 0, since both É (s) and Gs(s)Gs(s) have 


: t the origi e 
Poles at the origin. If H;(s) did not have a zero at the origin, Mi (s) 


Would not have a pole at s — 0 and the synthesis of Gi(s) would be 
unnecessarily complicated by the necessity of introducing the zero-fre- 
quency pole. 
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(2) Gi(s) and H,(s) have coincident finite poles if the poles of H,(s) 


are not to introduce zeros in P (s). 


(3) As s tends to infinity, Gi(s) approaches 10.13, since at high fre- 
quencies the minor-loop gain tends to zero and the forward transfer 


funtion S (s) behaves as G1(s)G2(s)Ga(s). 
(4) G(s) must have a zero near —0.165 if the step-function response 


associated with E (s) is not to be characterized by tremendous overshoot 


as a result of a zero of S (s) at —0.165 introduced by the pole of G;(s). 


Choice of Gi(s) and Hi(s). If it is arbitrarily assumed that G,(s) and 
Hi(s) have simple forms, the block diagram of the complete System is 


A015; +, 
G,(0) =101 =O 


Hy(0)~ Ryo 246 


Fic. 6.21. Gi(s) and H, 
shown in Fig. 6.21. 


(s) partially evaluated. 
The question now arises: Is this simple configuration 
sufficiently general to permit satisfaction of the specifications on s (s)? 
The secondary transfer function is 


c 1 C 
0° ema RO 
Substitution of the values for the component functions gives 
G 
PIC X s+b 8 + 0.165 20 


10.1(s + 0.165) — 4250 (s* + 2s + 2)(s + 10) (6.49) 


ee RC of e(t) when u(t) is a step function can be determined 


1) The final i isi 
micant nal value is 6/42,900. If this is to be less than yop, b must be less 
(3) The overshoot depends on 
at —1 tjl. If bis larger than u 
cent (cf. Fig. 1.21). Hence 


the relation between the zero at —b and the poles 
nity, the overshoot is less than the specified 25 per 
3 results in a System 
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satisfying the specifications. If this range of b does not permit realization of the 
required forward transfer function [Eq. (6.47)], more complex functions must be 
chosen for Gi(s) and Hi(s). 


Equating the open-loop transfer function of Fig. 6.21 with the desired 
value of Eq. (6.47) gives 


[10 is + 0.165 1.975 
: S--b s(s? + 0.245s + 6.375) 
1 
1.975 
"UJ 975(s + c) 


(s + b) (s? + 0.2455 + 6.375) 
20 


7351225643575 (090 


The parameters b, c, and Ky must be found such that the second term in 
brackets of the left side of this equation has poles at —0.165, —2.26, and 


Pole —123—j2.52 


; y 1.975K u(s + c) : 
Fra. 6.22. Partial root loci for (3 U)G* + 0.2455 + 6.375) 


—9.74. Figure 6.22 shows the significant part of the root-locus plot for 
s 1.975K „(s + c) > 
the forward transfer function} G+ UY (st + 0.2458 + 6.375) 

In the construction of these loci, realization of the three loci simul 
taneously at —9.74, —2.26, and —0.165 requires that the pole at —b 
must be far enough to the left and the zero at —c far enough to the right 
(actually in the right-half plane) that the two loci originating on the 
complex poles hit the axis between —0.165 and —2.26. The appropriate 
value of b is easily found from the equality of the sums of open-loop and 


t - T 
closed-loop poles aco 238 + 9.74 (6.51) 
b — 11.92 (6.52) 


1 and 14.2, all specifications are met. 
n of the transfer functions is completed with the 


Since b lies between 
The determinatio 


1 The loop referred to in the discussion of Fig. 6.22 is the minor loop of Fig. 6.21. 


“342 DESIGN IN THE s PLANE 


evaluation of c and Kz. The two parameters can be found analytically 
by equating coefficients of like powers of s in Eq. (6.50), 


(s + 11.92)(s? + 0.245s + 6.375) + 1.975Ku(s + c) 


= (s + 0.165)(s + 2.26)(s + 9.74) (6.53) 
The result is 


c 


—4.92 (6.54) 
Ku 


7.44 (6.55) 


The complete system, shown in Fig. 6.23, uses two compensation net- 
works with transfer functions 


s + 0.165 

Gi(s) — 10.1 34 11.92 (6.56) 
s — 4.02 

Hi(s) = 7-45 E 11.92 (6.57) 


The system shown is certainly not optimum in any sense. The very 


Gy) 0.000465. 230.165) 


a (6 E0205 +6.375 ) 


Fi. 6.23. Final system. 


large time-constant ratio of the lead network represented by G,(s) and 
the nonminimum-phase character of Hi(s) (that is, the fact the function 
has a zero in the right half of the s plane) are a direct consequence of the 
rather stringent specifications and the restriction to simple compensation 
transfer functions. The specifications require the realization of a 
closed-loop system with an overshoot of less than 5 per cent while utilizing 
components with a transfer function having complex poles with a ¢ of less 
than 0.05. The minor-loop feedback then is forced to pull the poles 
almost on the jw axis around to the negative real axis. In addition, the 
desire for the zero of G(s) at —0.165, in order to neutralize the pole of 
G(s) at the same point, means that the zero of H 1(s) must lie in the right- 
half plane (as shown in the root-locus plot of Fig. 6.22). 

Synthesis of the Compensation Networks. The final step in the design is 
the synthesis of networks to realize the compensation transfer functions 
G(s) and Hi(s). The former Tepresents a conventional lead network and 
can be realized by the usual circuits or by the techniques outlined in 
Chap. 3. Hi(s) however, is more difficult because of the nonminimum- 
phase character. If the factor 8, representing a pole at infinity, is realized 
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by any conventional method (e.g., with a tachometer), the rest of the 
frequency-dependent part, (s — 4.92)/(s + 11.92), must be realized by a 
balanced network. The lattice,t shown in Fig. 6.24(a), is the simplest 
network from a theoretical viewpoint. For the lattice driven from a 


zs abf 
Zy Zo 

Za 

Ez 5-492 
(a) Lattice Structure (b) E rls 
Fia. 6.24. Realization of Hi(s). 
voltage source and into an open circuit, 
Bla (6.58) 


If the lattice is driven by an ideal current generator and into an open 
Circuit, the transfer impedance is 
E: Z» — Za 
Um ab a EE sa, .59 

212(8) i 2 (6 )t 
. Tn either case, appropriate values can be found for z and z, by identify- 
ing the expressions of Eq. (6.58) or (6.59) with the desired transfer func- 
tion. If in this example the lattice is driven by a generator with zero 
Internal impedance, 

zt — Za 8 — 492 6.60) 

aa 7 8 1192 ( 


The numerator and denominator of the right side are divided by a poly- 
nomial g(s), and the identifications are made: 


s — 4.92 
— za = — 6.61 
2 — Za KO (6.61) 


s + 11.92 (6.62) 

a(s) 

TJ. L. Bower and P. F. Ordung, The Synthesis of Resistor-Capacitor Networks, 
Proc. IRE, Vol. 38, pp. 263-269, 1950. 

11f the lattice is to work into a finite resistance or from a generator with a finite, 
nonzero internal impedance, the simplest synthesis procedure is to assume that the 
terminating impedances e infinite or zero. The polynomial q(s), as defined in 
Eqs. (6.61) and (6.62), is chosen to ensure that resistances can be pulled out of the 
pied at both ends, This removal of resistance is described by Bower and Ordung, 
0p. cil. 


Z + Za = 
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Addition and subtraction of the two equations give 


_ 8 +3.50 


P UE (6.63) 
PES "el (6.64) 


If the lattice is to contain only resistors and capacitors, g(s) must be 

chosen such that both z and z, satisfy the realizability conditions (Sec. 

3.2) for RC driving-point impedances. Among the many suitable forms 
> for q(s), the simplest is s: 


The lattice is shown in Fig. 6.24(b). 
The transfer function is unchanged 
if the impedance level is adjusted to 
any desired value by dividing all 
capacitances and multiplying all re- 
sistances by any desired constant. 
The lattice, although very simple from a synthesis viewpoint, is not & 
particularly satisfactory network in practical systems because of the 
large number of elements required (each element size appears twice) and 
the necessity for achieving an accurate balance, since the lattice is & 
bridge circuit. If tubes or equivalent current generators can be used, 
the transfer function realized by the lattice can also be realized by the 
system indicated in Fig. 6.25. The input is unbalanced to ground, but 
the output contains no ground terminal. There are a number of other 
schemes for circumventing the large number of elements required by the 
use of a lattice structure. 

6.4. Determination of Transfer Functions. The root-locus method is 
frequently criticized because the starting point of the design is the 
transfer function of the controlled system, or the fixed components which 
must be incorporated in the system. If the characteristics of these fixed 
elements are known only in terms of experimental measurements with 
test input signals, either root-locus design or Guillemin’s synthesis of the 


over-all system must be preceded b inati i 
^ y the determination of ai ropriate 
transfer function for the controlled s Yir We 


h system. 
There are three general methods by which the characteristics of 
physical equipment may be determined: 


Fra. 6.25. Incremental circuit for realiza- 
tion of E,/E, proportional to z, — za. 


(1) System analysis leads to a transfer function in terms of system parameters 
which are evaluated by experimental tests. In the analysis of a translational hydrau- 
lic pilot valve and power piston, for example, the behavior of the various components 
is described by a set of equations based on physical laws. On the basis of the prob- 
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able excitation and load, suitable linearizing assumptions are made; the transfer 
function is derived from these linear equations; and, finally, the parameters (the oil 
compressibility, the flow/displacement ratio of the pilot valve, the load mass, spring 
constant, damping, etc.) are evaluated either experimentally or theoretically. 

(2) The sinusoidal characteristics of the system are determined. With the com- 
ponents excited by a variable-frequency sine-wave generator, the input and output 
amplitude and phase are measured to yield the frequency response and phase char- 
acteristic of the controlled system. 

(3) Transient tests are used, with the response of the system determined when 
the input is a step function, an impulse function, or a more general transient input. 
The system is characterized in the time domain. 


If the first method is used, the transfer function which results is often 
in a form appropriate for direct application of the root-locus method or 
Guillemin’s procedure. The transfer func- 
tion is ordinarily in factored form, or at 
least partially factored, and the poles and 
zeros characterizing the controlled system 
are determined at once. If the second ap- 
proach (involving frequency measurements) 
is the basis for describing the controlled 
elements, the data are in a form directly 
amenable to frequency-domain design meth- 
ods (the Nyquist diagram or the gain and 
phase plots). Application of the root-locus 
method or Guillemin's procedure necessi- 
tates the approximation of the given gain 
Poe dile tansderfüseton. Inthe 26, 635 Gain aid rli of 

x $ ideal low-pass filter (time delay 
third case, with the components charac- permissible). 
terized in the time domain, application 
of the root-locus method requires determination of a suitable transfer 
function, while use of frequency-domain design involves either a Fourier 
transform of the time function or the derivation of a transfer function 
and the subsequent plotting of gain and phase curves. 

Thus, there are two problems which may arise when either the root- 
locus method or Guillemin's method is used for system design: 


Gain 


(1) Derivation of a transfer function from plots of gain and phase versus frequency. 
(2) Derivation of a transfer function from the transient response. 


In this and the following section, the first of these problems is considered; 
Sec. 6.6 contains a brief discussion of approximation in the time domain. 

Approximation in the Frequency Domain. The determination of a 
transfer function to represent specified gain and phase characteristics is 
one of the basic aspects of network theory. For example, the classical 
problem of network theory involves the determination of a network with 
characteristics approximating the ideal low-pass filter function, with the 
gain and phase curves of Fig. 6.26. Modern network theory breaks the 
problem into two parts: approximation of the given characteristics by a 
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rational algebraic function, and realization of this transfer function by a 
network. The approximation here is a very special case of the more 
general problem which arises in the design of feedback control systems, 
where the gain and phase characteristics to be approximated may take a 
wide variety of shapes. 

The literature in the field of network theory provides a number of 
possible approaches to the problem of approximating simultaneously 
both a specified gain curve and a given phase characteristic. These 
powerful approximation techniques are not generally applicable in the 
study of feedback control systems, however, as a consequence of certain 
basic considerations. First, the accuracy desired for the approximation 
is not the small fractions of a decibel or of a degree so often described in 
connection with problems of filter and equalizer design. The designer of 
control systems is ordinarily more interested in the rapid, rough approxi- 
mation of component characteristics. Indeed, in many cases, the experi- 
mental data represented by the gain and phase curves are not accurate to 
more than a decibel or a few degrees. For example, the phase-angle 
meters used to measure the phase characteristic of a servo system from a 
fraction of a cycle to several cycles frequently have accuracies no better 
than 1 or 2°. 

Furthermore, the approximation problem in feedback-control theory 

i nt that the transfer function deter- 
mined must be simple. While the network designer may be working 
with 30 or more poles and zeros, the control- 


compatible. The significa: 
depends on two facts: 


(1) Bode has demonstrated t that over any finite frequency band both gain and 
phase can be specified arbit; 


rarily and approximated with any desired accuracy. § 
T For example, cf. the two articles b; i : i 

. y S. Darlington: The Potential Analog Method 
of Network Synthesis, Bell System T. i 1951; 


ech. J., Vol. 30, pp. 315-365, April, 1951; Net- 
work Synthesis Using Tchebycheff Polynomial Series. Bell Sy J., Vol. 31 
pp. 613-665, July, 1952, olynominl Series, Bell System Tech, J., Vol. 31, 


1H. W. Bode, “Network Analysis and Feedback Am: lifi ign,” 
Nostrand Company, Inc., New York, 1945 por. We ae a 


$ The statement is true if the term “ 
Paley-Wiener criterion (cf. G, E. Valley and 


accuracy” is interpreted properly. The 
H. Wallman, “Vacuum Tube Amplifiers,” 
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(2) If the gain is specified at all frequencies, the phase is completely determined 
if nonminimum-phase systems are excluded. 


The validity of these two statements can be shown from the Hilbert trans- 
form relating the real and imaginary parts of a function of a complex 
variable. In particular, this transform shows that the phase at any 
frequency c; depends on the derivative of the gain at all frequencies, with 
the significance of the value of gain at a frequency w decreasing as |o — «i| 
becomes larger. The actual weighting function is shown in Fig. 6.27. 

A definition of compatible gain 
and phase characteristics can now |Importance 
be given. Figure 6.28(a) shows 
possible forms for the desired gain 
and phase curves, specified between 
the two frequencies o, and w». If 
the specified characteristics are 
compatible, approximation results 
in over-all gain and phase curves as 
shown in part (b) of the figure. If 
the gain curve is first approximated a i 

* ; 1 log w 
by & simple transfer function, the Fic. 6.27. Relative importance of gain 
resulting phase characteristic of this derivative at win determining phase at oi. 
approximation does not differ radi- 
cally from the specified phase between wa and w. In a case in which the 
specified characteristics are incompatible, the over-all gain and phase re- 
sulting from the approximation are shown in part (c) of the figure. After 
the gain is approximated, meeting the phase specifications necessitates a 
large, rapid gain variation outside the frequency band of interest. This 
large variation is required because gain variations outside the band are 
ineffective as a means of controlling phase within the band. 

Clearly, if gain and phase curves are arbitrarily specified or are given 
by certain specifications which do not implicitly satisfy the Hilbert trans- 
form, incompatibility is very likely to arise. In the study of feedback 
control systems, however, the measured gain and phase correspond to a 
physical piece of equipment. Accordingly, in many cases approximation 
of the gain alone results in a phase characteristic which is very close to 
that desired. Slight adjustment of the poles and zeros of the approxi- 
mation often permits a satisfactory compromise between gain and phase 
accuracy. 

Thus, in a number of cases of significance, determination of a suitable 
transfer function for the controlled elements can be resolved to the 


MIT Radiation Laboratory Series, Vol. 18, Appendix I, McGraw-Hill Book Company, 
Inc., New York, 1948) implies that the gain of a physically realizable network can- 
not be zero over a nonzero band of frequencies. The statement that the gain char- 
acteristic of the ideal low-pass filter can be approximated within any desired ‘“‘accu- 
racy” over a frequency band from zero to twice the cutoff frequency, for example, does 
not mean within a specified number of decibels, but rather within a specified magni- 
tude of gain, 
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approximation of a given gain curve. The phase characteristic is auto- 
matically realized with sufficient accuracy. Probably the simplest 
method of determining a rational algebraic function approximating a 
specified gain characteristic is a reverse application of the asymptotic 
techniques for plotting gain versus frequency from a given transfer func- 
tion. The following discussion presents the basic features of this 


Gain 


Phase 


(b) Characteristics Realized by 
Approximation if Gain and 
Phase Compatible 


Phase 


(c) Gain and Phase Incompatible 
Fic, 6.28. Definition of compatibility. 


asymptotic procedure; mori 
servomechanism texts. t 


F a att of Gain Characteristic from Transfer Function. It is 
oo _to plot |G(jw)| versus frequency, with the function G(s) given. 
(s) is in general the ratio of two polynomials in s, each polynomial con- 


uning both real and conjugate complex zeros. A typical form for G(s) 


€ complete descriptions can be found in most 


d e e and D. P. Campbell, “Principles of Servomechanisms," Chap. 8, 

QR ed Sons, pm they York, 1948; and H. Chestnut and R. W. Mayer, 
isms and Regulating Syst ign," i 

Jur Nen Monk domi: E System Design," Chap. 12, John Wiley & Sons, 
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(Tos + 1)(T2s? + 2¢-T-s + 1) 


=K 
GG) = Kim: D DU --2uTs41 (9) 
The associated pole-zero configuration is shown in Fig. 6.29. 
The magnitude of the gain along the jw axis is desired: 
. |1 + joTalll + je2t.T. — wT 
GG) = K Fah gen] + joel) + 707s — eri (999 


The multiplication and division of the various numerator and denomi- 
nator factors representing the zeros and poles are transformed to addition 


o 


Fic. 6.29. Pole-zero configuration for G(s) of Eq. (6.67). 
and subtraction by consideration of logio |G(jw)|, rather than IG(jo)| 
directly. 
À 


log |G(jo)| = log K + log |1 + joTol + - ^ * 
— log |jo| — log |1 + joTs| — +++ (6.69)f 


Ordinarily it is convenient to plot the gain in decibels: 


20 log |G(jw)| = 20 log K + 20 log |1 + joTo| $ 
+ 20 log |1 + je2t.T« — ow? T?| — 20 log |ju| = 20 log |1 + jwT's| 
— 20 log |1 + jeT.| — 20 log |1 + je2t«Ta — wT] (6.70) 


Thus, a plot of the gain versus frequency can be made by simple point- 
by-point addition of the gains of each individual term in the summation 
on the right side of Eq. (6.70). For the general rational algebraic trans- 
fer function, this sum includes terms of four types: 


(1) A constant term, 20 log K 
(2) Terms arising from reál zeros or poles and of the form 


20 log |G2Gju)| = +20 log |1 + joT| (6.71) 
t All logarithms in this discussion are tc the base 10. 
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(3) Terms arising from a zero or pole at the origin and of the form 
20 log |Gs(jw)| = +20 log w (6.72) f 
(4) Terms arising from conjugate complex zeros or poles and of the form 
20 log |Gi(jw)| = +20 log |1 + je2r.T, — eT: (6.73) 


* In each case, the plus sign is used for zeros, the minus sign for poles. . 
Terms of type (2) above, arising from linear factors, are readily 
plotted approximately if the behavior at both high and low frequencies is 


20 log |G2(iw)| 


High-frequency 
Asymptote for a Zero 
+6 db/octave or 
+20 db/decade 


log w 
High-frequency 
mptote for a Pole 
qiue pb or 
—20 db/decade 


Fro. 6.30. Asymptotes for a linear factor. 
considered. At very low frequencies, where oT» «1, 


20 log |G;ju)| = +10 log (1 + wf?) (6.74) 
20 log (Galja) — + 39 gers (6.75) 


If all terms in (wT)? and higher degrees are neglected, Eq. (6.75) indi- 
cates that the gain is essentially 0 db for all frequencies low enough that 
wT: < 0.1. At very high frequencies, with wT, >L 


4 
20 log |G2(jw)| = +20 [iog wT: + log ( + 2n) | (6.76) 
2, 
20 log |@a(jeo)| — +20 log oT; (6.77) 
If the gain is plotted versus lo; 


r E w instead of w, Eq. (6.77) states that the 
characteristic is essentially lin 


ear at high frequencies, for 


20 log |G;(j«)| — +20 log w + 20 log T; (6.78) 
d 
d log o 20 log [G.o)]] — 20 (6.79) 


Thus, at very low and very high frequencies, the gain follows the low- 
frequency and high-frequenc 


y asymptotes shown in Fig. 6.30. The 
T If the zero or pole is of order n, the gain in decibels is £20 log o^, or +20n log w. 
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intersection of the two asymptotes can be found by equating the high- 
frequency asymptote [Eq. (6.77)] to zero: 


+20 log wT: = 0 (6.80) 
` 1 
o= 7, (6.81) 


The slope of the high-frequency asymptote is found from Eq. (6.79), 
which indicates that, for a zero factor (when the plus sign is used), multi- 
plying the frequency by 8 factor of 10 increases the gain by 20 db, or 
doubling the frequency results in a 6-db increase in gain. 

Clearly, the two asymptotes can be drawn rapidly once the linear factor 
is known. The construction of the ; 
curve follows three rules: 200g |G 


(1) The low-frequency asymptote is 
0 db. 

(2) The high-frequency asymptote has 
a slope of +6 db/octave, the plussignbeing — 29g. ——————— 
used for a zero factor, the minus sign for & 
pole factor. 

(3) The two asymptotes intersect at : 
smilies Fic. 6.31. Asymptotic plot for 


An example is shown in Fig. 6.31. G(s) = 4/G + 4)- 
Accuracy of the Asymptotes. How accurate an approximation is this 

asymptotic plot to the actual gain curve? This question is readily 

interpreted by a few simple calculations, summarized in Table 6.1. In 


TABLE 6.1 
ACCURACY OF ASYMPTOTIC PLOT FOR LINEAR FACTOR 


‘Actual value | Asymptotic Error 
Frequency of gain, db | value, db | db 
w= + (break frequency) +3 0 +3 
2 
m +1.0 0 ES 
Ta 
2 
= 7. +7.0 +6 £L 
Rih 
= 0.76 2 0 r2 
w T; X 
= 131 $4.3 £2.8 +2 


the case of a zero factor, with the plus signs used in the table, the actual 
curve lies entirely above the asymptotic curve. For a pole, the actual 
curve falls below the asymptotes. The difference between the actual 
and asymptotic curves is a maximum at the break frequency and is 


352 DESIGN IN THE s PLANE 


geometrically symmetrical about this break frequency. The error is 3 db 
at the break, 2 db at 0.76 and 1.31 times the break frequency, and 1 db at 
one half and twice the break frequency. The situation for a pole is 
shown graphically in Fig. 6.32. 

The logarithmic-gain curve corresponding to any linear factor can thus 
be sketched with essentially no computation. The procedure is as 
follows: 


(1) The asymptotes are determined, with the break frequency at w = 1/T2. 

(2) The actual values are determined at five frequencies (those shown in Fig. 6.32). 

(8) A smooth curve is drawn on the basis of the five points and the two asymptotes. 

Zero-frequency Poles and Zeros. The plotting is even simpler in the 
case of a critical frequency at the origin. If the pole or zero is simple, the 


20 log |G2(j)| 


Actual Curve 


Fic, 6.32. Error of asymptotic gain for G(s) = 1/(Ts +1). 
logarithmic gain is 
20 log |@s(Ju)| = +20 log w (6.82) 
The curve plotted versus log w is merely a Straight line with a slope of 


+6 db/octave. The location of this line is determined that 
for w = 1 the gain is 0 db. mmined by the fact tha 


Complex Poles or Zeros. The situation is sli 


consideration of conjugate complex pairs of z 
(6.73) states that in this case 


20 log |GsGjw)| = +20 log |1 + je25T. — «2TH (6.83) 


The low-frequency asymptote is agai i 

gain 0 db, but the high-f ency 
asymptote has a slope of 112 db/octay. uf the si 
pole or zero case, for at high frequencies 


20 log |G4(jw)| — +20 log (wT)? (6.84) 


ghtly complicated in the 
eros or poles. Equation 


The two asymptotes intersect at the frequency at which 
£20 log (wT)? = 0 (6.85) 


w = 


1 
T, (also denoted wa) (6.86) 


by 
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The asymptotic plots for both the zero and pole cases are shown in 
Fig. 6.33. 

The difference between the asymptotic plot and the actual curve 
depends on the value of ¢, with a variety of shapes realizable for the 
actual curve. A family of these actual curves is shown in Fig. 6.34. 
Regardless of the value of t4, the actual curve approaches the asymptotes 
at both high and low frequencies. In addition, the error between the 
asymptotic plot and the actual curve is geometrically symmetrical about 
the break frequency w; As a result of this symmetry, the curves of 
Fig. 6.34 are plotted only for o < ws. The error for o = aw, is identical 


with the error at an w of w/a. 


20 log |G (iw)] 20 log |G («| 


ob w (log scale) 


~12db/octave 


+12db/octave 
or - A0db/decade 


or +40db/decade 


Odb 


1 «(log scale) 


wT, 
Zero Case Pole Case 


Fic. 6.33. Asymptotes for a conjugate complex pair of zeros or poles. 


The necessity for curves as shown in Fig. 6.34 can be avoided if each 
quadratic term is divided by s.t Consideration of a term of the form 
s? + 2tiwas + w? is then replaced by plots for the two terms: s and 
(s? + 2¢4u48 + w3)/s. -When the quadratic term is divided by s, the 
actual curve has an extremum at the break frequency w, (a maximum for 
s a minimum for zeros) and the extremum differs from 


quadratic pole: f 
the pees Ty value by +20 log (1/20). The error decreases on either 


side of the break frequency. f 
Construction of Complete Gain Curve. The procedure for drawing a 


complete logarithmic gain-frequency curve is now fully established. The 
asymptotic plots of the various pole and zero components are added 
together. The errors for each of the components are included, and a 
smooth curve is drawn through the resultant points. Alternatively, the 
errors of the individual components can be inserted and the accurate 


individual curves added point by point. ; i 
One example illustrates the procedure. The transfer function con- 


dere 
sidered is s(s + 10) (6.87) 


Gls) = BF 20) (6? + 0.6 VÀ s + 2) 


(1) G(s) is rewritten to make the constant term of each factor equal 


to unity: 


fThis possibility was pointed out to the author by Dr. E. J. Angelo, 
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10 s(0.1s + 1) 
40 (0.05s + 1)(0.5s? + 0.3 V2 s + 1) 


(2) The break frequencies of the asymptotic factors are determined: 
Break up at 6 db/octave at o = 10 because of 0.1s + 1 
Down at 6 db/octave at w = 20 because of 0.05s + 1 
Down at 12 db/octave at o — 1.414 with a t of 0.3 because of 
0.58? + 0.3 V2s +1 
(3) The constant terms and the critical frequency at the origin are 
determined. There is a rise at 6 db/octave because of the s factor in the 


G(s) = 


(6.88) 


Frequency Ratio (&) 
4. 


Fig. 6.34. Actual curves of db gain for G,(s) = 


of 
8! + Qos + "i 


numerator and a constant gain of £9. If these two f; i 
r ant 7 actors are considered 
together, G,(jw) = tbo intersect 


SÜdbato — 4. Thus, the as totic 
plot saris at low frequencies as a line rising at 6 db/octave WAR Q dE at 
an w of 4. 


(4) The asymptotic plot is Sketched in Fig. 6.35. 
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(5) The error component of the quadratic term, representing the 
lowest break frequency, is added. From Fig. 6.34, with ¢ = 0.3, the 
error is 4.44 db at the break frequency, a maximum of 4.85 db at 0.91 and 
1.10 times the break frequency, 4.05 db at 0.75 and 1.33 times the break 
and 1.8 db at 0.5 and 2.0 times the break. The addition of the error 
leads to a curve of the form shown by the solid line of Fig. 6.36(a). 


0 db i T—— ——á4- w 
s {log scale) 


10 20 


A) 
^" Curve with Quadratic (log scale) 


Correction Only 


Asymptotic 
Curve 


(a) Correction for Quadratic Term 


10 20 
+ —+- 


w 
(log scale) 


Asymptotic 


Curve 
Curve with Quadratic 


Correction Only 


(b) All Corrections Introduced 
Fic. 6.36. Actual gain characteristic in example. 


(6) The corrections associated with the breaks at w = 10 and w = 20 
are added. At w = 5, there is a correction of 1 db to be added; at 
w = 10, a correction of 3 db because of the break at 10 and a correc- 
tion of —1 db because of the break at 20. At 20, the total correction is 
—3+1= —2 db. At 40, the correction is —1 db. The resultant 
approximate curve is sketched in Fig. 6.36(b). 

Clearly, difficulty is experienced if the break frequencies are so close 
together that the proper correction term at any given frequency is the 
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sum of components resulting from a large number of different breaks. If 
the break frequencies are closely spaced, the smooth curve is most easily 
constructed in steps, where each step involves addition of all the correc- 
tion associated with a single break frequency. 

Approximation. The general procedure for the approximation of a 
given gain characteristic by a suitable rational algebraic function is now 
evident. The approximation is effected in terms of pole and zero loca- 
tions. After the given gain characteristic is plotted in decibels against a 
logarithmic frequency scale, the initial fit is made by straight lines with 
slopes of 6, 12, 18, etc., db/octave. The break frequencies and gain level 
are then modified to permit addition of suitable correction terms. The 
determination of the effect of varying the positions of a pole or zero (or 
break frequency) is sufficiently simple that the error of the approximation 


m 
(Log Scale ) 


Fic. 6.37. Desired gain curve. 


Fic. 6.38. Gain of the double-pole factor. 


can be very nearly minimized by inspection. 
approximation are best explained through the des 
Example 1. A rational algebraic function is 
mate within 1 db the curve shown in Fig. 6.37. The gain is to be flat to 
1 rad/sec and then fall off at 24 db/octave thereafter. The absolute 
level of gain (7.e., the desired value of gain at low frequencies) is realized 
by suitable choice of a constant multiplier; the actual problem cóncerns 


the selection of poles and zeros to give the desired gain variation with 
frequency. 


The actual steps in the 
cription of two examples. 
to be found to approxi- 


The simplest solution is to place all zeros at infinity and use four poles. 


Certainly, the excess of poles over zeros must be four as a result of the 
required behavior at high frequencies. As an initial attempt, a double 
pole is placed ats = —1, leading to a factor 1/(s + 1)?, with the mag- 
nitude shown in Fig. 6.38. At w = 1, the double pole yields a loss of 
6 db. This unwanted attenuation can be compensated with one pair of 
conjugate complex poles with an undamped natural resonant frequency 
of 1 rad/sec and a relative damping ratio sufficiently small to yield & 
gain of 6 db at 1 rad/sec. Inspection of Fig. 6.34 reveals that a ¢ of 
about 0.25 meets this requirement well within the 1-db tolerance allowed. 
As a first trial, then, the quadratic factor 1/(s? + 0.5s + 1) is selected. 
The corresponding gain curve is shown in Fig. 6.39. 

Whether this combination of a double pole and a quadratic factor 
meets the specifications can be readily determined by adding the two 
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gain components represented by Figs. 6.38 and 6.39. The sum has the 
appearance shown in Fig. 6.40 and stays within approximately 1 db of the 
desired value. If necessary, a somewhat lower peak error can be obtained 
by slight adjustment of the ¢ of the complex poles. If the ¢ of 0.25 is 
satisfactory, the final system function is 


K 
Gs) = GF + 0.5s + 1) 
Example 2. The transfer function of a system is found by measure- 


ment to exhibit the characteristic shown by the solid curve of Fig. 6.41. 
A rational algebraic function approximating this curve is to be found. 


(6.89) 


Gain 


Fic. 6.40. Final approximation for Exam- 


Fig, 6.39. Gain of the quadratic factor. 


ple i. 
+20 
SS = — First Asymptotic 
Approximation mi 
+10 / 
ntal Curve 
z 28 esl 
3 rs] 
= 0 
S 
oO ell 
-10 - 
-20|- 
E 
01 10 100 


Frequency (rad/sec) 
Fic. 6.41. Curves for Example 2. 


At low frequencies, the gain increases at 6 db/octave. An approximate 
asymptote is drawn, and the first break frequency 1s estimated to be at 
the frequency at which this asymptote deviates from the measured curve 
by 3 db—-in this example, at 0.5 rad/sec. From this point, a horizontal 
asymptote is drawn and extended again to the point of 3-db error, 
w = 5 rad/sec. At high frequencies, the gain falls off at —18 db/octave 
(although more of the experimental curve should be shown to make this 
clear). The peak indicates at least one pair of conjugate poles. Thus, 
at 5 rad/sec the asymptotic curve is broken down at —6 db/octave. 


358 DESIGN IN THE s PLANE 


The peak is sufficiently high to indicate that the corresponding break 
frequency occurs at about the same frequency as the peak amplitude, 
or at w = 50 rad/sec. The asymptotic curve is then completed as 
shown by the dotted curve of Fig. 6.41. 

The first approximating transfer function is completely determined by 
selection of a ¢ to give the proper peak amplitude. The curves of Fig. 
6.34 demonstrate that when ¢ is about 0.05 the peak is about 20 db above 
the break. ~The transfer function is then 


T Ks 
99 7 SEG 5)(s? + 5s + 2500) pn 


The next step involves sketching the actual curve for the approxi- 
mating transfer function by insertion of the proper correction factors. 
From a comparison of this "actual" curve and the specified character- 
istic, adjustments are made in the break frequencies, or, if necessary, in 
the general form of the asymptotic plot. For example, if the error were 
excessively large in the example of Fig. 6.41 in the band from 5 to 50 
rad/sec, the curve might be approximated by a 12-db/octave drop-off 
above 5 rad/sec and a 6-db/octave break upward at a somewhat higher 
frequency. 

For the completion of this example, it is assumed that the first approxi- 
mation is satisfactory, with G(s) given by Eq. (6.90). The appropriate 
value of K can be determined readily by investigation of the value of the 


horizontal asymptote. In the region where the asymptotic curve is 
horizontal, the asymptotic value of IG(jo)| is 


Ks E OK 1 
s X 5 X 2500|,-, 12,500 (6:00) 

, From Fig. 6.41, this value is +14 db. Hence, 

K 
201 = 
0 log 12,500 14 (6.92) 
K = 62,600 (6.93) 
The final value of G(s) is 

G(s) = 62,600s 94 
(s + 0.5) (s + 5) (s? + 5s + 2500) oy 


ceding section. In the i 
to be used and the choic 
to the nature of the ph 


nitial selection of the number of poles and zeros 
€ of break frequencies, consideration can be given 
0 Phase characteristic in order to realize, if possible, & 
transfer function with a phase characteristic which does not deviate 
radically from the desired curve. The phase of the approximating 
transfer function is then plotted in the conventional way, by addition 


o 
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Fio. 6.42. Phase characteristics for individual factors of a transfer function. (From 
H. M. James, N. B. Nichols, and R. S. Phillips, “Theory of Servomechanisms," MIT 
Radiation Laboratory Series, Vol. 25, p. 144, McGraw-Hill Book Company, Inc., New 


York, 1949.) 25 
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of the contribution from each of the factors (s, Tos +1, or Tis? + 
2¢4.74s + 1) appearing in the transfer function. Figure 6.42 shows the 
various component phase characteristics. Lae : 

6.5. Improving the Accuracy of Approximation. In certain problems, 
the gain or phase of the transfer function found from the first approxima- 
tion is not sufficiently accurate, and it is not clear from the gain and 
phase plots what adjustments of the break frequencies and relative 
damping ratios are needed to reduce the errors to within tolerable limits. 
In such a situation, a procedure suggested by J. G. Linvillf can be used to 
improve the approximation. The procedure can be divided into two 
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steps. In the first stage, the approximation is improved by consideration 

: of the effects of moving individual 
eas poles and zeros. When combina- 
Odb w tions of critical frequencies are con- 


Desired 
Characteristic ,7 


sidered, it becomes impossible for 
the designer to comprehend the 
effect of simultaneous motion of 
several poles and zeros. In the 


second stage, an analytical proce- 


Characteristic 
Realized by 
G(a) 


87+0.53s+1 
gu) 37+1.068+1 


Fic. 6.43. Gain curve realized by first 
approximation. 


poles and zeros by inspection, usua 


accuracy desired. 
Linvill’ 


in terms of a specific example. 
first approximation is assumed to 


Assumed values for this example: 


ci +o =1 

c +o =l 

Furthermore, the example is sim 

approximation is of interest. 

tJ. G. Linvill, The Selec 

Frequency Characteristics, 
March 14, 1950. 

1 The G(s) of Eq. (6.95) actuall. 

pass transformation to derive an a 

servo system. The transformati 


to a shift to the right in the s plane. 


dure is used to determine the opti- 
mum motion of all critical frequen- 
cies. Fortunately, in the design of 
feedback control systems, the first 
stage, involving adjustment of the 
lly suffices for the approximation 


l's procedure is based on a consideration of the effects of small 
changes in the pole and zero positions. 


The procedure is easily explained 


The transfer function resulting from the 
be given by the equation 
o 2 2 
G(s) = E 20s + zn + e: 
8* — 20:8 + e$ + oi 


zeros at +o, + joi 


.95 
poles at +0: + jwz (6.95) 


20, = 


—0.53 
—1.06 


2e, = 


plified if it is assumed that only the gain 
|G(jw)|, the gain of the initial approxima- 
tion of Network Functions to Approximate Prescribed 
MIT Research Laboratory of Electronics Tech. Rept. 145, 


y represents the result of using the low pass-band 
Ppropriate lead-network transfer function for an a-C 


on is described in Sec. 6.7. 
It should be noted here that c, -+ jo; actually 


a zero at —1 + 73,0. = —1 and w, = 3. 


denotes the zero position. Thus, for 
A positive Ac, consequently corresponds 
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tion, is shown in Fig. 6.43, which also includes the desired characteristic. 
The problem is to determine appropriate changes of ci, «i, ca, and ws 
[that is, translations of the poles and zeros of G(s)] to improve the accu- 
racy of the gain approximation. 

The keystone of Linvill’s procedure is the description of the effects of 
small shifts in the pole and zero positions in terms of the partial deriva- 
tives of the gain function. In particular, if the logarithmic gain, 
20 log |@(jw)|, is termed F(w), the change in F(w) resulting from changes 
of the poles and zeros is given by the expression 


Aci Awi ‘Acs 
AF(w) = ji ob UE ji Cut AMETE f oF des 
0 0 0 2 


TA Ow 


ae — de. (6.96) 
dw 


If the changes of the four parameters (01, w1, vs, and w2) are small, the 
partial derivatives are constant, and 
oF oF oF oF 
AF(w) = 57 Ami Am + SL Ami + S Ao (6.97) 
In other words, once the partial derivatives are evaluated for the original 
values of the four parameters, Eq. (6.97) permits determination of the 
effects of changes Aci, Aci, Aes, and Aw:. In addition, consideration of 
the logarithmic gain, rather than |G(jw)|, allows separation of the various 
zeros and poles: that is, F/d01 depends only on ce; and w: and is independ- 
ent of the poles at +ø2 + je». In an analogous fashion, an equation 
similar to (6.97) can be written for the change in the phase angle of 
G(jw) as a sum of linear functions of Ası, Awi, Ac, and Aws. 

Utilization of Eq. (6.97) involves the following steps: 

(1) From the actual and desired gain curves (Fig. 6.43) a plot is made 
of the error-frequency function which is to be realized by the shift in the 
pole and zero positions. The error curve, shown in Fig. 6.44(a), is the 
desired AF (w) of Eq. (6.97). 

(2) The frequency variations of the four partial derivatives of Eq. 
(6.97) are evaluated at the given values of e;, w1, cs, and w2 Typical 
curves of these derivatives versus frequency are shown in Fig. 6.44(b). 

(3) A combination of the four partial-derivative curves must be 
selected to approximate the desired error function over the frequency 
band of interest. In many cases, an appropriate combination can be 
found merely by inspection; in this problem, for example, it is clear that 
(aF/dw;) Aw: can be made to approximate the known variation of error 
with frequency if an appropriate negative value of Aw; is chosen. Alter- 
natively, w2, the imaginary part of the pole, might be increased to improve 
the accuracy. 

(4) The gain corresponding to the new pole and zero positions is 
determined, and the new error-frequency function is plotted. The 
adjustment process is continued in this way until sufficient accuracy is 
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obtained or until it is no longer apparent what combination of changes 
(Aci, Ac, etc.) leads to an improved accuracy. 

(5) When the appropriate values of Aci, etc., are not apparent from 
the plots of the partial derivatives 
and the error function, an analytical 
proceduref can be used to minimize 
the mean-square value of the error 
evaluated at n different frequencies 
by adjustment of the m quantities 
Aci, Aw; etc. (where n > m). This 
procedure is not described in detail 
here because of the limited applica- 
tion in the design of feedback control 
systems. 

Although Linvill’s procedure is 
straightforward, the calculation and 
plotting of the partial derivatives 
are a tedious process, Fortunately, 
curves are available which give the 
frequency variation of the partial 
derivatives for all cases of practical 
interest. These curves are shown 
in Fig. 6.45. The normalization of 
the curves is described below. 

Parts (a) and (b) of the figure rep- 
resent the partial derivative of the 
logarithmic gain with respect to the 
Position of a real pole or zero. If 
the critical frequency is real, the 
factor in G(s) is of the form 


Error 
(db) 


G.(s) = (8 —o,)*1 (6.98) 


The plus sign is used for a zero, the 
minus sign for a pole. The corre- 
sponding term in the logarithmic 
(5) Partial Derivatives gain, F,(o), is 

Fic. 6.44. Curves for adjustment of 
first approximation, 


Fr(w) = +20 log |jw — o,| (0.99) 
The partial derivative of F,(w) with respect to c, 


gives 
oF, or 
ao, 7 EP Do (6.100) 


tJ. G. Linvill, The Approximation with Rational Functions of Prescribed Magni- 
tude and Phase Characteristics, Proc. I. RE, Vol. 40, pp. 711-721, June, 1952, 
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(a) Dependence of Logarithmic Gain on Motion of a Real Zero. 
F,=20 log | je—a,| . 


(b) Dependence of Logarithmic Gain on Motion of a Real Zero. 
F,=20 log | ju—c,| 
Fro. 6.45. Partial derivatives for Linvill’s procedure. (From J.G. Linvill, The Selec- 
tion of Network Functions io Approximate Prescribed Frequency Characteristics, MIT 
Research Laboratory of Electronics Tech. Rept. 145, March 14, 1950.) 
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Fia. 6.45. (Continued) 
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(e) Dependence of Gain on Real Part of Zero (or Pole) 
F.-201og |(jw)’—2o-(jw)+o,7+ 0," 


Fia. 6.45. (Continued) 
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(f) Dependence of Gain on Imaginary Part of Zero 


Fie, 6.45. (Continued) 
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(g) Dependence of Phase on Real Zero (or Pole) 
G,=(jw-a,) 
Fra. 6.45. (Continued) 
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(h) Dependence of Phase on Real Zero (or Pole) 
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Fia. 6.45. (Continued) 


(i) Dependence of Phase on Real Part of Zero (or Pole) 
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(m) Dependence of Phase on Imaginary Part of Zero (or Pole) 
G_=[[jw)*-20,( ju) tott wd] 
Fig. 6.45. (Continued) 
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d 


i 
TA 


(n) Dependence of Phase on Imaginary Part of Zero (or Pole) 
Ga [UY -2ra 2] 


Fıa..6.45. (Concluded) 


Equation (6.100) can be rewritten 
oF, 1 


(oan arm + (w/o)? 
Thus, if —c,(dF',/d0,) is plotted as a function of w/(—o,),} a single curve 
suffices for any o,. Figures 6.45(a) and (b) represent this plot when c, is a 
zero of the transfer function. The same curves can be used for a pole if 
the signs of the ordinates are changed. 

.Utilization of these curves is straightforward. If, for example, c, 
represents a zero in the s plane at —3 (s, = —3), the horizontal scale is 
relabeled as shown in Fig. 6.46, and the vertical scale is converted to 
values of the partial derivative by dividing the ordinates by —o,, or 3. 

In a similar manner, expressions for the partial derivatives with respect 
to the real and imaginary parts of complex poles or zeros can be obtained. 


1 The frequency is normalized with —e; as a base (rather than ø), since poles and 
zeros usually lie in the left-half plane (and, hence, e. is negative). The gain function 
along the jw axis is unchanged if a critical frequency is reflected about the jw axis 
(.e., the real part changed in sign). Hence, the same curve can be used for the two 
factors s + land s — 1. The phase for s — 1, however, is 180° minus the phase of 
8--1. Thechange in phase, with a shift in zero or pole position, is an odd function of 


v/(—a:). 


(6.101) 
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Normalization is effected by plotting we times the partial derivative as a 
function of w/w, where w is the magnitude of the imaginary part of the 
poles or zeros (that is, we is the damped frequency). The curves are 
shown in parts (c) to (f) of the figure. Parts (g) to (n) are the variations 
of the partial derivatives of the angle of the transfer function as a function 
of the real pole or zero or the real or imaginary part of the complex 
critical frequency. 

The curves of Fig. 6.45 remove we most serious computational diffi- 
culty from Linvill’s procedure for the initial adjustment of the pole and 
zero positions. Thus, the approximation of specified gain and phase 
characteristics by a rational algebraic transfer function can ordinarily be 
accomplished without undue difficulty. The initial approximation is 


Opos 127 18 772472992: 
Fro. 6.46. 9F,/às, when F, = 20 log |jo + 3|. 


made on the basis of the asymptotic gain plots. The corresponding 
phase, if required, is plotted, and the poles and zeros are adjusted slightly 
to yield a suitable compromise between gain and phase accuracy. This 
adjustment of pole and zero positions can be further refined if the partial 
derivatives of the gain and phase are considered as functions of the pole 
and zero positions. Inspection of these partial-derivative plots ordinarily 
indicates small motions of the critical frequencies, which result in 
improved approximation accuracy. If successive applications of this 
adjustment-by-inspection procedure do not result in the required accu- 
racy, an analytical procedure can be initiated to determine the best fit on 
a mean-square-error basis, with the error evaluated at discrete points. 
In exceptional cases, even the analytical procedure may not result in 
adequate accuracy, since Linvill’s entire procedure is concerned with 
finding the optimum approximation with a specified number of poles and 
Zeros and with the critical frequencies allowed to move only slightly in 
the vicinity of the initial positions. If the approximation cannot be 
made satisfactory, a different number of poles and zeros can be chosen 
and the procedure repeated. Linvill's procedure, accordingly, while not 
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useful in certain network-theory problems in which very high accuracy is 
demanded, is appropriate for control-system design, where an approxi- 
mation is desired which is the best obtainable with a transfer function of 
reasonable complexity. 

6.6. Approximation in the Time Domain. The two preceding sections 
include a brief description of methods for obtaining a transfer function 
representing experimentally measured curves of gain and phase versus 
frequency. A problem of equal importance involves the determination 
of a transfer function from the transient response of the system. During 
the last few years, the increasing use of transient signals (impulses and 
step functions, for example) for the measurement of the characteristics of 
physical equipment has emphasized the importance of methods of 
approximation in the time domain. Even if the conventional frequency- 
domain methods are to be used for design, characterizations of the con- 
trolled system in terms of transient response must be interpreted in terms 
of gain and phase variations with frequency. 

The increased familiarity of control engineers with Laplace-transform 
methods and the extension of feedback-system analysis to more diverse 
fields have led to the increased importance associated with time-domain 
testing. A single transient test can yield all the information contained in 
an extensive frequency analysis. In the experimental evaluation of the 
control characteristics’ of piloted aircraft, for example, sinusoidal meas- 
urements involve lengthy tests which are uncomfortable for personnel. 
Furthermore, very small test signals applied to the rudder, elevator, and 
ailerons may lead to undesirably strong oscillation of the aircraft. These 
disadvantages can be overcome by application of short pulses and meas- 
urement of the corresponding transient response. During the test. 
the airplane operates very near the equilibrium condition. 

Such transient tests are a logical extension of methods used for measur- 
ing the response characteristics of low-frequency mechanical-hydraulic 
systems, where the dominant resonances are determined by giving the 
system an initial displacement and then allowing it to oscillate toward 
rest. ‘Transient tests have been used for a number of years for character- 
izing certain electronic systems; in these tests, square-wave generators, 
with a half period which is long compared to the system response time, 
can be used to apply a series of step functions to the system. The 
response can be measured on a cathode-ray oscilloscope or a recorder. 
The interpretation of transient response has become even more impor- 
tant in recent years as a result of the presentation of a method of testing 
a system by application of a small noise signal. The technique, described 
in Sec. 7.10, results in the unit-impulse response of the system. 

In all these applications, the experimental measurements characterize 
the system in the time domain. In the design of feedback control sys- 
tems, the engineer must interpret the time-domain description in more 
familiar terms, either as a frequency response or as a transfer function. 

+R. C. Seamans, Jr., B. P. Blasingame, and G. C. Clementson, The Pulse Method 
for the Determination of Aircraft Performance, J. Aeronaut. Sci., Vol. 17, No. 1, 
Pp. 22-38, January, 1950. i 
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The integration is now straightforward, and algebraic manipulation of 
the result yields an expression for F’,(w): 


sin (w At/2) |? _. 
—————— eisin 


w Al/2 (6.109) 


F,(w) = maf 


Addition of Component Transforms. The approximate transform of 
the response is the sum of the transforms of the component triangular 
pulses. The various individual transforms differ in the amplitude En 
and the phase shift wt,. If the total transform is denoted F(w), 


F(o) = (Hi^ + Eight oe 4 EQ poss) 


[= (w At/2) 
w AUS 


A term es", corresponding to a delay of to sec, can be factored from the 
series to give 


| At (6.107) 


F(w) = (Bye ot + Egge? at + +++ + Byemien st "EE. emit 
sin(w At/2) |? 
———— .108 
[ w At/2 | At (6.108) 


The series can be summed graphically, with the nth term represented by 2 
vector of length E, and at an angle —wn At with respect to the real axis. 
Each vector lags the preceding in the series by the amount w Al. 
Manual summation of the series is a tedious job because the sum must 
be evaluated as a function of frequency over the band of interest. Sea- 
mans, et al., describe a simple electrical computer to perform the require! 
operations. Resolvers and attenuators are used to sum the real an 
Louer Aca derived by replacing the exponentials by the cosine and 
Limitations on Accuracy. 'The triangular approximation is equivalent 
to sampling the response every At sec. Hence, the approximate trans- 
formation gives no significant information about frequency components 
of the response at frequencies larger than z/At rad/sec. (The component 
at this frequency is sampled twice per cycle.) Furthermore, as pointe 
out in detail in Sec. 9.1, if there are significant frequency components 
at Írequencies above z/At rad/sec, the information obtained at lower fre- 
quencies 1s erroneous. Thus, At should be selected less than 1/wmax 
where o, is the maximum frequency at which the response transform 
may have a significant component. As in any sampling process diffi- 
culty occasionally arises because the required sampling frequency is most 
readily evaluated in terms of the spectrum to be eruit 
Determination of G(jw). ‘The above procedure or any of the similar 
approximations used to determine the frequency function from the time 
function yields the transform of the transient response. The transfer 
function G(ju) is the ratio of the transform of the response to the trans- 
form of the input, or driving function. If the input is a unit-impulse 
function, G(jw) is simply the transform of the output; otherwise, the 
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transform of the input must be determined in the usual manner, and the 

ratio C(jw)/E(jw) is formed to obtain G(jw). If the approximate trans- 

formation described above is used and the same At is selected for both 

input and output functions, the transfer function is simply the ratio of 
the series: 

: C367» At IE Cze? ab... Qeon At T: 

G(jw) = Eye p Bye? Oe Benen ar pe 


Guillemin’s Impulse Method of Approximation. Guilleminf has sug- 
gested a somewhat different method for the approximate evaluation of 
the Laplace integrals. The technique is applicable to the determination 
of the frequency response from the transient response or vice versa. If 
g(t), the transient response, is given and the corresponding transform 
G(jw) is desired, the following steps are used: 


(1) g(t) is approximated by a sequence of straight lines, parabolic curves, cubic 


curves, or curves of higher powers of t. 
(2) The approximate function g*(t) is differentiated enough times (v) to make 


g*(t) a sequence of impulses. For example, if g*(t) is formed by a broken-line 
approximation of g(t), two differentiations suffice, and g*)(¢) consists of impulses 


only. 
(3) ‘Che transform of g*(t) can then be written by inspection as the sum of n 


terms, where n is the number of impulses contained in g*(?(t). 


Thus, the essential characteristic of the method is the conversion of 
the integrand of the Laplace integral to a set of impulses in order that 
the integral may be evaluated without numerical methods. The philos- 
ophy underlying this approach is very similar to that described in Sec. 
1.6, where the convolution of two time functions is simplified by the use 
of impulse functions. The impulse method for the determination of 
g(t) from the frequency function follows an analogous procedure, based 
on the fact that the inverse Laplace integral is similar to the direct 
integral if the Re G(jo) is considered, rather than the entire G(jw) function. 

The three steps described above are first clarified and illustrated by a 
very simple transformation from the time domain to the frequency 
domain. The section concludes with an example of the inverse problem, 
evaluation of the time function from the frequency function. 

If g(t) is given and G(jo) is desired, the first step involves the approxi- 
mation of g(t) by a sequence of polynomials. If g(¢) can be satisfactorily 
approximated by straight lines, g*(t) can be formed by inspection. If 
parabolas or higher-order curves are to be used, the choice of an appro- 
priate set of curves ordinarily cannot be visualized easily. For example, 
Fig. 6.50 shows a possible g(¢). The broken-line approximation indicated 
is evidently about the best that can be done with three line segments. 
The breaks and slopes of the three segments might be determined by 
minimization of the mean-square error or a similar analytical procedure, 
but the improvement would not be significant. It is much more difficult, 

1E. A. Guillemin, Computational Techniques which Simplify the Correlation 
between Steady-state and Transient Responses of Filters and Other Networks, Proc. 
Nat. Electronics Conf. 1953, Vol. 9, 1954. | 


(6.109) 
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however, to determine a set of three parabolas which approach the best 
ns difficulty is circumvented in Guillemin's method by -— o 
g(t) and then approximating the derivative by straight lines. a is 
6.51(a) shows the g(t) of the previous figure, and the curve of park (l E 
the first derivative. With the broken-line approximation to g (0 in E 
cated in (b), the original function is approximated by the parabolic E 
ments drawn in (c). The differentiation tends to yield a curve RES 
sharper peaks; a moderately poor approximation of g'?(/) corresponds br 
a very good fit to g(/), since the integration smoothes the errors of approx 3 
mation. Clearly, higher-order derivatives of g(t) can be formed bet 
the approximation is made if increased accuracy is desired. If Kk 
original g(t) is given analytically, the derivatives can be evel : 
exactly and plotted, and the accuracy of the method is limited only by 


g(t) 


Actual Time Function 


Broken -line 
Approximation 


Fic. 6.50. Broken-line approximation of a time function. 


the number of differentiations the analyst is willing to make and the 
number of straight-line segments he is willing to use (corresponding tO 
the number of terms in the final frequency function). Each derivative 
requires an additional line segment to effect a good approximation, since 
each successive derivative involves one additional inflection point 1n the 
time function. If g(t) is only known graphically [a common situation E 
the design of feedback control systems, where g(t) is the measured impulse 
response of a part of the system], the allowable number of differentiation? 
before approximation is limited by the error introduced in graphic? 
differentiation, unless an excess amount of labor is used in evaluation M 
the derivative. In most cases arising in the design of feedback contro 
Systems, one differentiation seems sufficient to ensure the accuracy 
required. This differentiation can be effected by using the differentiation 
formulas of numerical analysis. : 
Once the broken-line approximation is obtained, the second step !P 
Guillemin's impulse method involves two more differentiations, bor 
generate a set of impulses. The example of Fig. 6.51(b) is differentiate 
once to obtain the step functions of Fig. 6.51(d); the second differentiatioP 
results in the impulses of part (e) of the figure. Mos 
In the third step, the frequency function G(je) is written. If » differ 
entiations in all are required before the impulses are obtained, Me 
impulses represent an approximation of the »th derivative of g(t). BY 
tF. W. Bubb, A New Linear O; 


1 
perational Caleulus, Air Force Tech. Rept. 6581, 
WADO, pp. 9-13, May, 1951. 
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Fra. 6.51. Time function for example. 


381 


382 DESIGN IN THE s PLANE 


G(jw) is directly related to g(t) in the following way. If s is replaced 
by jw, the Laplace transformation becomes 


G(jo) = [^ * ge dt (6.110) 


Differentiation of g(t) with respect to ¢ corresponds to multiplication of 


G(jw) by jw [the term —g(0--) does not appear if impulses are admitted]. 
Hence, 


G(jw) = = i 9 "(De dt (6.111) 


The g(t) is approximated by the train of n impulses occurring at 
ty, bo, s tnt 


n 


POW = Y alt — h) (6.112) 


k=1 
Substitution of Eq. (6.112) in (6.111) yields 


n 


iotr 
G*(jo) = ) "4 — (6.113) 
( (jw) 


The real and imaginary parts of G*(jw) can be found from Eq. (0.113) bY 
writing the exponential in rectangular form. 

In Guillemin’s method, therefore, the assumption is made that the 
impulses g*(t) actually represent the »th derivative of g(t). In the 
simple example of Fig. 6.51, G*(jw), the transform of g*(t), is 


i 1 i 
G* (jw) = Gaps (l — 1:2867«95 0,321673 — 0,041e77-5) (6.114) 


This G*(jw) is the exact transform of the g*(t) shown in part (c) of the 
figure. The difference between G*(jw) and the actual G(jw) is exclusively 
the result of the error between g*(t) and g(t). 

The procedure as outlined above possesses several advantages when 
compared to the conventional approaches described in the first part 9 
this section. The accuracy with only a few terms is much better in th! 
method than in any of the usual procedures. The differentiation essen" 
tially permits approximation of the time function by curves of higher 
order than can ordinarily be considered by inspection. The problem ° 
plotting |G(jw)|, or even the real and imaginary parts of G(jw), versus 
frequency still involves appreciable computational difficulties. The 
tediousness of this part of the analysis can only be reduced by obtaining 
a better approximation with fewer terms. 

As indicated above, essentially the same approach can be used t° 

1GGo) approaches a finite value 
was choscn to yield a time function 
sequently, there is no d-c compone 


" ion 
as w — 0 because the broken-iine approximate us 
g*(t) which is zero for all t larger than 7.85. 
nt of g*(t), and G(0) is finite. 
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mo the inverse Fourier integral for the determination of g(t) from 
jw): 
LN fe "S us 
g(t) = 5- jhe G(jw)e™ dw (6.115) 


If the integrand is written in rectangular form, 


g(t) = = T {Re[G(jw)] cos wt — Im(G(jo)] sin wt} do 
ES i ie (Re [G(jo)] sin wt + Im [G(jw)] cos wt} dw (6.116) 


The second integral is zero because the integrand is an odd function of 
vere not zero, g(t) would be complex and anonphysical 


[if the integral v 
time function]. The first integral consists of an odd and an even function 
of time. If g(t) is zero for t negative, the two components must be equal 


and opposite for £ < 0 and hence equal fort > 0. Thus, 


AONE (Ls Re Ga) eos okay o i Im (G(j«)] sin ot do 
fori» 0 (6.117) 


Since each integrand is an even function of w, 


a(t) = ip " ne Go) cosets e — 2 Í " Im (G(jo)] sin ot do 
fort» 0 (6.118) 


tion have exactly the same form as the expres- 


aginary parts of G(jw) in terms of g(t). For 
(6.110) implies the relation 


The integrals of this equa 
sions for the real and im: 
example, if g(t) is zero for ¢ negative, Eq. 


Re G(jw) = iE g(t) cos wt dt (6.119) 
Thus, g(t) can be evaluated from ReG(jw), denoted Gi(w), in the 


following steps:T 
() Gi) is differentiated » — 2 times and approximated by a set of 


straight-line segments. The appropriate value of » depends on con- 
siderations similar to those described previously. 

(2) Two more differentiations (v in all) yield a set of impulses as the 
approximation of the vth derivative of Gi(o). 

(3) g(t) is written by inspection as the sum of sinusoidal or cosinus- 
oidal terms divided by t". 

Step (3) is the only one differing at all from the procedure used to pass 
from the time domain to the frequency domain. If Gi(w) is given and 
g(t) is to be found, the equation corresponding to (6.111) is 


+ Use of the imaginary part rather than the real part involves exactly the same steps, 
although the formulas of step (3) are slightly different. 
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2(—-)v* TR GY (e) cos wt dw v even, ¿> 0 
Led 0 


gt) = 2(—1)e+n 


(6.120) f 
Í GY (c) sin wt dw vodd,i>0 

T ir 0 

The »th derivative of G,(w) is a set of impulses, occurring at both posu. 

and negative frequencies. Since Gi(c) is an even function of w, e v * 

derivative is an even function of w if v is even, an odd function of w if vi 

odd. Thus, the »th derivative takes the form 


GP) = Y alulo — ox) --(-1w(o-d-e)] ^ (6.121) 
k=l 
Guillemin demonstrates that a real part consisting of a pair of equal 


impulses occurring at J-jo, and —jex corresponds to a cosinusoidal time 
function.f Accordingly, 


—1»2 NX 
2 CD" Y ocos out » even, t> 0 
- , 
g(t) = E (6.122) 


2 (—1)6+n2 
Ze ) >) osin on v odd, t 0 
E , 


kel 


T Equation (6.120) follows directly from the theorem in Laplace-transform theory 
which states that differentiation of the transform with respect to s (or jw in this dis- 


cussion) corresponds to multiplication of the time function by —t. In Eq. (6.120), 
ivative with respect to c. 


GP (v) represents the »th der 
1 The proof follows by considering the transform pair 


rn PM -— 
r(e Fa — jan) x On ME 


Along the jw axis, the transform becomes 


1 " a CETT 
le (e — 9) " zit Fe — a] zr oo 
As a is allowed to approach zero, the real part, a/(z[at + (w — w0)?]}, tends to zero 


everywhere except at w = wo, where the function approaches infinity. If the real 
part is integrated from ù = — œ tow = +o, 


[ari 
-a aF qu uds Tl 
Hence, as a tends to zero, the transform becomes 


haud. 
and 

1 
T(» — wo) 


Equation (0.122) follows directly from this transform pair, 


Uolw — w) — j 


_— 1 ef¥ot 
T 
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Figure 6.52 illustrates the use of Guillemin’s impulse method for 
determining the time function from a given real part of the transform. 
The various parts of the figure are derived as follows: 


(1) In part (a), Gi(o) is plotted versus w. 

(2) The real part is differentiated once to obtain the curve of (b). 

8) A broken-line approximation is obtained for GY(e). The approximant 
G1? (o) is shown in (c). 

(4) The integral of G1 (o) is compared with the desired Gi(o). In other words, 
part (d) shows the parabolic approximation used for the original real part. This 
curve is plotted only to indicate the accuracy of the approximation. 

(5) Gf" (o) is differentiated to obtain the set of step functions shown in (e). 

(6) Another differentiation yields the impulses of (f). 

3 (7) * The time function is now written from Eq. (6.122), 
tiations in all) and ax and wx read from (f). 


with » = 3 (three differen- 


g(t) = 2 (2,112 sin 0.574 — 0.4925 sin 2.4¢ — 0.01193 sin 4.5¢ 
+ 0.00241 sin 12.8) (6.123) 


(8) Part (g) of the figure indicates the accuracy of the method. The actual time 
function in this example is the inverse transform of 3/[(s +1)(s + 3)], the transform 


used for the determination of the original renl part. 


Figure 6.52(g) demonstrates that the accuracy is poor for small values 
of & Working from Eqs. (1.175) and (1.176), Guillemin describes & 
method of modifying the procedure in order to guarantee the appropriate 
asymptotic behavior of g*(¢) for small values of t. This modification is a 
refinement ordinarily unwarranted by the accuracy desired by the 
designer of feedback control systems. In this example, the accuracy can 
be improved if the imaginary part, rather than the real part, is used as 
the starting point. In addition, the accuracy can be considerably 
improved if the real part is differentiated again before the broken-line 
approximation is made, but the actual procedure described by the figure 
demonstrates the method. For control-system engineers, the primary 
usefulness of the method is in problems where à simple correlation is 
desired between time and frequency domains. 

Determination of G(s). The preceding parts of this section have con- 
sidered methods for determining the behavior of the transform along the 
jw axis from the time function. If the root-locus method or Guillemin's 
procedure is used for system design, the transfer function must be evalu- 
ated as a function of the complex frequency s. It is possible to determine 
G(s) by first finding the magnitude and angle of G(jw) from a Fourier 
transformation of the system input and response and then approximating 


the gain and phase by a rational algebraic function of jw or s, as outlined 


in Secs. 6.4 and 6.5. Since such a procedure requires & two-stage approxi- 
mation, the analysis is extensive and difficulties arise because of the two 
separate sources of error. For example, the error introduced in passing 
from the time domain to the jw axis may be magnified unduly in the 


transition from the jw axis to the s plane. 
Unfortunately, there is no straightforward general procedure for 
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(a) Real Part 


-101 


(b) Derivative of Real Part 
ion of time function from real part of jo transform. 


Fra. 6.52. Approximate evaluat 
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-10 
(c) Approximation of First Derivative 


G,(w) 


Actual Real Part 


10 12 


pproximate Real Part 
(d) Curve of Integral of (c) Superimposed on (a) 
Fio. 6.52. (Continued) 
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(e) Approximation to Second Derivative (not drawn to scale) 


Gu) 


+0.00241 


-0.01193 


704925 


(f) Impulses Representing Third Derivative (not drawn to Scale) 


g(t) 


08 16 24 32 


(g) Time Function 
Fie. 6.52. (Continued) 
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determining a rational algebraic transfer function G(s) from the cor- 
responding response and input in the time domain. If the response is the 
impulse response and if the system function contains only a few critical 
frequencies, the poles and residues of G(s) can often be determined 
directly from the time function. For example, complex poles of G(s) 
generate a term in g(é), the impulse response, of the form 


Ae-Te* sin (o, V1 — $2 t + 0) 


Here t and wn describe the poles, and A and @ are determined by the mag- 
nitude and angle, respectively, of the corresponding residues in the partial- 
fraction expansion of G(s). If one pair of complex poles of G(s) is much 
closer to the jw axis than any other poles, an expression of the above form 
describes g(t) after sufficient time has elapsed to allow all other terms to 
die out. In such a case, t, wn, A, and 0 can be found from g(t), and the 
above term can then be subtracted from the total g(t) to give a simpler 
time function for consideration. This same simplification is useful even 
if G(jw) rather than G(s) is desired, since the approximate transforma- 
tions described previously require an excessive number of samples if g(t) 
contains a lightly damped term. 

The actual determination of the parameters f, ws, A, and @ is effected 
as follows. The time function is considered after sufficient time has 
elapsed to guarantee that the waveform represents a damped sinusoid. 
The relative damping ratio is evaluated from the rate of decay of the 
damped oscillations. The ratio of the magnitudes of successive extremes 
is given by the expression c-/Vi-P, Once ¢ is determined, w, can be 
found from the time between zero crossings. Successive zero crossings 
occur at an interval of z/(o V1 — 1?) sec. With c, and t known, 6 can 
be found by considering the instant of one of the zero crossings, which 


must occur when 
on V1 — Bb 0 = kr k=1,2,... (6.124) 
The amplitude of the damped exponential can be evaluated by considering 
any specific value of g(t). — ; 
If G(s) contains a simple real pole very close to the jw axis, g(t) contains 
a long tail, decaying exponentially. If G(s) has both a simple real pole 
near the axis and a lightly damped pair of complex poles at about the same 
distance from the jw axis, the oscillatory term considered above is super- 
imposed on an exponential tail. If only a few long-duration low-time- 
constant components are included in g(t), these can be determined and 
the corresponding terms evaluated in the partial-fraction expansion of 
G(s). Once these long-duration terms are subtracted from g(t), the 
remaining time function is analyzed for a determination of the short- 
duration components. In this way, the partial-fraction expansion of 
G(s), and hence the complete function, can be determined in a wide 


variety of cases. 
» ber of poles close together, the above 


If G(s) contains a large num D : e 0 
procedure is blocked because of the difficulty associated with separating 
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motors,} there still appears to be no completely adequate, simple descrip- 
tion. Difficulties arise because of the dependence of motor character- 
istics on the input signal. For example, the apparent time constant of 
the response of the motor plus driving amplifier can be controlled over & 
wide range by variation of the amplifier output impedance; indeed, if 
reduced torque is permissible, the time constant can be decreased (appar- 
ent damping reduced) to negative values. In the usual analysis, the 
motor is characterized by a transfer function with two or three poles, 
including, in either case, a simple pole at the origin. 

The design problem for an a-c system is most readily stated in terms of 


the comparable d-c system. The designer, attempting to compensate 
the d-c system, considers three general techniques: 


(1) Tandem compensation 
(2) Feedback compensation 
(3) Load compensation 


Although each of the thre 


1 e methods, illustrated in Fig. 6.56, can be 
carried over to the a-c s 


ystem, only the last two are directly applicable 


n Motors, Trans. 


AIEE, Vol. t I, 
and W. Me ol. 70, Par 


Serve, 2-phase A-C Servo Motor 
e dn Winding Applied Voltage, Trans. 
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tachometer, is advantageous in a-c systems, since the tachometer is 
driven by the output-shaft position and, consequently, the compensation 
is effective even if the carrier frequency changes. Thus, both load and 
feedback compensation can be used with a-c or d-c systems, although the 
permissible types of feedback compensation are limited in a-c systems. 
The design of oscillation dampers or the minor-loop feedback elements 
can be accomplished by use of the root-locus method or Guillemin’s 
procedure, just as in the design of a d-c system. 


Controlled System 


Control Elements 
c(t) 


Tandem Compen- 
sation Network 


F6. 6.56. Simple schemes for compensation. 


Mechanical Networks. The oscillation dampers are basically mechan- 
ical networks to modify the dynamic characteristics of the load. The 
concept of mechanical compensation can be extended to the design of 
mechanical networks comparable to the conventional RLC electrical net- 
works. Such mechanical networks have a number of important applica- 
tions in feedback control systems. For example, in an airborne fire- 
control system the information may appear electrically only as the 
envelope of a suppressed-carrier amplitude-modulated wave in a three- 
phase synchro system. Electrical compensation, even with an a-c com- 
pensation network, requires conversion of the three-phase signal to 
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single-phase, then back to three-phase for further transmission. A 
mechanical network can be used at the antenna to filter the signal repre- 
senting antenna position before it is converted to an electrical signal. 
Mechanical networks find other applications as filters or compensation 
devices in servomechanisms which are entirely mechanical and hydraulic 
(e.g., in the elevator-control system of certain aircraft). A final, specific 
example of the application of mechanical networks is provided by com- 
pensation systems suggested by McDonald} for use with a-c servo- 
mechanisms. "These networks, one of which is shown in Fig. 6.57, utilize 


Amplifier 


Induction Pickoff 
(inc. Inertia) 


2—4 Torque Motor 
(Inc. Inertia 
and Damping) 


Fig. 6.57. Electromechanical compe: s tion, (E 
Lead Networks for A. C. uae tier he D 


McDonald, Electromechanical 
1949) . C. Servomechanisms, Rev. Sci, Inst 


T., Vol. 20, p. 776, November, 


us the modulation. The entire System is 
nit. 


mM is conventionally accomplished by a 
r erential equati ibi i 
eta eW a A quations describing the behavior of 


Application 
de the scope of 
i e basic concepts described in 
y applicable to mechanical Systems, as a result, of 
I mechanical systems, able 
f most often used. In these terms, the electrical 
ple, is similar to either a BK or a BM network in 
isting of dampers and either 


as that of an el 


tD. McDonald, Electromechani 
Rev. Sci. Insir., Vi Nova 


Lead Net 
ol. 20, p, 778, Nove ms 


mber, 1949, 
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priate driving-point and transfer impedances or mobilities are selected, 
and the network is realized by reducing the driving-point function step by 
step, in such a way as to realize the proper zeros of the transfer function 
(Sec. 3.6). Dasher’s procedure and other more complex synthesis tech- 


TABLE 6.2 
MECHANICAL-ELECTRICAL ANALOGIES 


Electrical quantity 


Mechanical quantity 
Analogy I Analogy II 


Force, { F (or torque, T)| Voltage, E Current, I 


Velocity, V Current, I Voltage, E 


(or angular velocity, 2) 


Mass, M (or inertia, J) | Inductance, L Capacitance, C 


Viscous damping, B Resistance, R Conductance, G = à 


Spring constant, K Inverse capacitance, 7 = S | Inverse inductance, $ =r 


Da O i- es 
Displacement, X (or an-| Charge, Q 
gular displacement, 9) 


A nee SAE ee ee EL 

Mechanical impedance}! 
(at sinusoidal angular 
frequency w) 


DT —————— 


Integral of voltage 


en 


Current jel 


TOUT OI 
(Integral of voltage) E 
(or inverse inductance) 


e Voltage E ,. joE 
x2 Charge Q Gu) or “7 
(or inverse capacitance) 


F (jw) | Electrical impedance, 7 (jw) | Electrical admittance, i Go) 
A Du TETS Er. 

L Go) Electrical admittance, y: (jw)| Electrical impedance, T Ge) 

ted throughout this table by capital letters, indicating the 

e analogies, of course, basically relate instan- 

ete., can be used equally well. 

for the term "mechanical impedance.” 


(jw); in this case, the term 


t The variables are deno 
amplitude of a sinusoidal signal. Th 
taneous values, and the notation e, if, 

1 There seems to be no standard definition 


5 F 
Perhaps the commonest usage is to define impedance as y 


mobility " is often used for 4 (jw). 


niques can be adapted in the same way to the design of mechanical net- 
Works. Once the network configuration is determined, the physical 
Construction of a simple, compact network depends upon the ingenuity of 
the mechanical engineer. Figure 6.58 shcws one example, a mechanical 
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ep is doo 
ing signal. Clearly, one method of accomplishing this is 
a PEE block gı a demodulator, a d-c compensation s pins eei : 
modulator. Alternatively, if the lags of demodulation and mo te ae 
are to be avoided, gı can include a minor loop, with the forwar p x 
simply an amplifier, and the demodulation, compensation, and se u a 
tion accomplished in the feedback path. Although such schemes of co: 


verting to d-c signals before compensating have been used extensively, 


the amount of equipment involved is excessive for many applications. 


Single Unit for Error i 
Measurement and | 
Modulation : 
| 

| 


Compensation 


Controlled 
System 
82 


Modulator 


Modulated 
Signal 


Fia. 6.59. An a-c system with tandem compensation, 


It is impossible to obtain a network 
modulated signal in exact 


operates, Fortunately, 


modifying the envelope of the 
ly the same way that a d-c compensation network 

however, adequate approximations can be 
The notch, or twin-T, filter is the 
of such an approximation. In the following dis- 
cussion, the basic problems associated with tandem compensation are 
S approximate solutions are suggested. 


mpensation. Figure 6.60 shows both d-c and a-c 
tandem networks, For the d-c network, the input is denoted e(t), the 


m(t) ei(t)= g,(t) 


a(t) 
(Transfer function G (5)] e(t) as wot [Transfer function G,(s)) 


m,(t) 


The D-c Network 
Fra. 6.60, Corresponding d-c and a-c ne 

and the transfer function G(s), wher 

M(s) = G(s) E(s) 


twork, the input is the modulated wave with envelope e(t) 
gular frequency Wo! 


The A-c Network 
tworks, 


e 


output m(t), 


For the a-c ne 
and carrier an, 


€) = e(t) cos wt 
k giis to Operate 
red output of the 


If the networ 
e(t), the desi 


m(t) = m(t) cos wet 
an output m(t) cog (wot + $) is acce i i 
à Ptable if 
since a constant Carrier phase shift ig permissible. c 


(6.129)t 
t More generally, 
independent of e(t), 


constant, 
(The phase 
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The required transfer function for g, is the ratio of the Laplace transforms 
of m,(é) and e,(é). If the transform of e(t) is E(s), the transform of e:(2) 
can be found by writing the cosine wave as the sum of exponentials, with 
the result 


Pio ree Ee E Be Ege) (6.130) 
Likewise, 
My(s) = M — jo) + MG + Joo) (6.131) 


Substituting Eq. (6.127) in (6.131) and forming the ratio M,(s)/E,(s) 
yield the ideal transfer function of the a-c compensation network, 
_ G(s — je) E(s — je») + G(s + jw) E(s + je») * 
e = E(s — juo) + E(s + jun) (6:182) 


This G,(s) is not physically realizable by an RLC network, since the 
transfer function depends on the input signal. Thus, it is not possible to 
determine the required Gi(s) directly from G(s) and proceed with the 
synthesis of the compensation network in the usual way. The design of 
the tandem a-c system is more complicated than the design of the d-c 
counterpart. 

The conventional method for circumventing the difficulties imposed by 
Eq. (6.132) is to consider the required behavior of the transfer function 
along the jw axis; in particular, the gain and phase of G:(jw) are investi- 
gated. If sis replaced by jw, the desired transfer function becomes 


220 QGU(o — wd Elio — o9] + GU(o + Eljo + o9] 
Sina) s Ello — «| + Eljo + 9] (2533) 


Gi(jw) still depends on the input spectrum, but this difficulty disappears 
in a practical problem in which the modulating signal (or the reference 
input of the servomechanism) has no significant energy at frequencies 
larger than the carrier. In such a case, 


Ej +)]=0 forw>0 
Fie = 2 0 fatis «0 (6.134) 


Substitution of Eq. (6.134) in (6.133) yields 


4 G[j(o — w)] o0 
Qj) = { Cire aco (6.135) 
Although direct synthesis is still impossible since G,(jw) is not represented 
by a rational algebraic function of jw with real coefficients, at least the 


9f the fixed voltage of the motor, for example, can be adjusted to compensate for ¢.) 
Inclusion of the angle ¢ does not alter the results of the argument, although it does 


lead to complication of Eg. (6.132). 


400 DESIGN IN THE s PLANE 


desired frequency characteristics for the ideal compensation network are 
independent of the input signal. Thus, even though the Gi(jw) of Eq. 
(6.135) is not physically realizable, it is possible to find an RLC network 
with a transfer function approximating this G:(jw) within any specified 
accuracy over any desired finite band of frequencies. 

The significance of Eq. (6.135) has been considered in detail by a 
number of authors, and this equation is the usual starting point in the 
design of a-c networks. Briefly, the equation states that the ideal 
G,(jw) is simply the corresponding d-c characteristic shifted an amount 
«» in both directions along the frequency axis. For example, Fig. 6.61(a) 
shows the gain and phase characteristics for a typical passive lead network 


Gain Phase 


(Liner Scale) hn (Linear Seale) 


(a) Possible D-c Characteristics, G (jw) 


Phase 


(b) Corresponding A-c Characteristics, G} (jw) 

Fic, 6.61. Desired G1 (jw), 
in a d-c system; part 
istics of an ideal a- 


Narrow-band Systems. 
Width of the information 
the carrier frequency. 


In the vast majority of a-c Systems the band- 
Cie., of the reference input) is much less than 
Typically, for example, a carrier frequency of 
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400 cycles/sec might be used when the principal part of the energy of the 
reference input is concentrated at frequencies below 20 cycles/sec. The 
spectrum of the modulated wave is then concentrated in the immediate 
vicinity of the carrier frequency. If e(t) possesses energy from 0 to 
w, rad/sec, the angular bandwidth of the modulated signal is 2w, rad/sec 
about the carrier frequency. The problem of design is concerned with 
control over the characteristics of the magnitude and angle of G,(jw) in 
this narrow band around the carrier frequency (cf. Fig. 6.62). 

With this narrow-band operation, design of the a-c compensation net- 
work is simplified because the desired characteristics of Eq. (6.135) can 


Gain Phase 


1 p 
(Linear Scale) 


(a) The D-c Characteristics 


20, 


(b) Corresponding A-¢ Characteristics 
Fra. 6.62. Desired Gi(jo) when e(t) has no significant energy beyond «i. 


be easily approximated with a Gi(jw) which is physically realizable. 
There are two standard techniques for this approximation: the low-pass 
band-pass transformation, which can be used regardless of the form of 
G(s), the transfer function of the equivalent d-c network; and the approxi- 
mation by a transfer function with poles on the negative real axis in 
order that the network may be RC (for example, the twin-T or notch 
filter), an approximation which is widely used only when G(s) describes a 
Simple lead network. 3 

Frequency Transformations.} The problem of synthesis of an a-c com- 
pensation network can be stated as follows: given the appropriate d-c 
characteristic [e.g., part (a) of Fig. 6.62] and the corresponding d-c net- 
work, a network is to be determined with gain and phase characteristics 
Which are as shown in part (b) of the figure. Although the network 
determined cannot realize exactly the desired gain and phase, since 
Gi(ju) of Eq. (6.135) is not physically realizable, an accurate approxima- 
tion is desired. 1 

Clearly, one possible solution is a transformation of the frequency 

t The discussion of frequency transformations follows that used by Dr. E. A. 
Guillemin in his network-synthesis course at MIT. 
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variable. If the G(jw) of the d-c network is considered, the appropriate 
result can be achieved exactly (as long as the maximum signal frequency 
is less than the carrier frequency) if jw is replaced by a function of fre- 
quency p(jw) such that two conditions are satisfied: 

(1) p(jw) must be a linear function of frequency in the region from 
wo — w1 t0 w + w and must take on the values —jw; and +jw; at the two 
end points.t If this condition is satisfied, p(jw) takes the form shown 
in Fig. 6.63 for positive frequencies. G[p(jw)] is then simply the desired 
Gi(jw), since at any frequency wo + wa, p(jw) has the value je, and 
G(p(je)] is equal to G(jwe). The transformation jw — p(jw) results in the 
desired translation of gain and phase characteristics. The behavior of 
the function p(jw) at positive fre- 
quencies outside the band from 
w — w to w + w is immaterial 
since the gain and phase of the a-c 
network are irrelevant outside this 
band. 

a (2) If the transfer function is to 
be realized by an RLC network, 
G(p(jw)] must satisfy the conditions 


dt 


1 
1 
i 
1 
[ 
l 
1 
l 
E 


CU ar ae THÉ m a= for physical realizability. Practi- 
[25e cally, it is desirable that replacing 
p Gc) Linear : ] : 
| Function within jw by pe) correspond to a simple 
"this Band! change in the network, in order that 


Fia. 6.63. Desired characteristics for the synthesis of G[p(jo)] may be 
plju). accomplished directly from the 
a Ay © n known network for G(jw). One 
ROC for satisfying this condition is to use a p(jw) SUE 4 physi- 
ur du je arivinEpeint impedance. Replacing jw by p(jo) then cor- 
ponds, in the network, to replacing every inductance T, by a network 


1 every capacitance C n i 
tance Cp(js). The entire synthesis of the by a network with admit- 


Unfortunately, conditi 
satisfaction of one can ban i and (2) are not compatible. Exact 


T In this discussion attention is focused on positive frequencies onl: 
only. 
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p(jo) = joK ( E s) (6.136) 


This p(jw), the impedance of the simple series resonant circuit of Fig. 
6.64, varies with frequency as shown in Fig. 6.65. The curve of p(jw)/j 
versus w is actually geometrically antisymmetricalf about the frequency 
€», but in a narrow band around «e, this geometric antisymmetry is 
equivalent to the desired arith- 
metic antisymmetry described by Eq. 
(6.135). 

The p(jw) described by Eq. (6.136) 
has the appropriate center frequency 


Uo K K 
Z(ju)-p Uw) 
Fig. 6.64, Circuit, with impedance equal Fic. 6.65. p(jw). 


to p(jo). 


9», at which p(jw) = 0. The bandwidth fixes the value of K. Specifi- 
cally, in the problem considered here, K is determined by the condition 


Gy — Wa = 201 (6.137) 
where o, is defined by 
p(je.) = —jor (6.138) 
and o, is defined by 
D(jo) = jor (6.139) 


In other words, w and wa are, respectively, the upper and lower ends of 
the band, Substitution of Eq. (6.136) in (6.138) and (6.139) gives 


wK 


jaK -—3j = = jo (6.140) 
2 
POK — joe d (6.141) 


Subtraction of (6.141) from (6.140) yields 
2 
K (ws — we) (1 4 ) = 2o, (6.142) 
WaWs, 


Since wa and « are geometrically symmetrical about «o, wows = w. 
ence, substitution of Eq. (6.137) in (6.142) gives 
Ks (6.143) 


, | Geometric antisymmetry implies that pes) = —pGe) if wo/ = we/on, OT 
Se = ew. Arithmetic antisymmetry means that p(jos) = —p(jus) if 


Wo — Wa = Wd — Wo 
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Thus, the a-c compensation network is designed on the basis of the fre- 
quency transformation 


pls) = jo (1 ~ S) (6.144) 


Here w is the carrier frequency. If 2w;, the bandwidth of the modulated 
signal, is much less than c», Eq. (6.144) results in a network very closely 
approximating the desired conditions [Eq: (6.135)]. 

The effect of the geometric antisymmetry (rather than the desired 
arithmetic antisymmetry) of p(jw) is shown in Fig. 6.66 for the gain 
characteristic of a lead network. Since the gain is geometrically sym- 
metrical about o», the actual gain for a given lower sideband is slightly 
larger than the gain of the corresponding upper sideband. The error 
can be measured by the deviation of p(jw)/j from linearity in the region 
from wo — witowsd-«i. Iftheerroristrouble- 
some, the methods described in Sec. 6.5 can A t 
be used to shift the poles and zeros of G,(s) 2 "ma 
slightly to improve the accuracy of the gain 
and phase approximations. Once the poles 


(a) The A-c Equivalent for 
and zeros are shifted, the second part of the Inductance L 
Gali Desired E 
n esiri uc 
Characteristic PX 
m e 
Characteristic 2 
olg p? [7] (b) The A-c Equivalent for 


Capacitance C 


Fic. 6.67. Components of 
a-c network, 


Fra. 6.66. Distortion intro 
metric symmetry. 


design, the synthesis of the compensation networ 
the a-c network is no lon 


network with the impeda 

with admittance Cp(jw). 

directly from the transfer 
If the frequency transfo 


duced by geo- 


k, becomes more difficult: 
ger the d-c network with each L replaced by a 
nee Lp(jw) and each C replaced by a network 


Instead, the a-c network must be synthesized 
function G(s), 


; directly from the d- 


etwork j 2 E E rig. 
6.67(a) with the impedance s replaced by the network shown in Fig 


eee es ee ui x 
Lp(jo) = jw 2 x2 (6.148) 
Likewise, a capacitance 


Ci 5 7 
with an admittance equal ta replaced by the network of Fig. 6.07(b) 
C^. uic 
G; Edo cao 
D(je) = jw o d (6.140) 
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D-c Network A-c Network 
Ri Ri 
2 
A | uc 
Cc 
R2 c R; 
2 
Lead Networks 
Ri Ri 
Rz Re 
L 
L 2 2 
T mus 
R, R, 


R; Ra Rı R2 


Fro. 6.68. Several d-c and a-c equivalent networks. 


Equations (6.145) and (6.146) represent one possible procedure for the 
design of a-c compensation networks for feedback control systems. The 
a-c network is found by: 

(1) Dividing each L by 2 

(2) Adding in series with each inductance a capacitaace to resonate at wo 

(3) Dividing by 2 each C of the original network 

(4) Adding in parallel with each C/2 an inductance to resonate at wo 
The division by 2 is an expression of the principle termed by Bodef the 
“conservation of bandwidth.” The bandwidth of the a-c network is 
twice that of the d-c network, since if the gain and phase in the d-c case 
are controlled from 0 to +w, they are controlled in the a-c network from 
approximately ws — w1 to wo + w1- 

t H. W. Bode, “Network Analysis and Feedback Amplifier Design," pp. 211-214. 
D. Van Nostrand Company, Inc., New York, 1945. 1 
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The a-c equivalents for several simple d-c compensation networks a 
shown in Fig. 6.68. A variety of equivalent structures can be foun i 
the a-c networks are synthesized directly from the transfer function, 

ther than through the d-c networks. ) . 

The frequency transformation described above is a special case of Es 
transformations used in filter design. Clearly, the principles can be 


Required p (jw) 
KaL 
L K,L 
—TW)— 
K.L 
K,C K,C K.C 
[^] 
—lrT— 
—H AINE. 1 
MC DSRC Luc 


Network Equivalences 
Fia. 6.69. Frequency transformation with three pass bands, 
extended to obtain transf 


-pass charac- 


number of pass bands. The only change 
required in the above develo i P only c 


€ pment is a modification of the p(jw) selected. 
For example, if a low-pass filter with 


Jl. The corresponding changes in the network are also shown in the 
figure. 
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Other Approximations. Thus, a frequency transformation can be used 
to synthesize the a-c compensation network if the bandwidth is small 
compared to the carrier frequency. The resulting network always con- 
tains inductances, which are often undesirable, particularly if the carrier 
frequency is low enough that the inductors required are large and heavy. 
In addition, the fact that the dissipation ratio R/L of an inductor varies 
with frequency makes it difficult to predict network performance. Thus, 
in a number of applications, it is desirable to 
accomplish the a-c compensation with an RC 
network. 

If a given transfer function is to be realiza- c 
ble by an RC network, all poles must be 
simple and lie on the negative real axis. But 
it is readily demonstrated that the transfor- 
mation of Eq. (6.144) can never lead to real 
poles for G,(s). Ifa pole of G(s), the transfer 
function of the d-c compensation network, 
lies at —a, the corresponding poles of Gi(s) 
are given by the relation 
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jw 


! 
1 
1 
! 
| [ 
D 


Assumed 


1 wN 
HE + EJ fce (6147) 
Solution for s gives 
s=—-atjVo;—a? (6.148) 


The poles are real only if a is larger than wo, 
but, if the information bandwidth is much 
less than wa, the value of a must be much less 
than o, also, since if the pole at —a is to have 
any effect on the signal the corresponding 


Corresponding A-c Configuration 


break frequency (at w = a) must lie inside 
the band from 0 to «1 or at least close to ci. 
Hence, the poles of G(s), derived by the fre- 
quency transformation, occur in conjugate 
complex pairs, as indicated i 


Consequently, an RC network to accompli 


be derived from a frequency 
a return to the basic approximation pro 
Phase characteristics are plotted versus o, 
Simple passive lead and lag compensation. 
function is sought which has po 
Clearly, the lead characteristic is not 
Zeros very close to the jw axis can 
gain characteristic. 

„The integral or lag charact 
With a passive RC network, becau 
realizing the sharp peak appearing in 


Fro. 6.70. Pole-zero configura- 
tion in low-pass band-pass 
transformation. 


n Fig. 6.70 for the lead transfer function. 
sh a-c compensation cannot 
transformation, but must be synthesized by 
blem. ‘The desired gain and 
as indicated in Fig. 6.71 for 
An approximating transfer 
les restricted to the negative real axis. 
difficult to obtain, since complex 
be used to realize the sharp null in the 


eristic, in contrast, is very difficult to achieve 
se of the problems associated with 
the gain curve at wo. 


If the transfer 
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function is to have only real poles, the large positive slope must be 
realized by a very large number of zeros, with the corresponding break 
frequencies below wo». The rapid decrease in gain with frequency can be 
achieved in two ways: (1) zeros can be inserted near the jw axis; or (2) a 
large number of poles can be used with the associated break frequencies 
just above c, In method (1), the poles which must be used with the 
desired zeros are placed with break frequencies well beyond wə, and the 
corresponding zero-frequency gain is very low. If the decrease in gain 
is achieved by method (2) (using real poles), these poles introduce an 
excessive loss at frequencies lower than those exhibiting a high rate of 


Gain Phase 
c T 
[] Wo w 0 P uU 
Lead Compensation 
Phase 
0 P rj 
Lag Compensation 


Fig. 6.71. Desired characteristics for a-c compensation networks. 
surat " AL Nase coon tend to cause an excessive flat loss through the 
Pe Sh Du nly practical a-c compensation with RC networks 
nat EL kcu is realized by the twin-T network. 
attenustionat E given carrier frequency, notch width, and 


Chap. 3. If this more fundamental 

be more general than the six-element 

and it is possible i 

ated with the compensation, the phase shi ee te 

absence of any attenuation of noise int 
1 For example cf. H. M. James, N. B. 


: Nichols, and R. S. Phillips, « y of 
Servomechanisms," MIT Radiation Lab: i p> Phillips, “Theory o 
Hill Book Company, Ine., 1947. oratory Series, Vol. 25, pp. 117-124, McGraw- 
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band of interest, and the narrowness of the allowable bandwidth. For 
most purposes, however, the conventional twin-T network is adequate. 

Relation to s-plane Design. The very brief description of a-c systems 
presented in this section entirely omits consideration of a number of 
problems of essential importance in design. For example, the character- 
istics of various components are omitted. The discussion is intended to 
indicate merely those theoretical design problems unique in a-c systems. 
From the viewpoint of design, the significant difference between a-c and 
d-c systems lies in the problems associated with the realization of appro- 
priate a-c compensation networks designed to operate on the envelope of 
a modulated signal. 

If load compensation is used or if demodulation, compensation, and 
remodulation are employed, the design of a-c systems is no different than 
that of the corresponding d-c systems; the root-locus method and Guille- 
min’s procedure are directly applicable. If feedback compensation 
through an a-c tachometer and network is used or if tandem compensation 
is employed, the s-plane methods of design are applicable if the frequency 
transformation can be used to determine an appropriate compensation 
network or if the desired characteristics can be adequately approximated 
by a realizable transfer function with appropriate properties (¢.g., simple 
poles on the negative real axis). : 

The application of the more refined methods to the design of a-c sys- 
tems has lagged behind similar applications to d-c systems. The vast 
majority of a-c systems have employed twin-T or tachometric compensa- 
ton. It can be anticipated that, as the performance specifications 

become more stringent and the ratio of the required bandwidth to the 
carrier frequency increases, the root-locus method and similar techniques 


will be used with increasing advantage. 


CHAPTER 7 


PRINCIPLES OF STATISTICAL DESIGN 


Conventional design procedures for networks are characterized by one 
artificiality, whether design is accomplished in the frequency or time 
domains or an attempt is made, through the consideration of the positions 


tions or impulses, but it is commonly impossible for the desi; 
visualize the manner in which the individual responses add u 
output. Thus, the conventional synthesis procedures essentially involve 
the initial and very basic assumption that the Specifications on per- 
formance can be accurately interpreted in terms of the characteristics of 
the sinusoidal or the step-function response. 


There are of course a number of problems in which 
ther 
System to the actual input signals can Mitel 


the sinusoidal or step-function respons 
systems the input is changing sufficiently 
description by a polynomial of Second 


connection with 
ng factors: 


evaluated. 
(3) Design of the optimum 
N. Wiener, “ 
MUS Poe Extra; , and Smoothing of Stati Time 
y n Wiley & Sons, Inc., New York, 194 ionary Tim 
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Statistical design theory has a number of applications of far-reaching 
significance to the servo engineer. It is the purpose of this chapter to 
summarize the basic points of the mathematical background for this 
theory and to indicate some of the most important applications. Chapter 
8 is devoted to the detailed discussion of certain aspects of the statistical 
design of servomechanisms. The first two sections of this chapter are 
largely a collection of mathematical ideas concerning points (1) and (2) 
above. Sections 7.3 to 7.5 present some of the mathematical concepts 
essential to the explanation of the theory and applications. It is unfortu- 
nately true that the mathematics involved is somewhat unfamiliar to the 
average engineer. An attempt has been made to clarify certain of the 
important points without placing undue emphasis on mathematical 
rigor. 

TA. Typical Signals. The signals with which statistical theory is con- 
cerned are random time functions. Evidently periodic signals and 
aperiodic signals (the ordinary transients such as the step function) can 
represent but a small amount of information, since only a short interval 
of time elapses before the receiver is aware of the complete signal, both 
that which has been received and that yet to be received. Any signal 
carrying information must be generated by a series of selections: e.g., the 
choice at given instants of time of one amplitude of voltage from a large 
number of possible amplitudes. 

The various signals entering a servo system from time to time are 
not, however, entirely random and unrelated. On the average, these 
signals possess certain common characteristics such as the part of the 
frequency spectrum in which the major portion of the energy is con- 
centrated. For example, in an instrumentation servo for a particular 
piece of measuring equipment, general characteristics of the input signals 
can frequently be defined in terms of the anticipated range and rate of 
variation of the quantity to be measured. 

This concept of random functions must be made specific if the class 
of functions with which statistical theory deals is to be clearly defined. 
Statistical theory deals only with those random functions which belong 
to a random process. A random process consists of an ensemble of time 
functions, where the ensemble or set of functions can be described by 
certain probability distributions. ; M ) 

What is meant by the phrase “description by certain probability dis- 
tributions”? If fi(t), fo(é), ... are the functions comprising the 
ensemble, the values of these functions at time tı [that is, fi(ts), fe(ts), 
- . .] must obey a certain probability distribution. In other words, at 
any given time /;, there must be a definite probability of any given 
member function lying between specified values. Likewise, the second 
Probability distribution functiou refers to the probability of à member 
function lying in a specified incremental interval at time tı and also lying 
in another specified incremental interval at time tə This second prob- 
ability distribution function, as well as all higher-order probability dis- 
tribution functions, must exist if the ensemble of functions is to con- 
stitute a random process. In other words, if statistical design theory is 


412 PRINCIPLES OF STATISTICAL DESIGN 


to apply, it must be possible to describe statistically the ensemble of 
possible servo input functions. 

Principle concern of servo theory is with a particular class of random 
processes, the stationary random processes. When the statistics of the 
signal (or the probability distribution functions) do not change with 
time, the random process is termed stationary. Thermal noise generated 
by the random motion of the conduction electrons in a resistor is a sta- 
tionary random function; that is, a thermal-noise voltage function is a 
member of a stationary random process, for if the temperature is con- 
stant the statistics of the noise are independent of the choice of an origin 
in time. On the other hand, if the temperature of the resistor changes 
with time, the rms value, and also the statistics, of the thermal-noise 
voltage changes. This noise voltage would then no longer be a member 
of a stationary random process. A more striking example of a non- 
stationary random process is the signal from a radar used for both 
searching and tracking. The statistics of the radar input with the system 
searching may differ radically from the statistics with the system tracking. 
Considering only the searching time, however, the radar signal is ordi- 
narily a member function of a stationary random process. 

Ergodicity jis the property of stationary random processes which is 
particularly important in the development of the statistical design 
theory. ; The ergodic property (or ergodic hypothesis) involves the 
assumption that the time average over one member function of a random 
Le which is stationary is equivalent to an average over the ensemble 
of wae Essentially ergodicity implies that after a sufficient length 
Ban i ed mund conditions is negligible. In other words, if 
bise ier mbote 18 inspected over a sufficiently long period 

; all salient characteristics of the ensemble of functions will be 


Observed. Any one function then can b 
; d to represent the ensemble. 
The ergodic property is readily i Daum p ili 
Wer aaa a nte t; 
distribution functions. If ft), f. OR e RAE shen green 


of the ensemble, then Vp eue bane os 
function p(y) describes t 
tion f;(t) lies between y 
p(y) also describes the 
between y and y + dy at 
the statistical characteris 
sideration of any one function. Fu 
tionary, it is only necessary to consi 


the sample is sufficiently long to 
function. 


t any given time ty, any func- 
ergodic property states that 
any given function f;(() lies 
As a result of this ergodic property, 
nsemble can be determined by con- 
rthermore, since the process is st&- 
der a sample of this one function; if 
exhibit the statistics of the entire 


any time. 
tics of an e 


The previous section pointed out that sta- 
Y concerned with input signals which can 
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be characterized statistically. Before considering further the method of 
characterization, it is desirable to consider the measure of error to be 
used in statistical design, for the choice of an error measure determines 
which statistical characteristics of the signals are of importance. 

The error measure chosen by Wiener is the mean-square error. In 
other words, the average value of the square of the difference between 


the actual system output and the 
desired system output is considered 
Eve t Syste: 
to be the important characteristic fie m fo (t) 
measuring the quality of the system. Fra. 7.1: System terminology. 


With reference to Fig. 7.1, fi(d) is used 
to denote the input to the system, and f,(t) the resulting output. t If 
fa(t) is the desired output, the mean-square error, regardless of the nature 


of the system, is defined as 
= Lafa 
@= lim sz UO — fa(t)]? dt (7.1) 


Statistical theory is concerned with the design of the system to minimize 
this mean-square error. In Sec. 7.6 the method is presented by which 
this analytic expression for the mean-square error leads to a knowledge of 
those statistical characteristics of the signal which are required for a 
design. 
Certain results of the choice of this mean-square-error criterion should 
be pointed out at this time. The mean-square error is certainly only one 
of many possible error measures. It 
Imporance would appear, for example, that & 
much more significant indication of 
error might be the mean magnitude 
of the error. If the system is de- 
signed to minimize the mean-square 
error, it essentially means that empha- 
5 Eu "iS is placed on the errors according 
F -- to the square of the error magnitude. 
ices Eiron ee of mean- Jp other words, the system resulting 
uictor from a minimization of the mean- 
Square error attempts to cut down the large errors at the cost of many 
small errors. Plotting relative importance attached to the error versus 
error yields a curve of the form shown in Fig. 7.2. In the light of the fact 
that the mean-square error is chosen at least in part on the basis of 
mathematical expediency, it is of value to consider carefully the merit of 


such a design criterion. 
It is very definitely true that there exists a large’class of feedback con- 


t Instead of c(t) and r(t), fi(t) and fo(t) are used in this chaptér to denote the input 
and output signals, respectively, for two reasons: (1) the input and output terminals 
may refer to part or all of the feedback control system; (2) this notation follows more 
closely the majority of the literature in the statistical design field. 
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for which minimization of the mean-square error certainly 
wd ec ideal design criterio. In a great many Systems, Egone 
reasoning indicates that the importance-versus-error curve shou e Es 
the form of Fig. 7.3. For all errors larger in magnitude than A, . 
output-motor torque should be applied; for error magnitudes less than 
but larger than a specified small error, the importance should ceto 
linearly with error magnitude. The appropriate error measure certainly 


depends on the nature of the problem (the type of system involved, the 
specifications, etc.). 


Other disadvantages of the mean-square- 
feedback-control work. Emphasis on the | 


Importance with undesirably low stability in many 


error criterion are apparent in 


Square-error criterion, emphasizing this 
Fig. 7.3. Alternate Weighting of 
the error. 


large overshoot, or low dampi 
low damping in itself would not 
system quality, but, if any parameters change in the direction of insta- 
bility, the system may come intol 

With these questionable cha; 
theory, it is significant to ask v 


Fro. 7.4. Typical Tesponse of a feedback control TD d 
the resulting error, System to a step-function input an 
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theory is of little value. On the contrary, the theory serves a number of 
very important functions: 


(1) It fills an important gap in the general theory of feedback control systems by 
providing a straightforward design procedure which considers the actual input 
functions. 

(2) It confirms the validity of other design procedures. 

(3) It affords the only satisfactory solution to a number of design problems. 

(4) The development of the theory indicates methods for measuring the character- 
istics of noise, corrupting signals, and input signals. 

(5) The concepts involved in the theory have led to new methods for designing 
very-narrow-band filters, measuring the transfer function of a physical system, and 
determining and controlling the effect of saturation. 

(6) Asa result of this theory, work has been done on the description, analysis, and 


synthesis of nonlinear systems. 
(7) The theory is closely tied in with information theory and the field of cyber- 


netics. 


7.3. Probability Theory. It does not seem necessary to consider in 
detail many aspects of probability theory. There are several excellent 
fundamental texts on probability which are considerably more rigorous 
and treat the subject in considerably more detail than is possible or desir- 
able here.t Although a knowledge of probability theory is perhaps not 
essential to the applications of the theories discussed in this chapter, 
some familiarity with the theory of probability is a prerequisite for any 
extension of these methods, because the functions which statistical design 
theory considers are essentially characterized by probability distributions. 
The problem of prediction, for example, is essentially the problem of 
selecting the most probable future value of a function, where the selection, 
in a physical system, is to be made only on the basis of past values and 
the criterion for judging the quality of the approximation is to be the 
average of the squared error. 

A brief summary of those aspects of probability theory which are 
essential to the statistical design method seems most simply to start with 
a series of definitions. These definitions should not be considered to 
constitute a logical development of probability theory, but rather should 
be viewed as a collection of certain facts of importance. 

Sample space: The sample space is defined as the aggregate of all 
possible outcomes of a random experiment. If one die is thrown, the 
sample space consists of six points, each point corresponding to one 
Possible face of the die. If the random variable is the thermal-noise 
voltage across a resistor, the sample space consists of an infinite number 
of points—all possible values of this voltage. 

Probability: With each point in the sample space there is associated a 
probability, a real nonnegative number less than or equal to unity, such 
that these numbers summed over all points add up to unity. If a very 
large number of random trials of the same nature are made, the per- 


t William Feller, “An Introduction to Probability Theory and Its Applications,” 
John Wiley & Sons, Inc., New York, 1950; and James V. Uspensky, "Introduction to 
Mathemntical Probability," MeGraw-Hill Book Company, Inc., New York, 1937. 
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ime that the outcome is the value of one point in the 
Soe poe Bie probability associated with that point. For example, 
if a die is tossed again and again, the number 5 will appear about es 
sixth of the time if the average is taken overa sufficiently large number o 
trials. Thus, the probability of a 5 is one-sixth, which is written as 


P(5) =4 (7.2) 
Random variable: It is convenient to consider a variable which takes on 
values corresponding to the various points in the sample space. If this 


random variable is denoted as y, Eq. (7.2), describing the die-throwing 
experiment, can be written as 


Py = 5) =3 (7.3) 
Probability distribution function: If the sample space consists of a con- 
tinuous set of values, the probability of any one value is ordinarily zero. 
Thus, the probability that the instantaneous noise voltage across & 1-meg- 
ohm resistor equals exactly 1 microvolt at any given time is zero. In 
this example, every point probability is zero, although the sum of the 
probabilities over all points in the sample space equals unity. In such a 
case, it is convenient to define a probability distribution function, also 
termed a density function or a frequency function. p(x) is defined by 
the relation 
Pla<y<24+ dz) = p(x) dz (7.4) 
The probability that the random variable y lies between z and z + dz is 


equal to p(z) dz, where P(x) is the probability distribution function. 
Evidently, D(x) must satisfy two conditions: 


plz) > 0 (7.5) 
Sp(a) dz = 1 (7.6) 
In Eq. (7.6) the integral is taken over all possible values of z. 

Gaussian distribution: A particularly useful probability distribution 
function is the Gaussian, or normal, distribution, for which 
1 
S m Me 7.7) 
p) Vino : $ ( 


where u = average or expected value of the random variable y 


c= standard deviation. The Square of the standard deviation is 
the variance, which is the expected or average value of 


(y — u)?. The standard deviation is a measure of the 
dispersion 


The significance of the variance is clarified b 
Gaussian distribution curve. If the mean va] 


(no d-c component existing in the random function), the p(z) curve is 
symmetrical about the z = 0 axis, p(x) is the bell-shaped curve indi- 
cated in Fig. 7.5. c is a Measure of the rapidity with which the curve 


drops off. Both curves of Fig. 7.6 are for a Gaussian distribution, but 
with different standard deviat; 


3 ions. Figure 7.7 indicates the nature of 
the p(z) curve if the expected value is not Zero. 


y consideration of the 
ue p is assumed to be zero 


PROBABILITY THEORY 417 


Thermal noise from a resistor is the best known random function 
exhibiting 2 Gaussian distribution. In this case, the probability dis- 
tribution for the voltage across the resistor, if the resistor is unconnected 
electrically, is simply 

1 


eget (7.8) 


p(z) = Sone 


The average value of the voltage is zero. The standard deviation o is 
simply the square root of the average of the square of the voltage, or the 


piz) p(x) 
e 
rH, 
x x 


Fic. 7.5. Gaussian distribution function. 


Fic. 7.6. Two Gaussian distribution 
functions with different standard devia- 


tions. 
ia P(lel>A) 
1 
A 
# 0 42 Eis 
Fia. 7.7. Gaussian distribution function Fia. 7.8. The co-error function. 


with nonzero expected value. 
rms value. The probability that the magnitude of the voltage across the 
resistor exceeds A volts is given by 


P(le| > A) -2 th ” p(z) dz (1.9) 


1 
pi> 2 72 [/ zz 
If the substitution u = z/( V2 Em.) is made, Eq. (7.10) can be written 


eM ti! dz (7.10) 


2 
Pd aedes NE A/V2Erms 


This function, the complementary error function, is tabulated extensively 
in the mathematical and engineering literature, t and a sketch of the func- 


tion is shown in Fig. 7.8. 


e" du (7.11) 


1 Eugene Jahnke and Fritz Emde, “Tables of Functions," 4th ed., p. 24, Dover 
Publications, New York, 1945. 
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The Gaussian distribution possesses certain very unique and useful 
characteristics. The Gaussian distribution arises, in general terms 
whenever the random function is essentially the sum of a very large 
number of independent random functions with any probability distribu- 
tion. For example, in the case of thermal noise, the voltage is the sum 
of contributions due to a large number of conduction electrons. From 
this concept it is evident that a signal which possesses a Gaussian dis- 
tribution function still has this type of distribution after passing through 
any linear network, for, since the network is linear, superposition can be 
applied and the output considered as the sum of a large number of 
individual random functions. 
does not hold if the system is nor 
output probability distribution would not extend to infinity. 

A second important propert: 
the design of an optimum filter. 
possess Gaussian distributions, t 
no improvement in filtering can 
With general signals the same si 
system can filter only on the b. 
of the signal and noise. If the am 


question of fundamental Importance: How isi 


considered as the sum of a very large number of independent random 
functions. Only in very Special cases, such as thermal noise, shot noise, 


or noise from a gas tube such as the 884, is it apparent that the distribu- 
tion is Gaussian, 


An example of some practical im 
obviously Gaussian is 
no as à result of win 

ata is available in thi d iti i i 
: i t is possibl be 
either experimentally or analytic: bate fia ee 


portance of a function which is not 
the force exerted on an air 


d gusts. A co; 


near Transducers, MIT R É 
ori m 5 esearch Laboratory of 
f i i 3 
eum d ram Y of Information Relating to Gust Loads on Airplanes, 
Nie K z i t 
wl Noise, MET aee mental Study of Statistical Characteristics of Filtered 
S esearch Laboraiory of Electronics Tech, Rept. 115, July 15, 1949. 
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passes only peaks larger than a fixed level adjustable by the operator. 
The percentage of the time the voltage exceeds this slicing level is then 
determined electronically, by amplification, limiting, and averaging. 
The result is the probability that the input voltage exceeds the magnitude 
determined by the slicer-level adjustment. This measurement then 
yields the integral of the probability distribution function from the 
slicer level to infinity, from which the probability distribution function 
can be determined by differentiation. 

In many cases it is necessary to determine the probability distribution 
from a graphical record of the function. For example, in the specific 
case mentioned above (wind gusts on airplane structures), the measure- 
ments are made and recorded in flight. It is desirable to determine the 
probability distribution at a later time. The science of mathematical 
statistics suggests a number of pro- 
cedures for this. The simplest f(t) 
procedure theoretically, although 
tedious computationally, simply z 
involves a measurement from re- 
corded data of the percentage of the 
time the signal exceeds a definite Fia. 79. Random function. 
level—essentially the manual equiv- 
alent of the electronic technique described in the preceding paragraph—or 
the fraction of the time the signal lies within specified intervals. 

These fundamental concepts (sample space, probability, random 
variables, and probability distribution functions) suffice to give an 
elementary background for the development of statistical design theory. 
Some familiarity with the concept of probability distribution functions is 
essential to a clear understanding of the type of time functions to which 
Statistical design theory is applicable, for, as pointed out in Sec. 7.1, the 
fundamental criterion the signals must satisfy is describability by these 
Probability distribution functions. The method of this description is 
discussed in the remainder of this section. 

A stationary random process gives rise to a function which might be of 
the form shown in Fig. 7.9. The position of the axis representing t = 0 is 
arbitrary. As a result of the Strong law of large numbers if a sufficiently 
large section of this wave is considered, the statistical characteristics of 
the entire function can be measured by determination of the character- 
istics of this section. This is obviously necessary if the theory is to have 
any practical significance, since no physical measurement can take an 
infinite length of time. 

An ensemble of these random functions is considered (where an 
ensemble is simply interpreted as a large number, theoretically an infinite 
number). The ensemble may be made up of either a large number of 
functions of the form of Fig. 7.9 and similar statistical characteristics or a 
large number of samples taken from one function. 

The probability distribution functions describing the statistical charac- 
teristics of the stationary time series are most easily described in terms of 
this ensemble of functions. At a given time each member of the ensemble 
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has a certain amplitude. The first probability distribution function p(x) 
describes the distribution of these amplitudes. Specifically, the prob- 
ability that the amplitude of any given member function lies between z 
and x + dz is given by the equation 


P(z < Aj < z + dz) = p(z) dz (7.12) 


Here A; is the particular amplitude under investigation. Since the 
process is stationary, p(x) dz is also equal to the probability that A; lies 
between z and z + dz at any time. 

For a general signal, the first probability distribution does not describe 
completely the statistical characteristics, for in a large number of prac- 
tical cases the value of the signal at any time excrts a strong influence on 
the value a short time later. For example, if the signal contains only 
low-frequency components, very fast changes corresponding to high- 
frequency variations are impossible. Consequently, some sort of condi- 
tional probability distributions must be defined to describe the anticipated 
rate of change of the function. 

The second probability distribution determines the likelihood of pairs of 
values occurring a specified time interval apart. More specifically, the 
probability that at time ¢,, A; lies between z, and x, + dz and that 7 sec 
later A; lies between z; and z: + dz is given by 


Plz: < Aj(h) < zi + dz, z < Alt + 7) < z: + dz] 


= pus) dz ds, (7.13) 

Dr (21,22), a function of 7, zı, and x», i ility distributi 
m 121, 2, is the second probability distribution 
i a 5 similar manner the higher-order distribution functions can be 
i né i a entire infinite set of distribution functions describes com- 
p e y the Statistical characteristics of the stationary time series. In 
Ei ae special cases can the various distributions be calculated, but 
ae ely the only information required for design on the basis of the 
d CERIPCEMEUE den is a knowledge of certain characteristics of 
= een probability distribution. This is discussed in more detail in 


5 rm. During the past 15 years, 
ormation has proven one of the most powerful analyt- 

Traditionally, transient 
nad m texts by means oi the 
sidered only for t > 0; the natu sof the ors, the time function is con- 


red on] re of the time function f ive values 
of time is irrelevant. The Laplace transform is don pr ii 


F(s) = | "se at 
7.14)1 
1 Strictly, the transform is Í i 
2 T 
F(s) = lim L fOe dt (7.140) 


T— o 
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For example, the transform of the time function sin tis 1/(s? + 1). The 
time function is made aperiodic by throwing away all information con- 
cerning the value for t < 0. 

This is ordinarily a satisfactory procedure since in transient problems 
the usual concern is with the behavior of the system after some sort of 
driving function is applied. The application of this drive is usually con- 
sidered to begin at zero time. Difficulty does arise in certain cases with 
initial conditions, particularly when impulses are involved and it becomes 
difficult to decide what the initial conditions really are. For this reason, 
a number of engineers with particular interest in network theory have 
advocated the use of the Fourier-integral approach to transient problems 
rather than working through the Laplace transform. 

The development of the statistical design theory requires consideration 
of the transform of functions which exist over all time, from t = — » to 
t= +o. The familiar one-sided Laplace transform is then an unsatis- 
factory analysis tool since this transform cannot place in evidence the 
nature of the function for negative time. In the original development of 
the theory and in most of the later articles which have appeared in the 
literature, the Fourier transform has been used. In the discussion of 
the following sections, it seems desirable to modify this approach slightly 
in order that the transforms involved may be more familiar to the elec- 
trical engineer who already possesses & working knowledge of the usual 
Laplace-transform theory. Consequently, the Laplace transform is 
employed throughout the development, but, in order to characterize the 


function for negative as well as positive time, the two-sided Laplace 


transform is used.t : l e ; 
From the viewpoint of the engineer, there is essentially little difference 


between the two-sided Laplace transform as used in the following discus- 
sion and the usual Fourier integral. One difference is that the variable 
used in the following is the complex frequency 3 = ¢ + jw, whereas the 
Fourier integral is ordinarily written in terms of the variable e. The use 
of the two-sided Laplace transform permits the retention of the cemplex- 
frequency plane in its usual form. The other differences essentially 
involve the possibility of using convergence factors in the Laplace trans- 
form as a result of the nonzero value of c. 

What are the characteristics of the two-sided Laplace transform? The 


transform is defined by the integral 


F(s) = Í " ghedi a«Res«8 (7.15) 
ee 
f® = = Feds a <o<B (7.16) 


1 Van der Pol, Balth., and H. Bremmer, “Operational Calculus Based on the Two- 
sided Laplace Integral,” Cambridge University Press, London, 1950. This is an 
excellent discussion of the Laplace transform (both the two-sided and the one-sided 
transforms). The text is unusual in that it is readable by engineers and contains & 


large number of interesting examples. 
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There is no necessity here to discuss in detail the above definition integral 
(7.15) and the inverse transform. Only certain characteristics of this 
transform need be mentioned. . 

(1) Iff() = 0 fort < 0, the transform reduces to the usual one-sided 
Laplace transform. 


(2) Iff() = 0 fort > 0, the definition integral (7.15) becomes 


F() = f^. fe at (7.17) 

If Lis replaced by —u, this becomes 
F() = f Kwe (—du) (7.18) 
FG) = [." s(—we-eo du (7.19) 


In other words, the transform of a function which is zero for positive 
time can be determined dy finding the 
usual one-sided transform of the same 
function reflected about thet = 0 axis 
and then replacing s by —s. Twoex- 
amples illustrate the procedure: 


alt) = u(— ig. 7. 
Fra. 7.10. Waveform for firat example, e dd ccu (Fig. 7.10) (7.20) 


j | Reflection about the t = 0 axis results in the 
unit step function. The transform of this reflected function is 1/s, valid for all s such 
thate >0. Then 


Fe(s) = -i (7.21) 


This transform is valid for all s such that e < 0. 


et t<0 ; 
©) A) = { 0 429 RETNA] (7.22) 
Reflection yields the function shown in Fig, 7.11(b). The ordinary transform of this 
f(t) f, Ct) 
ülgezt 7 t 


@) Original Fi 
(a) Origina unction (b) Reflected Function 


Fro. 7.11. Time function of second example. 


function is 1/(s + a), valid fore > —a. The desired transform is then 


i 
Fi(s) = 2-3 (7.23) | 
The transform here is valid for alla < +a. 
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(3) Time functions which are zero for positive time (hereafter called 
negative-time functions) and which tend to zero as ¢ tends to — œ give 
rise to transforms with poles in the right-half plane. The transform 
exists in the complex plane to the left of all poles. Ordinary transform 
theory indicates that positive-time functions which tend to zero as t 
tends to +% give rise to transforms with poles in the left-half plane 
(i.e. stable system functions). The transform exists in the complex 
plane to the right of all poles. 

(4) Since the transform of the sum of two functions is the sum of the 
transforms, any time function can be considered as a negative-time func- 


fü» 


(b) Poles of Transform 


Fio. 7.12. Time function and pole configuration for third example. 


(a) Time Function 


tion plus a positive-time function. The use of this additive property is 
illustrated by example (c). 


s 0 
e fim eat (7.24) 


Then 
1 


Fe(s) = m dE (7.25) 


F.(s) has two poles, one at —b with a residue of +1, the other at +a with a residue of 
—1, asin Fig. 7.12. The transform F.(s) is defined in the region between c = +a and 


o = —b. 

(5) Poles in the right-half plane correspond to either a nonzero value 
for the time function for negative time or a growing exponential for posi- 
tive time. For example, the inverse transform of 1/(s — 2) is either of 
the two functions indicated below and shown in Fig. 7.13. 


romda io (7.26) 
eee 0 
fall) = [o AIE TS (7.27) 


The decision as to which time function is represented by the transform 
depends upon the region in the s plane in which the transform is defined. 
If this region is to the left of the pole, the negative-time function is indi- 
cated; if the region lies to the right of the pole, the growing-exponential 
positive-time function is the solution. À 4 : 

If the region of interest is along the jw axis, as in the Fourier transform, 
the transform must always be defined to the left of right-half-plane poles. 
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Thus, right-half-plane poles represent negative-time functions. There- 
fore in Fig. 7.14, poles A, B, and C describe the function for 1€ 0, or in 
region 2 in the time domain, while poles D, E, and F describe the function 
for positive time. If F(s) can be written as F(s) + F_(s), where F4(s) 
has poles only in the left-half plane and /’_(s) only in the right-half plane, 


fat) DO 
rj] t 
t 
0| 
(a) (b) 
Fra. 7.13. Two possible inverse transforms for 1/(s — 2). 
f(t) 

2 Ca i 


s- plane 
Fra. 7.14. Pole-zero configuration and corresponding time-domain regions. 


f(t) is readily found by taking the two inverse transforms and adding the 
resulting time functions. 

Therefore, the two-sided Laplace transform is a rather natural exten- 
sion of the ordinary one-sided transform. For the purposes of the follow- 
ing discussion, poles in the right-half plane are simply interpreted 85 
representing a time function for negative time. 

7.5. Physical Realizability of Linear Networks. Development of sta- 
tistical design theory depends upon a knowledge of the available tech- 

niques for characterizing a transducer. 

Eo, In particular, the design theory in its 

basic form involves the determination 

Fra. 7.15. Two-terminal-pair network, ot b he phy sically realizable network 

which minimizes the mean-square 

error. Imposition of the constraint that the network be physically 
realizable requires a concise definition of realizability. 

, The general linear two-terminal-pair network takes the form shown in 
Fig. 7.15. The transfer properties of the network with given termina- 


tions can be described by a system function G(s) relating the output and 
input in the following manner: 


En 


eo) - pa (7.28) 


j trna specific case the input might be a current, voltage, velocity, ete. The nots- 
tion Fin(s) is used to denote the transform of the general input signal. 
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in the special case when the input is a sine wave of frequency c, the out- 
put is also a sine wave of the same frequency, with the input and output 
waves related by 
|El = |@(jor)| |En] (7.29) 
[Bou = /Ei, + /GGo) (7.30) 


That is, in passage of the signal through the network, the amplitude is 
multiplied by |G(jw:)| and the phase is advanced by the angle of G(je:). 

The criteria of physical realizability are simply expressed in terms of 
the characteristics of G(s). Regardless of the nature of the input and 
output signals, physical realizability of the network requires that G(s) be 
analytic in the right half of the s plane. In other words, if G(s) is the 
ratio of polynomials (if the network consists only of lumped parameters), 
all poles of G(s) must lie in the left-half plane. 

If |G(jw)| drops off as o7", where n is an integer and G(s) is the ratio of 
polynomials, analyticity in the right-half plane is the necessary and 
sufficient condition for physical realizability. More generally, the 
Paley-Wiener criteriont furnishes the rigorous necessary and sufficient 
condition for physical realizability in terms of the behavior of |G(j«)| 
along the jo axis. Specifically, the condition is that 


cs eG y 

Ww 
0 lr 
have a finite value. 

The case of special interest is that in which G(s) is the ratio of poly- 
nomials. Physical realizability requires that the poles lie in the left-half 
plane, but the zeros in general can lie anywhere in the plane, as long as 
any complex zeros occur only in conjugate pairs.{ In particular, there is 
the possibility of zeros lying in either the right-half plane or the left-half 
plane. If the zeros are all reflected about the jw axis, there is no change 
in the attenuation of the network. Figure 7.16 indicates the result of 
this reflection, if the original function, G(s), possesses only zeros in the 
right-half plane. With reference to Fig. 7.16, |Gi(jw)| = |G2(jw)| at all 
frequencies, since the only difference between Gi(jw) and G2(jw) is that 
the numerators are conjugates. Consequently, the only difference 
between the networks of Gi(s) and G,(s) lies in the phase characteristics. 

If the phase characteristics of the two system functions are compared, 
it can be readily shown that the net phase displacement between zero and 
infinite frequency is less for Gi(s). Asa result, the transfer function with 
zeros entirely in the left-half plane (including infinity) is termed a 
minimum-phase transfer function. Reflection of any zero or pair of 
zeros into the right-half plane results in a nonminimum-phase transfer 
function. 

+ George E. Valley, Jr., and Henry Wallman, 
Radiation Laboratory Series, Vol. 18, pp. 721-727, McGraw. 
New York, 1948. 

ł In any physical circuit there is a 
circuit, the gain always falls off to ze 


“Vacuum Tube Amplifiers,” MIT 
-Hill Book Company, Inc., 


t least one zero at infinity, since in any practical 
ro as the frequency is increased indefinitely. 
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Minimum-phase networks are particularly important because the 
inverse network [with a transfer function 1/G(s)] is physically realizable. 
For example, again with reference to Fig. 7.16, 1/G;(s) is a physically 
realizable transfer function: 


1 (s? + 2s + 2)(s + 3)(s + 4) 
GO (2)s 44s 8) (rat) 


The pole at infinity may cause difficulty, but the function can be realized, 
atleast theoretically, within any desired accuracy by considering it to be 


1l _ (*-F2s--2)(s + 3)(s + 4) 7.32) 
Gils) (s + 2)(s? + 4s + 8)(as + 1) 9s 


Here a is chosen to be a very small number. This transfer function does 
not possess a pole at infinity and is essentially equal to 1/G,(s) over the 
important part of the frequency spectrum if o is sufficiently small. 


-4 -3 -2 31 


x 
o 
8-plane s-plane 
Gy (6) = — (5*2) (9744548) (8-2) (s?—4s+8) 
G,(s)- 
(51252) (3+3) (544) ie (5*2s--2) (s--3) (s--4) 


Fra. 7.16. Reflection of zeros about jw axis. 


lse response g(t), which is 
ystem function, 


netion have no poles in the 
wable behavior of the time 
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function as ¢ tends to infinity depends on the exact definition of physical 
realizability being used. In a practical system, poles cannot exist on the 
jw axis, with the result that the transient response is also required to 
approach zero as £— œ. Theoretically, if pure inductances and capaci- 
tances and ideal current or voltage sources are allowed, poles on the jw 
axis can under certain restrictions be realized in the transfer function. 
In this hypothetical situation, the impulse response might oscillate 
indefinitely at a constant amplitude. 

Whether the physical-realizability condition is described in the time or 
frequency domains, there is also a condition in general on the multiplying 
constant that can be realized. The condition depends upon whether 
the transfer function is to be realized as a voltage ratio, a transfer imped- 
ance, etc. This difficulty disappears, however, if ideal amplifiers are 
permitted. d 

Thus, the physical-realizability conditions can be summarized as 
follows: 


(1) |G@Gw)| is the gain function of a physically realizable network if the Paley- 
Wiener criterion is satisfied. 

(2) g(t) is realizable if g(t) = 0 for £ < 0 and g(t) > Oast— œ. 

(3) If G(s) is given as the ratio of polynomials with real coefficients, it is realizable 
if all poles lie in the left-half plane excluding infinity and the jw axis. If there is a 
pole at infinity, G(s) can be realized within any desired accuracy over any finite 
portion of the frequency spectrum. 


7.6. Correlation Functions. The core of statistical design theory is 
the mean-square-error criterion, the philosophy that the synthesis should 
aim toward the minimization of the mean-square error between the 
actual output and the desired output. In this theory the input is con- 
sidered as a stationary time series existing over all time. The first step 
in the development of a synthesis procedure evidently involves a charac- 
terization of the input. Those particular characteristics of the input 
which are of importance to this theory are specified by the type of error 
to be minimized. If the concern is with the mean-square error, for 
example, only certain aspects of the input signal are of importance. 

The essential signal characteristics are determined by a consideration 
of the mathematical form for the mean-square error. The basic defini- 


tion of the mean-square error e? is given by Eq. (7.1): 


T 


F = lim g; |, Welt) -AOF at (7.33) 


In order to express this mean-square error in terms of the system char- 
acteristic and the input signal, it is convenient to replace f,( by an 
expression involving f:(t), the input, and g(t), the unit-impulse response 
of the system. The superposition integral states that 


fl) = [7 «f = 7) dr (7.34) 
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Substitution of Eq. (7.34) into Eq. (7.33) yields an alternate expression 
for the mean-square error. 


& = im gr j » dt [ Í -rdr sof (7.35) 


The next step involves an expansion of the squared sum: 


atin E e dt [ ie erdt l: - ge — e) de 


T— o 


= 2fa(t) [2 eft — 7) de 5| (7.36) 


The variable « is used in the second integrand of the first term of the 
expansion simply to denote that a variable of integration other than 7 is 
used. The mean-square error can, therefore, be written as the sum of 


three terms: * 
a) T * » 
& = tim om [ae fT t-a [ oost- oa 
a a AT " 
—2 lim ap Jai ^ gt — 7) dr 


: 1 n 
T jim z; [to dt (7.37) 


If the order of integration and the 
limit are interchanged in the first 


ously justified mathematically), 


Processes of integrating and taking the 
two terms (a step which can be rigor- 
the expression for e? can be written 


A s st a 
Fe [aera [ ina din om JP 
s 3 Nit 

as M g(r) dr lim MNT — »)fa(t) dt 


tm vía 

+ lim zz m Si(t) dt (7.38) 

Inspection of the r i i 
e ‘ a ) quation (7.38) reveals the sig- 
jeans fact that the Input signal function F(t) and the desired output 
unction Salt) enter the mean-square-error expression only in the form of 
an averaging of the product of two time functions. The significance of 
this is clearer if a function $a(7) is defined 


è i z 
Sesh) din 27 f ron +7) dt (7.39) 


Tf the mean-square error is Tewritten in terms of the $ function, Eq. 
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(7.38) becomes 


B= [7 gle) de [7, o do dale = 2) — 2 fT, o a dale) 
+ éa(0) (7.40) 


This function, 4(r), is the correlation function of statistics. $4(7) is 
the autocorrelation function of the input signal f:(t), aalr) the auto- 
correlation function of the desired output, and $;(7) the crosscorrelation 
function between the input signal and the desired output. Conse- 
quently, Eq. (7.40) demonstrates that the mean-square error can be 
determined entirely by the system characteristics, described by the 
unit-impulse response g(t), and by the correlation functions of the input 
and the desired output. The basic statement can be made: 

If the minimization of the mean-square error is adopted as the design 
criterion, the signals are adequately described by the correlation functions. 

It is the purpose of this section to point out the significance of this 
statement by considering certain characteristics of autocorrelation and 
crosscorrelation functions. 

It should be emphasized at this point that the first clause of the above 
statement is of fundamental importance. If alternate error measures or 
design criteria were adopted, e.g., the minimization of the average mag- 
uitude of the error, the correlation functions would not be sufficient to 
describe the signals. 

The autocorrelation function of a simple signal f,(¢) is given by either 
of two expressions: 


T 

éu(t) = lim val fi(fi(t + 7) dt (7.41) 
T=» 2T J-rT 
T 

én() = lim gs |. f — 00 dt (7.42) 
Tal -T 


It makes no difference whether the function is shifted ahead 7 sec and 
multiplied by fi(/) or shifted back before multiplication and averaging. 
Figure 7.17 indicates one rather pedagogical method for measuring the 
autocorrelation function. The signal fi(f) is assumed available as a 
voltage. This voltage is applied directly to the voltage coil of a watt- 
meter. In addition, the voltage is transmitted through a delay line with 
a delay of r sec. The output voltage is used to drive a voltage-to-current 
converter giving an output current equal to fi(t — 7). If this current is 
passed through the current coil of the wattmeter, the meter will read the 
autocorrelation function for one particular value of 7, since the wattmeter 
performs the multiplication and averaging. If a plot of ¢1:(r) is desired, 
the delay of the line can be varied and a number of discrete readings 
taken. The experiment would demand, of course, that the wattmeter 
average over a much longer time than any value of 7 desired and that this 
averaging period be much longer than the period during which the 
statistics of the signals vary. These restrictions on the length of the 
averaging period are discussed in detail later; this example is designed 
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fi(D from t = n tot = n + 1, the probability that A, lies between x and 
z + dz is given by 


P(e < A. < z + dz) = p(x) dz = ve dz (7.60) 


Here ^ is the expected value of Az, or the first moment of the probability 
distribution. 

The autocorrelation function can be computed in a straightforward 
manner from its basic definition as the average value of fi(t)fi(¢ + 7) or 
from the formula [Eq. (7.43)] in terms of probability distributions. If 
the latter method is chosen for illustrative purposes, 


éu(7) = Ili €1€2);(€1,€2) des des (7.01) 


Here p,(é1,€2) dei de» is the probability of f,(t) lying between e; and 
€; + de, at a given time and then, 7 sec later, lying between e; and 
€; +de». The simplest procedure involves breaking the integrand into 
two parts, one representing the contribution when e; = e (or ¢ and 
t+ 7 lie in the same interval) and the other when ¢ and ¢ +7 lie in 
different intervals. 


u(r) = ff zzp.(r,z) dz dz + Í zyp:-(z,y) dr dy ys (7.62) 


, The probability that e; lies between z and z + dz is Qv /zl)e^ dz, 88 
given in Eq. (7.60). The probability that e; has the same value is simply 
am the probability that ¢ and ¢ + 7 lie 
A in the same interval, which is evi- 
dently 1 — |r| if |r| < 1 and zero if 
l| > 1. The limits of integration 
T(sc)  8T€ changed from — and +% to 
-1 0 1 
0 and +% because Eq. (7.60) refers 


Fro. 7.20. Autocorrelation function for to the magnitude without question 
second example. of sign. 


TNN 
«e Í eed — ide pet (7.63) 
0 I1 


3q. (7.62) vanishes identically since the values of A» 
intervals are independent and each has an average 


The second term in E 
in any two different 
value of zero. 

The integration required by Eq. (7.63 ce 
to standard tables, with the dnd d VW Du V 

d { M1 — rl) fr] <1 

0 1 

The autocorrelation function is shown in Fig. 7.20. It is noteworthy 


(7.64) 
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here that the final result is actually independent of the amplitude dis- 
tribution initially assumed (a Poisson distribution, above). Integration 
of Eq. (7.63) yields (1 — |r|) multiplied by the variance of the assumed 
distribution function. 

7.9. Autocorrelation Function of Signals with Two Components. Since 
in a wide variety of design problems the input signal is made up of two 
components, the message and the noise, significance must be attached to 
the autocorrelation function of the sum of two functions in terms of the 
individual correlation functions. The appropriate expression is derived 
directly from the definition of autocorrelation functions given by Eq. 
(7.41). If fi(t) = falt) + f(t), the shifting, multiplying, and averaging 
involved in the determination of the autocorrelation function are given by 


Dm 
$u(7) = jim 2T 1 [fa(t) + AOE + 7) + felt + r)] dt (7.65) 
The integrand can be expanded: 


b odit TN ies 
$u(r) = dim TEO +1) dt+ jim ap [rone 4 7) dt 
bel [55 Nur 
+ lim oF f son +1) dt lim 55 [sono dt (7.66) 


The first and fourth terms are immediately recognizable as autocorrelation 
functions. The second and third terms are crosscorrelation functions. 
Thus, the expression for ¢1:(7) can be condensed using symbolic notation: 


pilt) = baat) + éa(7) + palT) + plr) (7.67) 


The crosscorrelation function is defined by the equation 
otn 
bal) = lim 2p ik ELO + 7) dt (7.68) 


ft) is advanced in time by 7 sec and then multiplied by fa(t). ` The cross- 
correlation function is the average of this product over all time. 
Certain significant properties of the crosscorrelation function follow at 


once from this definition: ' 


(1) The crosscorrelation function ¢as(r) is not an even function. In general, 
shifting f,(t) ahead by 7 sec yields a different result than a retardation. This is simply 
demonstrated by a consideration of the two aperiodie waves shown in Fig. 7.21. 
P(t +7) represents a shift to the left of the fe(t) function. Clearly any positive 7 
Yields a 4,(r) which is zero, while a negative 7 yields a nonzero value. 

(2) galr) = deo(—z). A shift in fj) must yield the same result as a shift of 
a(t) the same amount in the opposite direction. 

_@) ¢ar(r) does not necessarily possess & maximum at 7 — 0. The example of 


- 7.21 demonstrates this. 
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dur) is in a very special way a measure of the interdependence of 
fa(t) and fi(t). Evidently, if both time functions are random waves with 
no d-c components and are derived from independent sources (e.g., one 
from thermal noise in a resistor, the other from fading of a radar echo), 
the crosscorrelation function is identically zero, for the average value 
(over all time) of the product of the two functions must be zero. In such 
a case, the two time functions are termed uncorrelated. The term 
“incoherent” is also used in the literature, but there exists a certain 
ambiguity concerning the rigorous definition of incoherency. Several 
authors, for example, have used the term “coherent” to describe two 
functions which are rigidly related; e.g., two signals from the same source 
with a knowledge of one determining the other completely. Such a 
definition of coherence does not imply, however, that the two signals are 


falt) f,(t) 


o 1 3 0| 1 t 
Fia. 7.21. Two aperiodic functions. 


correlated. A simple example of coherent, but uncorrelated, signals is 
the side bands in the spectrum of an amplitude-modulated wave with 
the modulating signal sinusoidal. The crosscorrelation of two sinusoidal 
signals of different frequencies is ideistically zero since the average power 
isinvolved. Recause of this ambiguity, the term “uncorrelated” is used 


throughout these chapters to describe two signals which have zero 
crosscorrelation, 


In the field of feedback control 
involve the consideration of two si 
ically, the designer is concerned w 
signal. The input is the control sig 
of noise riding in with the control si 
or noise entering the system at poi 


the majority of synthesis problems 
gnals which are uncorrelated. Typ- 
ith an input signal and a corrupting 
nal; the corruption may take the form 
gnal, noise generated in the amplifier, 


2 n nts other than the input, such as load- 
torque disturbances entering the system on the output shaft. In all 


these cases, there are many instances when the corruption is essentially 
uncorrelated with the control signal. Under these conditions, Eq. (7.67) 
indicates that the autocorrelation function of the sum of two signals is 
simply the sum of the individual autocorrelation functions. 

This superposition property of autocorrelation is the theoretical basis 
for the fact that correlation techniques make possible tremendous 


improvements in the signal-noise ratio when the signal is periodic. For 


example, if the autovorrelation function is found for a sinusoidal signal 


in the presence of noise, the result, as shown in Fig. 7.22, consists of two 
components: a periodic component and a component (due to the noise) 
which tends to zero for large 7. Consequently, even if the noise level 
far exceeds the amplitude of the input sinusoid, the autocorrelation func- 
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tion for large argument places in evidence the presence of the sinusoidal 
component of the input. The quantitative improvement in signal-noise 
ratio depends on the length of time permitted for observation. 


Fio. 7.22. Autocorrelation function of sinusoid plus random noise. 


7.10. System Functions Measured by Correlation. There is another 
very useful relationship which follows directly from this discussion of 
crosscorrelation functions. In many cases, correlation affords a particu- 
larly simple method for the experimental measurement of the transfer 
function of a given linear system. The theory underlying the measure- 
ment technique is based upon a consideration of the crosscorrelation 
between the input and the output of a system. If f(t) is the output 
resulting from the input f;(£), the crosscorrelation function is given by 


eri T 
$s(7) = lim zy 3 LI 7 0f40 at (7.69) 


The output is related to the input by the superposition integral, involving 
the system impulse response g(é). 


f(t) = ie g(x) f(t — x) dx (7.70) 
Substitution of Eq. (7.70) into (7.69) yields 


LI 


T 
dio(r) = lim am ie Silt — 7) dt if „ION — 2) dz (7.71) 


After interchange of the order of integration and averaging, the expres- 
sion for the crosscorrelation function becomes 


L] 1 T 
dio(T) = jh _ f) dz [ im ZT jw ft — ft — 2) a] (7.72) 


The bracketed expression is the autocorrelation function with argument 


og. 


$s(r) = dee g(x)ós(r — x) dz (7.73) 


The significant feature of Eq. (7.73) is the resemblance to Eq. (7.70). 
Comparison of the two relations indicates that $4(7) would be the 


t It is possible to increase the improvement of signal-noise ratio by the use of 
crosscorrelation if the fundamental frequency of the periodic component of the input 
is known. Cf. Y. W. Lee, Application of Statistical Methods to Communications 


Problems, MIT Research Laboratory of Electronics Tech. Rept. 181, pp. 28-38, Septem- 
ber 1, 1950. 
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response of the system if the input were a(r). If u(r) is an impulse 
function, ó;(7) is equal to the impulse response of the system: t.e., 


dior) = ag(7) when ¢i(7) = auo(r) (7.74) 


It is demonstrated in Sec. 7.13 that the autocorrelation function of white 
noise is an impulse. Consequently, if white noise is applied to the input 
of a system, the crosscorrelation function between the input and output 
is simply the systern impulse response. The Laplace or Fourier trans- 
form of this g(7) is the system function.f 

These concepts provide a convenient method for measuring the 
impulse response g(t) or the system function G(jw) of a system. The 
experimental setup is shown in Fig. 7.23. n,(t), the output from a white- 
noise generator [giving noise with a spectrum which is flat over appreci- 
ably more than the frequency range covered by G(jw)], is superimposed on 


Input 
ila System g 


White-noise 
Generator 


Output 
nolt)+fo(t) 


nolt)+folt) 


Crosscorrelator 


Fia. 7.23. Measurement of the system function. 


the normal system input f(/. Inputs to the crosscorrelator are the 
white noise n;(t) and the system output fo(t) + no(t). These two output 
components are the output due to the normal input and the output due to 
the white noise. Since only the latter component, no(t), is correlated 
with the white noise, the output of the crosscorrelator is the system 
impulse response., A rather unique advantage of this method for measur- 
ing system functions is that neither external disturbances nor noise 
generated within the system has any appreciable effect on the results 
because of the action of the crosscorrelator in rejecting all signals not 
correlated with the output of the white-noise generator. A second 
advantage, stemming from this same filtering action of the crosscorrelator, 
is the possibility of measuring the transfer characteristic of the system 
without stopping normal operation. 

7.11. Power-density Spectra. In the preceding sections it was demon- 
strated that, if the input is a stationary time series and the minimization 
of the mean-square error is used as a design criterion, the signals are 
adequately described by correlation functions. In other words, the cor- 
relation functions are sufficient data for the synthesis of a minimum- 
mean-square-error system. 

In essence, correlation functions describe the signals in terms of time- 
domain characteristics. For many purposes it is convenient, on the other 


t Y. W. Lee, Application of Statistical Methods to Communication Problems, MJ T 
Research Laboratory of Electronics Tech. Rept. 181, pp. 25-28, September 1, 1950. 
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hand, to describe the input signal in terms of frequency-domain charac- 
teristics. If the autocorrelation function defines the input adequately, 
what corresponding description of the input can be made in the frequency 
domain? Evidently, the frequency-domain function must carry exactly 
the information contained in the autocorrelation function. A function 
satisfying such requirements is the Laplace transform of the autocorrela- 
tion function, which is denoted as ®1;(s). 


Bu() = [7 ene ar (7.75) 


Before the properties of 1:(s) are investigated, it is advantageous to 
determine exactly what characteristics of the random input signal are 
measured by this frequency function. The investigation is most readily 
introduced by a consideration of the significance of the Laplace trans- 
forms of the more usual classes of functions. Most basic is the transform 
of periodic waves. If f,(t) is periodic, then the associated Fourier series 
places in evidence the amplitude and phase of the sinusoidal components. 
The relationship between f,(¢) and its sinusoidal components is given by 
the familiar formula 


fo) = » asit (7.76) 


ne— o 


Here w is the fundamental frequency (equal to 27/T, where T is the 
fundamental period), and a, are the coefficients evaluated from the 
formulas 
1s to+T 
do = 5 li f p(t) dt (7.77) 


lo 


1 [+T , 
On = | fs (Dei! dt (7.78) 


A plot of the amplitude spectrum of this wave involves a plot of the mag- 
nitude of a, as a function of n and is of the form shown in Fig. 7.24. The 
corresponding phase spectrum is of 
a similar nature. The spectra of a 
periodic wave are line spectra—i.e., 


the energy in the signal is concen- li 


lanl 


trated at isolated frequencies. The 
height of the spectral lines in the (o 
amplitude spectrum indicates the “OQ 1 2 3 4 5 6 7 TECH 
actual amplitude of the signal com- 
ponent at the corresponding fre- Fic. d Amplitude spectrum for 
quency. More specifically, if they POS BY: 
signal is a voltage, the ordinates of the amplitude spectrum are measured 
directly in volts. 

The situation changes somewhat in the consideration of aperiodic, or 
transient, signals. The conversion from the Fourier series to the Fourier- 
or Laplace-integral transformation involves a limiting process, and the 
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spectrum of an aperiodic signal is no longer an amplitude spectrum in the 
ordinary sense, but rather an amplitude-density spectrum. 

A specific example illustrates the significance of the above observations. 
The time function and the corresponding Laplace transform are shown 
in Fig. 7.25. Part (b) of the figure is a plot of the magnitude of F,(jø), 
the amplitude density. Although there is only an incremental voltage 
amplitude at any one frequency, there does exist a relative distribution of 
amplitudes. In the plot of the magnitude of F (jw), the square of any 
ordinate at a frequency w is a measure of the relative amount of energy in 
the vicinity of that frequency. 

Actually, more direct significance is associated with the square of this 
amplitude-density spectrum, although the squared curve is not ordinarily 


A(t) 


IF 09)J 
0 £ 0 id 
0 t«0 R= 
no- sta 
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Ingola 


(a) Time Function (b) Amplitude Density Spectrum 


Fic. 7.25. Transform of an aperiodic function. 


plotted. If f,(t) is considered to be the voltage across a 1-ohm resistor, 
the squared spectrum [a plot of |F1(jo)|? versus w] is the energy-density 
energy dissipated in the 1-ohm resistor 


1 se 
E= zz J à Wie)? da eum 
In the example of Fig. 7.25, the total energy is 
Se ae 
&- Se oxi do (7.80) 
1 
&= > 
m (7.81) 


Thus, the spectrum of a periodic i i 
nus, Wave is an amplitude spectrum- 
Aperiodic waves are characterized b i i 1 
) £ amplit . Ren 
dom time functions, in co darted Ce eee 


m ntrast, are characterized b ction 
originally defined in Eq. (7.75), repeated below: an dat í 


9$u(s) = d $u(r)e-* dr (7.82) 
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The first step in the determination of the significance of this @:(s) func- 
tion involves a replacement of the autocorrelation function by the cor- 
responding expression in terms of the signal fi(¢). 


5 Tus 
$u(s = [ Le dr Jim 2T ia SOf +7) dt ` (7.83) 


If the limiting process and the integration with respect to 7 are inter- 
changed, Eq. (7.83) becomes 


fld [5 T 
$u(s) = lim 27]. e" dr je fJ (Ofi + 7) dt (7.84) 
It would now be desirable to interchange the order of integration, but 
since f;(t) is a stationary random process, the associated Laplace integral 
does not converge. This difficulty can be circumvented if the infipite 
limits are replaced by finite limits. In other words, instead of consider- 
ing a function filt) which exists over all time from — œ to + œ, a signal 
fu(D is considered, where fi(/) is equal to fi(!) over the time interval 
from — T to +T but is zero elsewhere. With this signal, Eq. (7.84) 
becomes 
ES T 
= Y — aT 

$u() = lim 5 [oe dr [mone + 7) dt (7.85) 
With this restriction, the Laplace transform of f,:(¢) exists, and the order 
of integration can be interchanged. 


t 1 T T 
uls) = lim 2p f no dt J^ fu(t + 7)e7* dr (7.86) 
The equation is now simplified if a change of variable is made, t + 7 = z, 


and T is considered so large that 7 — T and r + T, as limits, are equiv- 
alent to — T and +T, respectively. 


lp ps T 
Puls) = lim zp l! EO Ts fu(z)e-*e-^? dz (7.87) 


1 m T 
Suls) = lim 25 if _p fuer dt R fu(z)e-** dz (7.88) 


The two integrals of Eq. (7.88) are separate, conjugate expressions. 
Thus, 4;,(s) can be written as 


Í y fue" dt r (7.89) 


Now consideration is reverted to the original function, fi(£) which is equal 
to fu(f) in the interval —T € t € T, an interval which is allowed to 
become infinite after the integral of Eq. (7.89) is evaluated. 

What is the significance of the step above, in which the infinite limits 
were replaced by finite limits, the integration performed, and then the 


"n 
e e 
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imi to become infinitely large? Since the random time func- 
die Mauri energy, it has been necessary to og by Ls 
averaging process with respect to time, to a consideration of power. 
jw) i er-densily spectrum. 

Ed of enu) is now clear. The power between the fre- 
quencies o; and wz is simply 1/27 times the integral of ;(jo) from we 
w2; that is, if the signal is considered as the voltage across a = T 
resistor, this integral yields the power dissipated in the resistor by e 
signal components with frequencies lying within the range oi to Ll 

a special case, the total average power dissipated in the resistor is 


Pow = =f 1,(jw) dw (7.90) 


Equation (7.90) agrees with the previous interpretation of ¢1:(0) as the 
total power, since the inverse transformation 


$u(7) = z (n Suijo)ea do (7.91) 
yields, with 7 = 0, 
$1(0) = xf 11(jw) dw (7.92) 


The significance of the power-densit; 
sented by a direct electrical interp 
measurements. As indicated in Fig. 7 


y spectrum is more clearly vem 
retation, based on hypothetice 
-26, fi(!) is considered an electrical 


Gain 
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(b) Filter Characteristic 
-density spectrum. 


(a) System for Measuring d 
Fi. 7.26. Significance of the power. 


voltage, which is passed through an ideal low-pass filter with adjustable 
cutoff frequency. A wattmeter m 


easures the power dissipated in the 
l-ohm resistor. The filter output voltage across the resistor contains 4 
frequencies of fi below the cutoff we With no distortion introduced, bu t 
none of the frequencies above w. The wattmeter reads the power dis- 
sipated in the resistor by all frequency components of f,(/ from —“¢ 
to +e,. 


Wattmeter Teading = T T " 91i(jo) dw (7.93) 


712. Characteristics of Power-density Spectra. Power-density-speC , 
tra functions, #11(jw), possess the following important characteristics: 4 
(1) Sulju) measures the power-density spectrum rather than th 


Consequently, the relativ 
Tequency components is lost when the signal } 
4 power-density spectrum. 


phase of the various f 
described by means of 
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(2) As a result of this discarding of the phase information, a given 
power-density spectrum may correspond to a large number of different 
time functions. 

(3) (jw) is purely real. This statement follows directly from the 
fact that time-average power dissipated in a pure resistance is being 
measured. 

(4) 1:(jw) is an even function of frequency, 


Suljo) = $u(—Jje) (7.94) 


This characteristic follows directly from the original definition of $,(s) as 
the Laplace transform of ¢1:(r) and the fact that $1:(7) is an even function 
ofr. The defining integral for &;(j«) is repeated below: 


ulju) = [ 7, bule ar (7.95) 
The exponential can be replaced by the trigonometric form: 
Sulju) = [7, dul) cosurdr—j f" gul) sin wr dr (7.96) 


Since the second integrand is an odd function of 7, the integral is zero and 
(7.96) reduces to 


Suo) = [ 7. dul) cos wr dr (7.97) 


The right-hand side of Eq. (7.97) ìs an even function of w. 

(5) (jw) is nonnegative at all frequencies. A negative (jw) in 
any frequency band would indicate power being taken from the passive 
1-ohrm resistor. 

(6) If the input signal contains a periodic component such that the 
Fourier series for this component contains terms representing fre- 
quencies ci, 9» : . . , Wn, Pi(jw) contains impulses at 1, —w we 
—w2, ..., €» and —w,. This characteristic of the power-density 
spectrum is apparent from Eq. (7.97). If f,(¢) contains a periodic com- 
ponent of frequency «;, ¢1:(7) will contain a term of the form a; cos wit. 
The corresponding part of @:(jw) is 


$u(je) = a J^. COS w17 COS wr dr (7.98) 


The right-hand side of (7.98) is zero for all w other than w; or —w; and is 
infinite at these two frequencies. The area under 91(jo), however, is 
finite and equal to the power contained in the sinusoidal component. 
This infinite spike of finite area is just the definition of an impulse. 
. 7.13. Examples of Power-density Spectra. A few simple examples 
illustrate the nature of the power-density spectrum. 

White Noise. White noise is ordinarily defined as noise which possesses 
a flat frequency spectrum. In other words, by definition white noise 
possesses a power-density spectrum which is a constant. Evidently, if 
the power-density spectrum at all frequencies has a constant value, the 
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wer represented by the noise voltage wave is infinite, since this 
iul Power is any aven. by the integral of the power-density spectrum 
from minus infinity to plus infinity. This difficulty is ordinarily circum- 
vented by defining white noise as a signal possessing a flat frequency 
distribution over considerably more of the frequency spectrum than is of 
importance for the system under investigation. In other words, for & 
feedback control system in which the signals are concentrated in the band 
from 0 to 10 cycles/sec, any noise voltage which possesses a flat frequency 
distribution from zero frequency to well above 10 cycles/sec is considered 
essentially equivalent to white noise. ; 
It is of interest at this point to determine the autocorrelation function 
of white noise. If white noise is defined as possessing a flat frequency 


ulw) 


Fic. 7.27. Power-density spectrum for Second example. 


spectrum over all frequencies, the autocorrelation function is an impulse 
atr =0. Ifthe power-density spectrum of the noise is assumed flat over 
a frequency band wide compared with the input signals, the correspond- 
ing autocorrelation function is a pulse at 7 = 0 and is of short duration 


compared to the time constants of the system, with the result that the 
pulse behaves effectively as an impulse, 


Second Example. As a second example, 
computed for the wave for which the 
derived in Sec. 7.8. The autocorrelation f 


the power-density spectrum is 
autocorrelation function w88 
unction was there found to be 


wy = {AL —fl) fr] <a .99) 
oul ) [> |r| >1 (7 


Substitution of Eq. (7.99) into the Fourier integral [Eq. (7.97)] for the 
power-density spectrum yields 


Palju) = 2 (^ X — Ir) cos wr dr (7.100) 
io) = (Sin w/2\? 101) 
Sun) = (8222) a 


This function is sketched in Fig. 7.27. 


7.14. Experimental Techniques for Me 
istics. As indicated in th 
important applications of 
the theory has given into 
tant characteristics of bo 
the concepts of correlatio; 


asuring Statistical Character. 
e introduction to this chapter, one of the mos a 
statistical design theory has been the insigh' 
techniques for the measurement, of the impor. 
th signals and noise. The popularization 
n and power-density spectra has led to refin 
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measurement techniques. Indeed, in the majority of cases, the design of 
systems has proceeded in the following manner: the characteristics of 
signals and disturbances have been determined in statistical terms and 
reinterpreted in the more familiar frequency domain, after which design 
has been accomplished using well-known methods in the domains of real 
or complex frequencies. 

Statistical theory indicates appropriate methods for the description of 
stationary random series. For the purposes of linear design on the basis 
of the mean-square-error criterion, the time function can be adequately 
described in a number of ways: 


(1) By the autocorrelation function 
(2) By the power-density spectrum 
(3) By an appropriate function of the second probability distribution 


The three methods are equivalent since the autocorrelation function and 
power-density spectrum constitute a Laplace-transform pair and the 
required function of the second probability distribution is equivalent to 
the autocorrelation function as a result of the ergodic property of the 
time functions. Techniques for measuring these statistical character- 
istics fall into two general categories: measurements can be made in the 
time domain to determine the correlation functions, or measurements can 
be made in the frequency domain (ordinarily yielding the power-density 
spectrum directly). 

Although the following discussion considers the two distinct measure- 
ment problems, it should be borne in mind that it is of course possible to 
measure any one of the three describing functions by first determining 
one of the others and then performing the appropriate calculations, For 
example, the power-density spectrum can be determined by measure- 
ment of the autocorrelation function followed by a direct Laplace trans- 
formation. In certain cases, this indirect technique may be simpler than 
a direct measurement of the power-density spectrum. 

The measurement problems here are no different from those in any 
other field in the sense that the choice of a particular procedure depends 
upon many factors which are difficult to express analytically, or even 
qualitatively.j In the last analysis, the engineer must depend to a great 
extent on ingenuity and experience to select that procedure which is 
optimum for the given specifications on accuracy, cost, measuring speed. 
frequencies contained in the signals, etc. í 

Measurement of Correlation Functions. Techniques for the measure- 
ment of correlation functions are based upon the definition given in 


T Two general papers on the errors arising in measurements of the statistical char- 
acteristics of random signals are: W. B. Davenport, Jr., R. A. Johnson, and D. Middle- 
ton, Statistical Errors in Mensurements on Random Time Functions, J. Appl. Phys., 
Vol. 23, No. 4, pp. 377-388, April, 1952; and J. W. Tukey, The Sampling Theory of 
Power Spectrum Estimates, Symposium on Applications of Autocorrelation Analysis 
to dap Jatin, pp. 47-67, Publication of ONR, Department of Navy, Wash- 
ington, à 
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Eq. (7.41), 


1 {2 ; 
bul) = lim z7 [55 sa K102) 


i ion functi ime function fı(t). The 
Here ¢1:(r) is the autocorrelation function of the time u d 
Spp described below could equally well be applied to the determi 
nation of crosscorrelation functions. 


The definition above indicates that determination of ón(r) requires 
three distinct operations: 


(1) Shifting the time axis to generate fi(t + 7) 
(2) Multiplying 
(3) Averaging 


The most difficult of these three operations is ordinarily the second, the 
multiplication of fi(t) by fı(t +7). A number of schemes are available; 
a few of the simpler methods are described below. The averaging 


f fen 
tn t t 
of 2 o 
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Fra. 7.28. Sampled section of input time function. 


process introduces the princi 
most correlators the curve i 


he following pages describes briefly three general 
methods of calculating correlation functions. This discussion is specifi- 


cally concerned with three methods which constitute only a sampling of 


8 in which the time shifting, multiplication, and 
averaging may be performed. 
With a graphical sample of the input 
can be determined by a brute-force 
on of the time function is shown in 
every a sec, atti, ta, . . . , in The 
T sec, where 7 is chosen to be an integral multiple 
ples of the shifted function may coincide with 
samples of the original f,(t). The autocorrelation function is given by 
cts of the samples occurring at the same time. 


B. 7.28, this would involve the average over al 
samples from 0 to £, — r. Thus, 


signal, the autocorrelation function 
analytical method. A possible secti 
Fig. 7.28. The function is sampled 
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The computation involved in the determination of ¢1(7) for a large 
number of values of 7 is obviously tremendous. 

An attempt to carry out the above procedure immediately raises certain 
specific questions: 

(1) How long a sample of the original time function is required? 
With reference to Fig. 7.28, how large must in be? Certainly the sample 
must be sufficiently long to indicate the lowest frequency components of 
importance in the signal. In view of the fact that somewhat less than 
the entire ¢, interval is used when 7 is other than zero, it appears that the 
sample should be approximately 10 times the period of the lowest impor- 
tant frequency components of the signal. It is impossible to make any 
definite statement of significance here, however, since the power-density 
spectrum of the signal in general does not cut off sharply at low fre- 
quencies, with the result that in a practical case it is difficult to decide, 
even if the power-density spectrum is known approximately, what con- 
stitutes significance. Indeed, the importance of this criterion, based on 
the lowest frequency content of the input, is even more meaningless when 
it is considered that in a practical case all the information given is the 
curve of the signal sample. If the power-density spectrum were known, 
there would be no point in calculating the autocorrelation function. 
Consequently, this concept of a sample length 10 times the largest period 
of the signal components can only serve as a rough guide toward making 
an intelligent initial guess. 

Once this initial estimate has been made, however, there is a fairly 
straightforward test to determine whether the sample length is suffi- 
ciently long. If the time series is known to possess the property of 
ergodicity, a number of different samples of duration T are analyzed. 
If the average over the duration of any one sample is identical with the 
average taken over all samples, a sufficient time interval has been used. 
Alternately, the time interval is sufficient if each of the samples yields 
essentially the same autocorrelation function. 

There are alternate schemes for determining the required sample length. 
For example, if the sample length is increased appreciably and the auto- 
correlation function is unchanged, the original sample length is probably 
adequate. In addition, there are standard statistical procedures for 
determining the required sample duration. It is certainly true, in 
general, that a sample can be used which is not sufficiently long, for the 
short-term and long-term autocorrelation functions may differ radically. 

(2) Is the sample length unnecessarily long? Here again, there 
unfortunately appears to be no simple way to decide whether the sample 
length is unnecessarily long until the correlation function has been deter- 
mined. However, even this postevaluation is helpful if a number of 


TH. B. Brainerd, pp. 144-176, in "Instrument Engineering,” Vol. I, by C. 8. 
Draper, W. McKay, and S. Lees, McGraw-Hill Book Company, Inc., New York, 1952. 
/ Such a radical difference is exhibited by experimental results on the autocorrela- 
tion functions of speech, as obtained by Fano and his students. Cf. "Quarterly 
Progress Report,” Research Laboratory of Electronics, MIT, Cambridge, Mass., 
October 15, 1950, pp. 45-48, 
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samples of the same general type are to be analyzed. In general, the 
sample length need not be much more than 10 times the value of 7 at 
which ¢1:(r) becomes essentially zero. For example, if ¢1:(7) is in the 
neighborhood of zero for all 7 greater than 1 sec, a 10-sec sample should 
be sufficient. Two values of the function more than 1 sec apart are 
essentially independent. 

(3) How small must «, the spacing between samples, be made to 
obtain reasonable accuracy? It can certainly be stated that the samples 
should be taken sufficiently close together to ensure that the function 
does not change a significant amount within the sampling interval. This 
follows directly from the fact that a time function can be represented by 
periodic samples taken at a frequency equal to twice the highest sig- 
nificant frequency present in the signal. Here again, there is a great deal 
of vagueness in such a criterion, and the final decision as to the sampling 
intervals is necessarily a compromise between the desire for accuracy and 
the desire to keep the ennui of the calculations to a minimum. If the 
signal is the input to a physical system, the sampling interval is satis- 
factory if it is much less than the lowest significant time constant of the 
system, if this can be determined. It is certainly true, however, that 
once @ is chosen no frequency components are measured higher than 
1/2a cycles/sec. (Actually, as the discussion of Sec. 9.1 indicates, the 
properly measured frequency components do not extend this high if there 
are signal components above 1/2a cycles/sec.) 

_ Method TI. _Machine Calculation. The tediousness of the calcula- 
tions involved in the manual calculation of correlation functions early led 
engineers to investigate methods by which machine operations could be 
substituted for these manual tasks. Evidently there exist two possible 
approaches to the problem of mechanizing the calculations. On the 
one hand, general-purpose computers may be adapted to the calculation 
of correlation functions: on the other hand, computers may be built 
specifically for the purposes of correlation. The selection of the approach 
to be followed in a specific case evidently depends on the availability of & 
sultable general-purpose computer and the number of correlations 
required. Both approaches have been used extensively. 

Nonis dela gonore purpose computers can be modified to perform the 

L g, multiplying, and averaging required in the calculation of correla- 
tion functions. For example, recent models of the IBM punched-card 
calculating machines can be used to perform all three operations. If the 
signals are available in graphical records, it is necessary to punch the 
sample amplitudes into the cards. As in many computer applications, 
this data-input operation is the most time-consuming part of the entire 
calculation. If a large amount of correlation is to be performed, it is 
economical to add automatic data input effected by a curve follower, 
sampling circuits, and automatic card punching. The time-shifting 
operation is performed very simply by removing from the stack of cards 
the number corresponding to the number of samples in the desired shift r- 
Multiplying and averaging are straightforward operations of the machine. 
With the process completely mechanized, high accuracy can be attained 
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at a speed that is high compared with manual calculations, aithough still 
much slower than electronic correlation, described below. An added 
advantage of this method is that the transform of the correlation function 
can also be found automatically, with the computer output yielding the 
power-density spectrum. i 

The application of general-purpose computers to the computation of 
correlation functions is ordinarily uneconomical if a large number of cor- 
relations are to be performed. Computers constructed specifically for 
the purpose of correlation are usually simpler and more economical for 
specified speed, accuracy, and types of input signals. There are a 
number of methods of correlation. Perhaps the simplest, particularly for 
feedback-control applications in which the energy of the signals is con- 
centrated at low frequencies, is a mechanical correlator. 

One typical form for a mechanical correlator employs the basic com- 
ponents of the MIT differential analyzer.t The multiplication and 
integration can be performed as two successive integrations on the basis 


of the relation 
SELOSA) dt = [fi(t) aUf«() dé] (7.104) 


Integration can be accomplished mechanically by a screw, disk, and 
wheel combination. Simple correlators can be constructed using these 
general principles, particularly if the accuracy requirements are not high. 

Greater accuracy and more flexibility are realizable if an electronic cor- 
relator is constructed, involving the use of pulse-circuit techniques to 
accomplish the required multiplication and averaging.{ The theory of 
this method is based on the ergodic property of the time functions to be 
studied and the fact that the time functions of interest are stationary: the 
statistics do not change with time. The time function is sampled at 
time ti, tz, . . . , tn, leading to a set of pulses pi, ps, . . . , pa. The 
height of the pulses represents the magnitude of the function at the 
sampling times. The signal is in each case again sampled r sec later 
(at ui, Us, . . . , Un), leading to another set of pulse-amplitude-modula- 
tion pulses qi, q2, . . . , qn. If the number of samples n is made suffi- 
ciently large, the autocorrelation function is given by 


n 


1 
$u(r) = m » Didi (7.105) 
i-1 

t E. C. Berkeley, "Giant Brains or Machines that Think," pp. 65-88, John Wiley 
& Sons, Inc., New York, 1949; and V. Bush and S. H. Caldwell, A New Type of 
Differential Analyzer, J. Franklin Inst., Vol. 240, No. 4, pp. 255-326, 1945. 

1 Two correlators operating on the principles described here have been constructed 
at MIT. The earlier system, based on digital-computer techniques, is described in 
the report by H. E. Singleton, A Digital Electronic Correlator, MIT Research Labara- 
tory of Electronics Tech. Rept. 152, February 21, 1950. The later system, based on 
analog-computer techniques, is described in the paper by J. Francis Reintjes, An 
Analogue Electronic Correlator, Proc. Natl. Electronics Conf. 1951, Vol. 7, pp. 390—400, 
1952. Both correlators have considerably more flexibility than is required for 
applications in feedback-control-system engineering and also operate over a higher ` 
frequency range, necessitating a speeding up of the input data. 
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The problem of correlation has been reduced to the multiplication of two 
quantities given by pulse amplitudes. This process is illustrated by 
Fig. 7.29. 

Cartel questions immediately arise concerning the validity of this 
technique: 

(1) How far apart must the samples at tı and t», t and ¢3, and so on, be 
for Eq. (7.105) to be valid? Evidently if 4; occurs sufficiently soon after 
tı, the value of p; will be strongly dependent on pı. Two distinct condi- 
tions may exist. If t; — t; is so large that p» is essentially independent of 
Pı, the signal from ¢; onward to £; may be considered as one function of an 
ensemble, that from 1; to ts another member function, etc. In this case, 
the average of Eq. (7.105) is essentially an ensemble average. If, on the 
other hand, tz is so close to t that ty, hh, ... , t, are sufficient sampling 


points to describe the time function completely, Eq. (7.105) represents a 
Time Function 


Fra. 7.29. Sampling involved in correlation. 


time average for this one function, or the basic definition of the auto- 
correlation function. For values of tz — ty lying between these two 


extremes, a sufficient number of samples still leads to the correlation 
function. 
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periodic component has the same value. This is not ordinarily an 
insurmountable difficulty, however, since in practice the sampling fre- 
quency drifts during operation. Unless this drift is significant, a large 
number of samples is required before the true nature of the periodic com- 
ponent is apparent. 

The details of the operation of multiplication and averaging can be 
accomplished in a number of ways. In Singleton’s equipment, the 
amplitudes of the two pulses to be multiplied are converted to a binary 
system and the multiplication is performed using basically the ordinary 
methods of a digital computer. Integration likewise is accomplished by 
a cascade arrangement of scale-of-two circuits. An alternate procedure 
involves converting the p; set of pulses to a group of pulses of duration 
larger than any 7 to be used in the correlation and of height proportional 
to the amplitude of the signal at the sampling time. The information 
contained in the second sampling (at wu; us, . . . , Un) is converted to 
constant-amplitude pulses of duration proportional to the amplitude of 
the signal at this second sampling time. The two sets of pulses are 
applied to a gating circuit yielding a set of output pulses with the area 
under the pulse proportional to the product p,g;. Integration then 
simply involves determination of the total area under all these pulses 
corresponding to a given r. 

The principal disadvantages of this electronic method for the deter- 
mination of the correlation functions are the amount of equipment 
required and the time required for determination of a complete curve of 
¢u(r). The amount of equipment becomes particularly impressive if 
digital methods are used for multiplying and integrating. Furthermore, 
the amount of equipment is increased if the signals are available only in 
recorded form, since a reading system to convert the signals to voltages is 
then required. The time involved may not be a serious handicap if the 
energy of the signal is concentrated at high frequencies—in the audio 
band, for example—but if, as commonly occurs in servo work, the 
principal frequencies of interest in typical signals are in the vicinity of a 
few cycles/sec, the time required for the determination of a correlation 
curve with reasonable accuracy becomes excessive. An attempt has been 
made to overcome this disadvantage of excessive time lag by the design 
of a correlator which computes five points on the correlation curve 
simultaneously. The outstanding advantage of the equipment is, of 
course, the accuracy that can be realized. If the multiplication and 
integration are performed with binary digits representing the numbers, 
the only limit on accuracy occurs in the circuits for sampling the signal 
and converting these sample amplitudes to binary numbers. 

Method III. Space Integration. As described on the preceding pages, 
correlation can be performed by manual calculation or by straightforward 
machine computation. In addition, certain schemes have been used for 
specific problems and special types of signals. For example, if the signal 

Tequencies are very low, a decrease in the excessive time required for 
tJ. J. Levin and J. F, Reintjes, A Five-channel Electronic Analog Correlator, 
Proc. Natl. Electronics Conf., Vol. 8, pp. 647-656, 1953. 
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- correlation is the principal advantage of the method originated by the 
group at Ohio State University working on the response of human beings. 
In this procedure, the averaging with respect to time is replaced by an 
averaging with respect to space, with the result that the averaging can be 
performed in a short interval of time. The basic elements of the pro- 
cedure are as follows: 

A sample of the time function to be autocorrelated is recorded on 
photographie film. The recording is similar toa variable-density record, 
but is actually accomplished by first converting the signal to pulse- 
frequency modulation, with the number of pulses between sampling 
points proportional to the amplitude of the signal at the earlier sampling 
point. Each pulse results in a line on the record, with the result that 


Fic. 7.30. Record with associated signal. 
the record for a typical signal has the form shown in Fig. 7.30. Itis usu- 


ally convenient to add a d-c v. 


ny oltage to the ti ion i ke 
the minimum value at le d oe 


1 | least zero during the observation time. 
e Me time function in this form, multiplication is readily accom- 
plin e ü wo similar records are superimposed, one displaced an amount 
i Aud. e les Light from a fixed source is passed through these two 
onn collected by an integrating sphere, and measured electronically. 
e amount of light passing through the two records is a measure of the 
puescormelaton function for the particular value of 7 used as the relative 
n isp pene 3 the records. The result is not directly the autocorrela- 
fis c "d o2 includes also the d-c component resulting from the 
PN D n uct of the d-c components added to the two time functions 
doen, e minimum values zero. This d-c component is readily 
anda B M educ I reb ed of the d-c component from the output 
oT ces difficulties if the original time function possesses & 
is piingipal disadvanta 
attainable i i 
unis FU Ge in the measurement of the total 


variable-density record of the time f. 
associated problem of realizin 
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case, any completely electronic method would require a prohibitive 
amount of time for the determination of a complete autocorrelation func- 
tion as a result of the duration of the sample of the signal and the time 
required by the averaging process. 

Measurement of Power-density Spectra. It was pointed out that per- 
haps the most important application of the statistical design methods 
during these first few years has been the insight gained by engineers into 
methods for characterizing signals and noise. The concept of correlation 
functions has been particularly important, for it is commonly simpler to 
determine the characteristics of noise or signals by correlation than by 
direct attempts to measure the power-density spectra. In design, how- 
ever, it is usually simpler, and certainly more in line with traditional 


design methods, to use the power-density spectra. 
Averaging 
Circuit 


®(jw) 


Meter 


Wave 
E s : 


Fro. 7.31. Measurement of power-density spectra, 


The power-density spectrum ,:(jw) can be determined through the 
correlation function and the Laplace transform, or it can be measured 
directly on the basis of the definition. Direct measurements depend on 
the fact that ©,:(jw:) is a measure of the power between w, and c; + do. 
An approximate determination of $;1(jo:) can be made using a narrow- 
band wave analyzer with an averaging circuit. The wave analyzer is 
tuned to the frequency «i. If the bandwidth of the wave analyzer is 
Aw, and Aw is sufficiently small to ensure that in this interval around w, 
the power-density spectrum does not change significantly, the output 
meter of Fig. 7.31 reads approximately #1:(jw:) Aw. The averaging 
circuit is required since the narrow band of the analyzer results in a 
fluctuating output reading except in the unusual situation when the 
short-time statistics of the signal are the same as the long-term statistics. 

This method of measurement is satisfactory for signals with a power- 
density spectrum covering a portion of the frequency spectrum con- 
siderably larger than the bandwidth of the wave analyzer. However, 
for the measurement of many servo signals it is impracticable to build a 
variable filter with a band much narrower than the low-frequency band 
occupied by the signal energy. Under these conditions, correlation 
seems a much more satisfactory method of analysis. 


CHAPTER 8 


APPLICATION OF STATISTICAL 
DESIGN PRINCIPLES 


The basic concepts of statistical design are described in the preceding 
chapter. The work of Wiener and the men who followed him has intro- 
duced to control-system engineers the concepts of correlation functions 
and power-density spectra. For the first time, feedback control systems 
can be designed on the basis of the characteristics of the actual input 
signals, rather than in terms of the system response to special test signals 


modifications particularly useful in the analysis and design of feedback 
control systems. The chapter concludes with a brief survey of the work 
which has been done in the con- 
sideration of nonlinear systems 
and in the design of systems for 
which the input time series is not 
Fra. 8.1. Notation, ig ts : f 

-1. Power-densi rum o 

System Output. The fundamental design problem is p epa Fig. 


8.1. The specifications describe the characteristi i (t 
consisting of the signal s(t) and noise n(t). phate dra d dsl 


System g(t) 
Transfer Function 
G(s)] 


the transfer function G(s) which 


Throughout thi i ; d 
m s nen ut this chapter the notation follows that of Fig. 8.1, which is common 


ure on statistical design, Only when the discussion i i 
| n is concerned directly 
lies witha control systems (as in Secs, 8.5 and 8.6) is the notation of c(t) as the 
output, r(t) as the Input, and e(t) as the actuating signal introduced. 
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results in minimization of the mean-square error clearly requires the 
evaluation of this error. As described in Eq. (7.40), the mean-square 
error depends only on the correlation functions: 


= [7 o dr [7 o de galt — 0) — 2 [7 g(s) dr gal) + dus(0) 
(8.1) 
where $4(7) = autocorrelation function of total input s(/) + n(t) 
¢ia(r) = crosscorrelation function of total input with desired 
output 

... $u(7) = autocorrelation function of desired output 
With a given impulse response, input, and desired output, the mean- 
square error can be calculated from Eq. (8.1). Itis considerably simpler, 
however, to perform the calculations in terms of the frequency-domain 
functions (the transfer function and the power-density spectra). 

The mean-square error is the sum of two components: the error arising 
from the transmission of noise through the system and the error resulting 
from the difference between the desired output and the actual output 
component caused by the signal s(¢). Because only linear systems are 
considered, the two components of error can be evaluated separately, 
If the signal and noise components of the input are uncorrelated, the 
mean-square value of the error is simply the sum of the mean-square 
values of these two components. 

The Noise Output. If the input is exclusively noise n(t), the resulting 
output, denoted f.,(¢), is entirely error in the usual problem. The cor- 
responding autocorrelation functions 
and power-density spectra are de- 
noted as shown in Fig. 8.2, where 
¢nn(t) and ®,,(s) describe the input, 
Gon-on(T) and Pon-on(s) the output. 
The power-density spectrum is pro- 
portional to the power per radian per second if the signal represents the 
voltage across a l-ohm resistor. The mean-square value of the output 
(i.e., the total power represented by the output signal) is given by the 
integral 


Noise n(t) 


$nalt)i Onn (0) Sonson(7) Os en (8) 


Fie. 8.2. Noise as only input. 


ns 1 
73 £ Boso (jee) do (8.2) 


But the power-density spectrum of the output of a linear system is 
related to the power-density spectrum of the input by the equation 


Bon-on(Jw) = IGGo) Banjo) (8.3) 


1 Throughout this chapter it is assumed that signal and noise arise from essentially 
independent sources and are, consequently, uncorrelated. In unusual cases in which 
correlation does exist between signal and noise, calculation of the mean-square error 
requires determination of the crosscorrelation between noise input and desired output, 
as indicated in Eq. (8.1). Only slight modifications are required in the various analy- 
ses of this chapter when this crosscorrelation exists. 
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Equation (8.3) follows directly from the definition of the power-density 
spectrum and the fact that the output power in an incremental frequency 
band of width dw around w, depends on |G(j«:) |? and is independent of the 
phase angle of the system function. The equation can also be derived 
from the convolution integral relating fen(t) to n(é), the defining equations 
for the autocorrelation functions, and the Fourier transform relating 
# (jo) to (7). | u d 

The mean-square value of the noise output is given by the combination 
of Eqs. (8.2) and (8.3): 


e 3 __, IG Ga) ass Ga) do (8.4) 


The Signal Component of Error. The signal component of error arises 
because the linear system does not operate on the signal part of the input 


Signa s (t) 
$ea(T)i Beals) 


Desired System if n=0 
galt) 
Gals) 


Desired Output f, (t) 


Fic. 8.3. Signal as only input. 


in the manner required to obtain the desired output. The error may 


occur for two reasons: (1) the desired operation may correspond to a g(t) 
representing a network which is not physicaily realizable, and (2) the 
g(t) actually selected must Tepresent a compromise between the desire to 
operate on s(t) properly and the desire to filter the noise as completely a8 
possible, In the problem of pure prediction in the absence of noise 
[where n(t) = 0, and f(t) is simply s(t + a), with o the prediction time], 
the signal component of error (in this case, the total error) arises because 
the g(t) required to give the perfect advance or lead of a sec is not phys- 


ically realizable: a network cannot respond before it is excited. In the 
case of pure filtering of the signal from noise, a system function G(s) = 1 
would result in no si 


gnal component of error, but, in the general case 


when the noise error is considered, a G(s) other than unity results in 9 
smaller total error. 


The instantaneous value of the Signal component of error is given bY 
the relation 


e) = fat) — folt) (8.5) 
where fo:(t) denotes the output com 
8.3 illustrates the notation and the significance of Eq. (8.5). s(t) is con- 


Sidered the only input to the System g. The desired and actual outputs 
are compared in a subtracting circuit, which itself yields an output equal 
to the signal component of error. The entire system is equivalent to one 


ponent resulting from s(f). Figure 
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with the single transfer function Gz(jw) — @(jw), where Ga(jw) represents 
the transfer function relating s(/) to f(t). Hence, if ®.,(jw) is the power- 
density spectrum of the signal component of the input, an equation 
similar to (8.4) can be written: 


ot Le-f'= 
= xf IGa(je) — G(jo)|*Pre(Jw) dw (8.6) 


Total Mean-square Error. The total mean-square error for the system 
of Fig. 8.1 is found by summing the components given by Eqs. (8.4) and 
(8.0): i 


2 


La 
= i [7 Ween ania) + eaa) — Gjo Ga) do (87) 


Equation (8.7) is the frequency-domain form of Eq. (8.1). As considered 
in detail in Sec. 8.2, the design of the optimum system is the determina- 
tion of a physically realizable G(jw) which minimizes €? with the given 
values for Ga(jw), Pan(jw), and &,..(jw). 

Computation of the Noise Error. Even if the over-all system design is 
effected without the use of the statistical methods, the relation between 


Fia. 8.4. Circuit excited by noise. 


the mean-square noise error and the power-density spectrum is useful in 
analysis, Equation (8.4) states that the mean-square noise output can 
be determined from the magnitude of the transfer function and the 
power-density spectrum of the input noise. The method of calculation 
can be illustrated by a determination of the mean-square noise output for 
the circuit of Fig. 8.4. The input is assumed to be white noise with a 
power-density spectrum equal to a constant (assumed 4) over a band- 
width much greater than the frequency band of interest in the problem 
Thus, 


Pan(ju) = 4 (8.8) 
The transfer function of the network shown is 
ow (jw + 2) 
669 7 Got 00» +3) (8.9) 


, The mean-square value of the output resulting from the noise input 
18 given by Eq. (8.4), which becomes 


m A ANI (jo +2) p 
a-x[. Got DG FI 98 (8.10) 


The integral ean be evaluated in several ways; 
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(1) Standard tables can be consulted.j These tables give the value 
of the integral in terms of the coefficients of the numerator and denom- 
inator polynomials of the integrand and, hence, are particularly useful if 
the denominator is not known in factored form [as when the integrand 


corresponds to E (ju) "in a feedback-control problem and only the 


open-loop transfer function has been factored]. 

(2) The integration can be performed graphically. The product 
of |G(jw)|? and ®,,(jw) is plotted, and the integral of Eq. (8.10) is 
evaluated with a planimeter or any of the common numerical methods. 
Both |G(jw)|? and $,.(je) can be plotted readily if the familiar 
asymptotic methods are utilized. On the logarithmic scale, the multi- 
plication becomes addition. The only tedious step is the replotting of 
|@(jw) |?@nn(jw) on linear scales in order to permit graphical integration. 
Such a graphical approach is particularly useful if the transfer function is 
known only graphically, a situation which occurs frequently in the design 
of feedback contro! systems. 

(3) The integration of Eq. (8.10) can be carried out analytically on 
the basis of residue theory. If the integrand is considered a function of 
the complex variable s, the path of integration is along the imaginary 


axis, and Eq. (8.4) becomes 
wad ee 
4i [Fea ds (8.11) 


In the rewriting of Eq. (8.4) in terms of s, |G(jw)|? is re d by 
G(s)G(—s), sincet of s, |G(jw)|? is replace 


IGGe)l* = GGo)GGe) = GGo)G(—j«) = IG(G)G(— 3). 


Gjo) is equal to G(jc), or G(—jw), as a result of the fact that G(jw) is 8 
physically realizable transfer function, and, consequently, Re G(jw) and 
Im G(jw) are, respectively, even and odd functions of w. ^ 


The example considered in Fig. 8.4 and Eq. (8 10) i i leted 
with an analytical evaluation of the atesta. SE a lly 


the 
integral of Eq. (8.10) becomes pe Vip gomplerpiang 
acl. 62 = 
dud Í (=s +2) 
2rj J -je (s + D) (s + 3) (Cs + D(—s + 3) 4ds (812 


The path of integration is shown in Fig. 8.5. Since the integrand 


behaves as —4/s* as s tends to infinit: i E 
unaltered if the path of inte, (ete dose leder 


à gration is closed icircle in either 
thé right- or left-half plane. Thus, x Ul da pe RR 


&-Yn uel 
T H. M. James, N. B. Nichols, and R. S ? illi i 4 
E " - S. Phillips, “Theory of Servomechanisms, 
MIT Radiation Laboratory Series, Vol. 2 g Me i pa 
EN Were ties » Vol. 25, pp. 369-370, McGraw-Hill Book Co 
1 The bar over G indicates the conjugate, 
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$ : 4(s + 2)(—s + 2) : x 
where k,‘are residues of Ga (sess ccs) the poles in 


the left-half plane. In this example there are only two poles, at —1 and 
—8. The corresponding residues : 
are Alternate Paths for 

Closing Contour 


k. = 40) (3) pet) 
am TO TCU IG 
"EZ ox 


= (=2)(4)(6) 7” 


The mean-square noise output is 


= t4+i=% (815 

The output power-density spectrum 
is simply |G(jw)|?Pnn(Jw), or 

4(4 + o?) Shrotes and Zeros of Integrand 


Pon-on(jw) = (ETONE w?) Fic. 8.5. Complex integration for caleu- 
3 (8.16) lation of mean-square output. 


Application to Control Problem. The calculation of mean-square noise 
output is an important aspect of a variety of design problems. Unfortu- 
nately, in spite of the rather impressive theories available, many complex 
feedback control systems are of necessity designed to a large extent by a 
trial-and-error procedure. The evaluation of a specific configuration 
frequently requires the determination of the effect of noise present with 
the input signal—e.g., the thermal, glint, propeller, and other noise super- 
imposed on the radar signal in an air-to-air fire-control system. Even 
though the characteristics of the noise are not known accurately, an 
intelligent estimate of the power-density spectrum (or autocorrelation 
function) can often be made on the basis of relatively meager data. 

A second example of the application of Eq. (8.4) is provided by the 
design of a feedback control system subject to disturbances entering the 
systern at points other than the input. As pointed out in Sec. 6.1 in 
connection with the discussion of load-torque disturbances, the effects of 
such unwanted signals are in many cases most easily considered in terms 
of the statistics of the resultant output, in particular the mean-square 
value of the disturbance output. In this problem, the mean-square out- 
put is calculated from the power-density spectrum of the disturbance 


TEN S 
and the magnitude of the transfer function U (jo), in Fig. 8.6. 


If the first probability distribution function of the output is known, 
the mean-square value permits determination of the probability that the 
output exceeds any specified level (2.e., the fraction of the total time the 
output exceeds this level). Ordinarily, the probability distribution of 
the disturbance is measured; if this distribution is Gaussian, the distribu- 
tion of the disturbance output is also Gaussian, since the network from 
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disturbance input to output is linear. Hence, the probability that the 
magnitude of the output exceeds the value A is given by the co-error 
function [Eq. (7.11)] 

2 


— En (8.17) 
Ps] Sat Vr e i 


Thus, the specification can include a statement that the output pei 
from' à given random disturbance input should not exceed a quie 
constant more than a stated fraction of the time. From this type o! 
specification, the allowable mean-square value of the disturbance com- 
ponent of the output can be established and the appropriateness of given 


Disturbance 
u(t) 


Fra. 8.6. System subject to multiple inputs. 


U (s) functions determined. A slight modification of this approach to 


design is presented in detail in Sec. 8.6, 
control of the probability of saturation at 
system. 


8.2. Minimization of the Mean-square Error. t Equation (8.7) 
expressing the mean-square value of the error between desired and actual 
outputs, is the starting point for the determination of the optimum linear 
system—-that linear system which minimizes this measure of error. 
Before the minimization is considered, it is appropriate to review the 
assumptions underlying Eq. (8.7), repeated here: 


- 


7 Be J- a NOG) Poss G2) + Gulju) — GG) (Gu)] do (8.18) 


describing techniques for the 
various points throughout the 


e? 


The relation has been derived under two important assumptions: 


(1) The system is linear. 
(2) The time series are stationary. 


If significance is to be ass 


l ociated with the G(jw) resulting from consider- 
ation of Eq. (8.18), 


one additional assumption is obviously implied: 


(3) The mean-square error ig the appropriate measure of system error. 
Solution Ne 


glecting Physical Realizability. The work of Wiener i$ 
fundamentall 


Y concerned with the derivation of the optimum physically 

T The discussion of this sectio; 
and C. E. Shannon, A Simplifi 
Prediction Theory, Proc. TRE, 


n follows closely the presentation given by H. W. Bode 
ed Derivation of Linear Least Square Smoothing 2? 
Vol. 38, pp. 417-425, April, 1950. 
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realizable system. As described in Sec. 7.5, the constraint of realizability 
can be imposed in either the time or frequency domains. In this sec- 
tion, realizability is interpreted as the time-domain restriction that the 
impulse response of the system must be zero for ¢ negative (z.e., the sys- 
tem cannot respond until excited). In the optimization procedure, it is 
convenient to neglect this constraint initially and determine first the 
optimum linear system without regard to realizability. 

With the notation described in Fig. 8.7, the mean-square error is given 
by Eq. (8.18). The analysis is simplified if the transfer functions G(jw) 


Input /;(t)=s(t)+n(t) 
Spectra O,;()=Pes(W)+ Pu) 


System g(t) Output f(t) 
[Transfer Function Gc) Desired Output f,(¢) 


fa(t)=s (kgs) 
e(t)» fa( fo) 
Fra. 8.7. Notation. 


and Ga(jw) are written in terms of magnitude and phase, 


G(jo) ETC 
Ga(jw) = Aa(o)ei*i? (8.19) 


Here both A(w) and @(w) are assumed real functions of the real variable w. 
Substitution of Eq. (8.19) in (8.18) yields 


yog 


Bank [7 uae + alae — Aayo pe, Ga] de 
(8.20) 


The exponentials are written in rectangular form, and for simplicity the 
arguments w and jw are omitted when the various functions are written: 


g= z ij [475,, + lAa cos 04 + jAa sin 64 — A cos 0 — jA sin 6|?&,,] dw 


(8.21) 
The expression within the magnitude signs is written as the sum of the 
squares of real and imaginary parts and simplified with the use of trigo- 
nometrie identities: 
m d 
s Dal cs 
Equation (8.22) indicates at once the optimum choice of 6 (if physical- 
realizability conditions are neglected). Since A, Aa, Pan, and Pu are all 
nonnegative for all values of w, the minimum value of the integral (as a 
function of 8) occurs when the term 244, cos (0 — 64) is a maximum, 
or when 


{Ann + [A3 + A? — 2445 cos (0 — 62)]..} dw (8.22) 


0 = ba (8.23) 
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The resulting mean-square error is 
a= E f " [Adna + (44+ A? — 2449&.]de — (824) 
T j-« 


The minimization is resolved to a determination of the optimum A. It 
should be noted here that Eq. (8.23) might have been written at once 
from purely physical reasoning. Since the choice of @ has no effect on 
the mean-square value of the noise component of the output, it is reason- 
able to select @ to minimize the signal distortion; clearly, the best choice 
of 0 is the one which results in no phase distortion. 

The determination of the optimum A is initiated by rewriting Eq. 
(8.24): 


e- E Í [A'G. + Bon) — 2444, + Adbu]de — (8.25) 


The term Aj®},/(,, + Onn) is added and subtracted to complete the 
square. 


LE LI 282 
Fa) [(4 vac - ts J «am. jee 


Bu F Pan T By + Pan 
(8.26) 
Equation (8.26) can be written g 
c dg o Aq, 2 AnD 
ee ANB Se ee Ee DEP uina. 8.27) 
T2 xl TE Vice) ti rus |^ 


Neither the squared term nor the last term in the integrand of Eq. (8.27) 
can be negative for any o, but the variable A appears only in the squared 
term. Accordingly, the minimum value of e? occurs when the squared 
term is zero, or 

Pu 


ae os 


(8.28) 


Thus, the optimum transfer function, without regard to physical realiza- 
bility, is given by Eqs. (8.28) and (8.23): 


tim ®,,( jw) 4 at 
Goni(jw) Pulja) + Sanjay IA (8.29) 


The corresponding mean-square error is expressed by Eq. (8.27), with 
the squared term equated to zero: 


z Io 222.8%, 
Cae T ej. Fo ide e 


f The subseript opt is use 


1 1 d throughout this chapter to indicate the optimum without 
regard to realizability, 


— EE a 2 
» = Se 
te 
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Interpretation. Equation (8.29) describes the result of minimization 
of the mean-square error. The significance of this particular error meas- 
ure is indicated in part by a simple example illustrating the nature of the 
optimum system function. A filtering problem is considered, with 


: 36 
Balje) = Saag (8.31) 


Ban(Jo) = a? (8.32) 


The desired output is the signal component of the input, although a time 
delay T is permitted; hence, 


Ga(jw) = eer (8.33) 


Substitution of the given data in Eq. (8.29) yields the optimum transfer 
function 
EUM CIE E 
u? + 3611 + a/a * (894) 


The minimum error is determined from Eq. (8.30): 


Gonljw) = 


aena OO Bena 

Cate 7 OF J a a? F 86(1 F a/a 7^ (835) 
3a 

mm (8.30) 


It is of interest to compare this optimum filter with a filter which 
might be designed on the basis of classical theory. The filtering prob- 
lem is illustrated in Fig. 8.8, showing the nature of the power-density 


Power Density 
Spectra 


2 
Emin 


Dssljw) 
S) 


FiG. 8.8. Power-density spectra for filtering example. 


spectra of signal and noise. Classical design might use àn "ideal" low- 
pass filter, with the cutoff placed at the frequency at which the noise 
and signal power-density spectra are equal; i.e., at the value of w at which 


36 : 6 
=a or Qc — Vl—a? 

Len gn car (8.37) 

The corresponding mean-square error can be calculated as the sum of 

noise and signal components. The noise component is 


= 6 i 
-tet vire- ve (8.38) 
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The signal component is given by the integral: 


ae = 398 6 We 
3 e. 8.39 
=- E a4 36 dw = 3 arctan 5 (8.39) 


The total mean-square error is then 


CNN i 
a= = Vi—a +3 — Ê arctan & (8.40) 


where w. = (6/a) VI — a. When a? = 0.5, the mean-square error of 
the classical filter is 2.45, while that of the Wiener filter is only 1.73. 
The classical filter yields a mean-square error about 42 per cent greater 
than the filter designed by minimizing the mean-square error. 

The statement is often made that the improved performance of the 
Wiener filter is a result of the consideration of phase, where the classi- 
cal filter neglects the phase entirely. Such an argument is valid in & 
restricted sense. The Wiener filter does not exhibit a sharp cutoff 
because of the possibility that the high-frequency components of the 
signal may add in just the correct phase to yield a very rapid change of 
signal waveform. The actual phase spectrum of a portion of the input 
signal does not influence the optimum filter characteristics. Indeed, 
exactly the same optimum filter is realized with all possible input wave- 
forms yielding the same autocorrelation function. l 

Physical Realizability. Introduction of the additional constraint that 
the transfer function should describe a physically realizable system ordi- 
narily increases the mean-square error. The significance of this adde 
constraint is evident from Eq. (8.29), describing the optimum transfer 
function without regard to realizability. The following discussion is 
made specific by considering the filtering example used previously. As 
shown in Eq. (8.34), the optimum system function is 


ME 36/a? 
Gon( jo) = arel [e-i«7] (8.41) 


The first term in brackets arises from ,,/( i 

3 arises »/ (b, + Ban) in Eq. (8.29); the 
FE ii in brackets is Ga(jw), the desired transfer jonetion in the 
absence of noise. Gop(s) can be found by replacing jw by s in Eq. (8-41): 


Gopi = pa eC M T " 
(s) E + 36(1 F esa [e7*7] (8.42) 


As written above, G.p:(s) possesses two 
: Lb poles, at +6 V1 + a?/a, one 
pole in each half plane. The inverse transform of the first term in 


brackets of Eq. (8.42) is sketched in Fig. 8.9(a); the impulse response 


corresponding to the total G,,.(s) is th En 
as shown in Fig. 8.9(b). sit do a Li Se 
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Figure 8.9 demonstrates that, regardless of the allowable delay, the 
optimum system is never exactly physically realizable; the optimum 
impulse response is never zero for all negative time even though the 
response for negative time can be made as small (and insignificant) as 
desired if sufficiently great delay is admitted. The difficulty arises 
regardless of Gy(jw), because &,./(®.. + Ënn) is always a function of o 
(or —s*) and hence always possesses 
poles in both the left- and right-half 
planes. The right-half-plane poles 
call for an impulse response which is 
nonzero for ¿ < 0. Consequently, 5 t 
the only situation in which the opti- 
mum system function is realizable 
is the trivial case in which there is 
no noise and G,(jo) is itself realiza- Pat 
ble. Under any other conditions, a - 
physically realizable G(jw) must be 
chosen to approximate the Gop:(jw) 
of Eq. (8.29). The remainder of 


(a) Inverse Transform of First Term of (842) 


this section is concerned primarily a aaa t 
with the method of approximation 

which leads to a minimum mean- (b) Optimum Response with Delay T 
square error. Fic. 8.9. Optimum impulse response 


Noise-free Systems. Thesimplest Without regard to realizability. 
nontrivial problem occurs when there is no noise pres E " 
i ent, in 
case Eq. (8.29) yields P , which 


Gopt(jw) = Galjw) (8.43) 


As stated above, if Gz(jw) satisfies the realizability condition i 
G(j«) is determined. If Ga(jw) corresponds to BÉ Re eeu 
the corresponding inverse transform, the desired impulse response, is not 
zero fort < OR, The simplest example of this problem arises Ah the 
design of a predictor, where the desired output is a prediction of the 
input: t.e., 

falt) = s(t + a) (8.44) 


where o, the prediction time, is positive. The corresponding Gop:(jw) 
or Galjw), is : 
Gop(jw) = eee (8.45) 


The associated unit-impulse response is a unit impulse at t = o. 

The problem of how best to approximate this G.»(jw) by a realizable 
G(jw) is solved by Bode and Shannon with the following artifice. The 
design is divided into the following steps: 

(1) S, the power-density spectrum of the signal input, is factored 


t galt) might also violate physical-realizability conditions because of the behavior 
asi c, 
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into two components, 7,(s) with poles and zeros in the left-half plane 
only and 4;,(s) with all critical frequencies in the right-half plane: 


Bals) = B3,(s) ;,(s) (8.46) 
—4(s? — 9) 
For example, $,(s) = @— De — 36) 
is) = 2(s + 3) zn) = —2(s — 3) (8.47) 


(s + 1)(s + 6) (s — 1)(s — 6) 


(2) The network for the optimum realizable system is broken into 
two tandem components, as indicated in Fig. 8.10. G(s), the transfer 


g(t) 


82(t) 
[or G,(s)] 


[or G2(8s)] 


Fia. 8.10. Separation of system into two tandem sections. 
function of the first part, is selected as 
UN 
7s) 
As a consequence of this choice, 5, (s), 
m(t) (the output of the g, block), 


Gi(s) = (8.48) 


the power-density spectrum of 
is simply unity, since 


Brm( Jw) = Pua(Jw)|Gi(ju)|? = &.Go)[G:(5)G. — s). 


1 1 
= a ee ie ^ 8.49) 
aoa [is eis], ; 
Hence, m(ż) is white noise. The waveform of m(t) in a particular exam- 
ple depends on the waveform of f(t) [or s(t) in the present analysis], bu 
the optimum filter is independent of this waveform and depends only 0? 
the power-density spectrum (or the autocorrelation function). Accord- 
ingly, it is permissible to consider m(t) as a train of closely spaced, narrow» 
random, and statistically independent pulses. The design of the opti- 
mum predictor is now resolved to the problem of selecting the transfer 
function G»(s) to operate on these pulses to give the best prediction of the 
original input signal s(t). 

(3) Each of these pulses produces an output proportional to m 
impulse response g(t); the total output fo(t) is the sum of the individus. 
responses, as shown in Fig. 8.11. The desired output (i.e., the inpu 
advanced by a sec) would be realized if go(t) were the inverse transform 
of f(s), but advanced a sec in time (4.e., starting at —a). Hence, 5, 
any given instant, the desired output depends on the pulses of m(t) whic 
have occurred and those which will occur during the next o sec. Thus, 


T The plus superscript is used in %35(s) to indicate that the corresponding inverse 
transform, denoted g.,(t) below, is nonzero for positive time, zero for negative time- 
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the optimum output at any time consists of two statistically independent 
components: 


(a) The sum of the tails of all pulse responses for pulses of m(t) which have 
occurred. This component is completely predictable and can be realized if g2(t) is 
that part of the inverse transform of $} (s)e?* which occurs for t > 0. 

(b) The sum of all contributions from m(t) pulses which have not yet occurred. 
This component is completely unpredictable, but has a mean value which is zero 
because future pulses of m(t) are equally likely positive or negative. Since the arith- 
metic mean is the point about which the mean-square value is minimum, the best 
realizable output for this component is zero. The minimum mean-square error is 
realized if the output of the g: network is simply the correct value on the basis of all 
present and past pulses of m(t) and 
neglects completely future pulses. 


'(4) Accordingly, the appropri- 
ate impulse response for the second 
section of the predictor is 


(a) Pulses of m (t) 
"IO 
g2(t) = | gult + a) 


where g,.(t) is the inverse transform 
of #4 (s). 

(5) The mean-square error of 
the prediction is the error intro- (b) Components of fate) 
duced by neglecting the pulses of Fre. 8.11. Components of output. 
m(t) from ¿ = 0 to t = a if the output at ¢ = 0 is considered. Each of 
these independent pulses contributes to the mean-square error according to 


the corresponding value of g..(« — t). Hence, the mean-square error of 
prediction is 


E= [Pola -oa- [ow at (8.51) 


The mean-square value of the optimum output is simply the mean-square 
value of the input, or 


R= fl oa (8.52) 


The relative error introduced by the prediction is measured by the ratio, 


a [xoa 

t3 IT WES a 8.53 

A [soa Mis 
A simple example illustrates the procedure described above and indi- 


cates the significance of the various equations. The assumed power- 
density spectrum of the signal input is 


36 
ul) = GED? — 36) (8.54) 
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The desired prediction time is § sec. The predicting network is deter- 
mined as follows: 
(1) ..(s) is factored to yield 


* 6 Tem 6 
“Tapes *9-"5-959-g 9" 
g.(£) is the inverse transform of ®3,(s), or 
0 
Ges(t) = She sae ren : s 1 (8.56) 


(2) The transfer function of the first section of the predictor is simply 
1/®3,(s), or 
s+1 
Gi(s) = GE DG (8.57) 


(3) The optimum impulse response for the g» block, if physical realiz- 
ability is not considered, is g,.(¢ + $), or sete he i 


Grap(t) = $(g- 90 — got) t» (8.58) 
— t< —-$ 
Izoli) = | LOl6(* — 0.4356) t» -4 (8.59) 


(4) Physical realizability requires that g.(/) be zero fort < 0. Hence, 


= 0 t 
g(t) = | 1.016(e — 0.435¢-*) s (8.60) 


The waveforms of the various time functions in Fi 
y 1 are sketched in Fig. 8.12. 
(8) The corresponding G;(s) is found by transformation of Eq. (8.60): 


Ga(s) = 1.016 (4 _ 0.485 
a Fat ae (8.61) 


Gals) = 5.65 .D.1015s + 1 
(s + 1)(s + 6) 
(6) The over-all transfer function for th i i jiz- 
able predictor is the product of G;(s) and Gio or DOO 
G(s) = 0.942(1 + 0.10155) (8.63) 


The optimum prediction i inati í : iffer- 
R p n is a combination of simple gain and differ 


(7) The mean-square error of iction i 
€ prediction is evaluated from Eq. (8.53) 
and g,,(t) as given by (8.56). Both integrals take the form f 


(8.62) 


—12t 


| gilt) at = 38 Í (c8 mph ui gy = cS EC Mee TE 
ri 25 
(8.64) 
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Substitution of appropriate limits yields 
Ë ~ 0.05 8.6 
7 (8.65) 
[The mean-square error is not the difference between the mean-square 
values of the input (or desired output) and the actual output because of 
the crosscorrelation between desired output and actual output.] 

The small prediction error is indi- 

cated by inspection of Fig. 8.12. Bea(t) 
The difference between g(t) and 
92,4p:(t) is slight; in other words, the 
principal part of g,.(¢) occurs after 
t = %, the desired prediction time. 
The significance of the low value of 
the ratio e?/f; is clarified if the 
random nature of the time func- 
tions is considered. If the ratio is 
0.05, as above, the mean-square 
value of e(t) is 5 per cent of the 
mean-square value of the input or 
desired output. A knowledge of 
the distributions of the signal and 
error permits evaluation of the per- 
centage of the time (or the prob- 
ability) that the error exceeds any 
specified magnitude. 

Noise Included with Input. If Dres 
the input includes both signal and Gi Aiea ton of optimum 
noise components, the design pro- j 
cedure is modified slightly. Equation (8.29) states that the optimum 
system function without regard for physical realizability is 

&,,(s) 
Gus) = i O (8.66) 


where ®;(s) = a(s) + ®nn(s), the input power-density spectrum (under 
the assumption that the signal and noise are uncorrelated), and Ga(s) 
describes the desired operation on the signal component of the input. 
Gop:(s) does not satisfy the conditions for physical realizability, however. 
because go,:(t), the inverse transform, is not zero for t < 0. 1 

This difficulty can be cireumvented if the artifice suggested by Bode 
and Shannon is again introduced: t.e., the input is first converted to 
white noise, which is then considered as a sequence of statistically inde- 
pendent, short-duration pulses. The complete design involves the fol- 
lowing steps: 

(1) ;:(s) is factored: 

Bals) = Pi(s)®i(s) (8.67) 

Again, f(e) contains all critical frequencies in the left-half plane. 
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(2) The input is passed through a system with the transfer function 


1 
OW) = gx (8.68) 


The output m(t) has a power-density spectrum of unity and can be con- 
idered as the sequence of pulses. - 

P (3) Since 1/®(s) is already instrumented, Eq. (8.66) indicates that, 

if realizability is neglected, the optimum transfer function for the second 

section is 


Gaopt(s) = Fy Ga) 


(4) The actual G(s) used is the “ 


(8.69) 


realizable part" of Gaop:(s); that is, 


zd t<0 8.70) 

RU E 3x0 i 
The validity of this choice 
mization of the m 


ity conditions are introduced. If 
the first inclination is to use a g(t) 


. [0 t 
g(t) = : 


«0 
Gopt(t) >0 Baa) 


and past values. The proper 
resent values depend 


future values, S on the weighting given to 


The procedure is illustrated by the desig: 


n of a system f. iction in 
the presence of noise: ystem for predictio 


36 
$,,(s) = ee 
à 5 (s — 1) = 36) 
nn(8) = 0.5 
Gals) = ef. ere 


1 Cf. H. W. Bode and C. E, 


Shannon, A 
Square Smoothing and Predictio; 2 
1950. 


implified Derivation of Linear Least 
n Theory, Proc. IRE, Vol. 38, pp. 423-424, April, 
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The design is carried out in the following steps: 
(1) 9j(s)is formed: 
36 B 
spee + 95 
_ (s — 1.79)(s + 1.79)(s — 5.82)(s + 5.82) 
2(s — 1)(s + 1) (s — 6)(s + 6) 


9u(s) = ( 


(8.73) 


(2) ,(s) is factored: 
l (s+ 1.79)(s + 5.82) 
v2. (s+1)(s + 6) 


(3) The input is converted to white noise by passage through a net- 
work with the transfer function 


Pi(s) = 


(8.74) 


(s + 1)(s + 6) 


G(s) = v2 1.79)(s + 5.82) 


(8.75) 
(4) The optimum G(s) without regard to realizability is given by 


Eq. (8.69): 
36v2 
T 0.1a 
Gu») = GE 63 Oe — 179) — 582 * (6:78) 

The impulse response g2,op:(¢) is not realizable because of the right-half- 
plane poles of G2 ope(s) and because of the lead indicated by the factor 
e^! in Eq. (8.76). The mean-square error is minimized if g2(t) is made 
equal to go,o;.(t) for t positive. 

(5) gaope(t) for t > 0 is determined by the inverse transformation of 
Geo(s). For the first term of Eq. (8.76), the residues are 


36 V2 
= (5) (2.79) (6.82) 


36 V2 
(5) (7.79) (11.82) ~ 


ka = 0.536 


(8.77) 
0.111 


ka = 
Hence, 


0 i 
PO = lossgcemoo Qineween — gS 


(6) Direct transformation of Eq. (8.78) gives 


0.485 — 0.0607 s 672 
el or da LEAVES 


(7) The optimum over-all system function is the product of Gi(s) 
Eq. (8.75)] and G;(s): 


G(s) — 0.60 


G(s) = (8.79) 


s + 6.72 


(s + 1.79) (s + 5.82) (8.80) 
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Discussion. Bode and Shannon discuss at some length the significance 
of the assumptions underlying the design described in this section. The 
three basic assumptions are: 


(1) The mean-square error is the significant error measure. 
(2) Both signal and noise are stationary time series. 
(3) A linear system is desired. 


The first assumption has been considered briefly in Sec. 7.2 and is dis- 
cussed again in Sec. 8.7. 


The validity of the assumption that the time series are stationary can 
in many cases be determined by the experimental measurements of the 
statistics of the input signal and noise. The primary difficulty with this 
assumption arises because economic factors all too frequently limit 
severely the quantity of available samples of input signal and noise. 
Further difficulty is experienced in problems (e.g., certain fire-control 
problems) in which it is known that the time series are not exactly 
stationary. In such cases, what significance can be attached to a design 
based on average statistical characteristics? The discussion of Sec. 8.8 
considers briefly some of the Work which has been done in the design of 
systems with nonstationary inputs. 

The final assumption of linearity certainly does not result in the opti- 
mum system except in the very Special case in which both signal and 
noise are characterized by Gaussi 


r ian distributions. Section 8.7 surveys 
certain aspects of the design of nonlinear Systems. 


Minimization with One Variable Parameter. 'The preceding sec- 


elements of the statistical design theory as pre- 
nite Attempts to apply this philosophy to the design of 
eedback control systems encounter certain difficulties, For example, the 


l igner faces is usually the lack of 
concerning both signals and noise. st: 


: In many situati it is di lt to 
obtain adequate samples of the noise gto E 
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Bt " NUM 
desired, for example, the optimization procedure yields the required Rebs: 


The forward transfer function E (s) is determined as indicated in Sec. 5.3, 


Fic. 8.13. Closed-loop system. 


and, if G;(s) is specified, the compensation transfer function G,(s) is given 
by the equation 


C 1 
G(s) = E (s) Gs) (8.81) 


Certain modifications are required in the procedure under the following 
circumstances. 


jens. E ` 
(1) Ifa delay is permitted in the optimization, R (s) may contain a factor of the 


form e-?*, Realization of the optimum transfer function with the use of lumped 
elements only (R, L, and C in electric systems) then requires the approximation of 
€77* by a rational algebraic function of s. A few approximations are listed in Sec. 9.8. 

(2) The Gi(s) given by Eq. (8.81) may possess more finite zeros than poles; i.e., 
the degree of the numerator may exceed that of the denominator. Since poles can be 
added with break frequencies well above the system cutoff frequency, Gi(jw) may be 
realized within any desired accuracy over the frequency band of interest. 


The straightforward optimization procedure is most useful for evalu- 
ating systems designed by more conventional methods. The value of 
the minimum mean-square error serves as a basis for the quantitative 
measure of system quality. 

The difficulty associated with re- 
alizing the optimum transfer func- 
tion suggests the possibility of con- 
Straining the form of the system 
function at the outset. A very 
Simple example is illustrated in Fig. 
8.4. At thevery beginningof the design, the form of the forward transfer 
function is fixed as 


Fr. 8.14. System for example. 


[e 5K, 
= (3) = 7-1 8.82 
g 9 TE (8.82) 
The K, is to be selected to minimize the mean-square error with the 
Input described by the relations 
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Power-density spectrum of 


— 1000 
derivative of signal compo- S(s) = Fer ou 
nent of input (8.83)+ 
Power-density spectrum of $4(s = 1 
noise component of input 
Gals) = 1 


ignal and noise are assumed uncorrelated. f 
SWEET am et of the mean-square error follows directly from Eq. 
(8.7). The closed-loop nature of the System is described by the equations 


E " i! Lo 8(s + 5) 
EU ee + 5K. (8.84) 
1+ zo 
£ (s) 
H T. 5K (8.85) 


E n 5K, 
LEG) pe 


The noise error is en(t), the output resulting from the noise input; the 
signal error is e(t). the actuating signal when the signal component only 
is applied as the input. Hence, the total mean-square error is 


geek NIS ue Go + [ao [ eso a (8.86) 
2r JL |R ^^ je R JU | Palja) | do 
Noise error Signal error 
Since 4,,,, 


ive of the input, the appro- 
If her than Z (ju) 
BD (jw), rather than R M9 


—jw) = w, or —s?; inte- 
i * spectrum function si 
xample, owever, this relation yields a ,,(jw 
equal to 1000/[w*(w? + 0.01)], corresponding to an unbounded average 
POS If the signal error is wri i - (8.86), the requirement 
2 E 

that If & (jv) does not 
possess this Zero, the mean-square error. is infini 
T This particular example is taken Írom 
James, N. B. Nichols, and R, S. Phillips, MIT Radiation Lab i 

y an , oratory Series, Vol, 25, 
pp. 340-345, McGraw-Hill Book Company, Inc., New York, 1947, n Ballo 


the problem is described in more general terms; in the discussion here, a specific value 
of the time constant G sec) is u 


te and the minimization 


ervomechanigmg by H. M. 


sed for E (9 in order to simplify 
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meaningless, even though the equations may yield an optimum system 
function. 
Evaluation of the integral [Eq. (8.86)] yields the results 


Noise error = ci = E (8.87) 
s; 1000 25.5 + 0.1K, 
Signal error = x 5K, 0.51 (8.88) 


The value of K, for a minimum mean-square error is found by differ- 


entiating the expression for TEN e. The optimum K, is approximately 
27, with the corresponding mean-square errors 


ci =135 = 
er +c = 21.2 (8.89) 


The characteristics of the system with K, adjusted for minimum 
mean-square error can be observed from the closed-loop transfer func- 
tion, which becomes 


135 


[tj 
RO = F555 185 90) 
The second-order System is described by 
wn = 11.62 
t-0215 (8:91) 


The step-function response exhibits an overshoot of 50 per cent (cf. Fig. 
1.18) and relatively poor settling time. The conventional design criteria. 
indicate that the relative stability of the system is unsatisfactory. 

The oscillatory nature of the System response is a consequence of the 
use of the mean-square-error criterion, with the attendant heavy weight- 
ing of the large errors. The great importance of the large error just after 
the application of a Step function results in a very rapid response and 
the accompanying large overshoot. The relatively small value of the 
noise power-density spectrum permits this low t. The mean-square 
error, given by the sum of Eqs. (8.87) and (8.88), can be expressed 
approximately by the relation 

ate B + ae (8.92) 

v 
The minimum of this expression occurs for a K, such that the noise error 
is twice the signal error. Accordingly, the larger the value of noise input 
Power, the smaller the K,. Specifically, K, is proportional to A75, where 
A is a multiplying factor of a(s). With the low noise level of the above 
example, a pronounced peak is permissible in the gain-frequency charac- 
teristic of the closed-loop system. 

The poor relative stability of the optimum system indicates the diffi- 
culty to be anticipated when minimization of the mean-square error is 
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used as a criterion for adjustment of system parameters. Aside from the 
intuitive disadvantages associated with such poor relative stability, there 
are two additional disadvantages in many servo applications: 


(1) Commonly, the system is used in applications where transient performance 
is of importance. Although the quality of the system depends primarily on the 
response to a random input, the system is also required to settle down in a reasonable 
time interval after sudden application of an aperiodic signal. For example, in the 
design of a fire-control system emphasis is placed on tracking performance, but the 
effect of the initial transient (which may include a large step function if the gun is 
initially far from the selected target) must have died out by the time the target is 
within firing range. 

(2) A system designed with poor relative stability is undesirably sensitive to 
changes in system parameters, I 


n the above example, a 20 ; 
j a , per cent decrease in the 
1 (from 0.215 to 0.172) with no change in wa results in an inerease in the overshoot 


from 50 to almost 60 per cent. The nearc sed- 5 i 
more troublesome are the effects of ie pope man 
Fortunately, the mean-square error is not 
changes in K,. A K, of 15 corresponds to a m 
30, and the t is increased from 0. 
root-mean-square error of onl 
50 to 40 per cent. 
h can-squar " 
xad seri e error even less sensitive to changes in overshoot 
It is of interest to conclude th 
designed above with the absolutel 
permitted, the minimum error is 


a il 


particularly sensitive to 
ean-square error of about 
Thus, an increase in the 


1S example by comparing the system 


Y optimum System. If z delay is 
elven by Eq. (8.30): TIN 


Éminopt = 5— CUM 

2r J-a Du p a do (8.93) 
Substitution of the values for the power. q,, 
yields density spectra tg. (8.83)It 

Grin opt = 2 "T 
Thus, the mean-square error of the system VO T ue (8. 
considerably greater than the absolute Optimum with Y optimizing K, is 
ability (or delay). The lag required in the realiz Out regard to realiz- 
Eq. (8.94) is not tolerable in many servo applicat; ation of the error of 

A fairer evaluation is based on comparison of Tm 


e mean-square error 

ut lag o mean-square error 

um reali e basis of the 
ealizab]le ir 


ansfer function 


resulting from optimization of K, with the minim 
for a physically realizable system witho 
methods described in Sec. 8.2, the optim 
can be shown to be 


C s+4 
=7.9 
R (s) s? 7.99s m 316 
The corresponding mean-square error is 6.8. If 
pared, the system resulting from optimization 


(8.95) 


thi 
of pus errors are com- 
* Yields an error 78 

f It can be shown that correct results are obtained if li 
replaced by $y, /w?. = dq, (8.03) ib heed wich = 
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per cent greater than the optimum realizable system without delay. The 
3 C " 

large error associated with the R (s) of Eq. (8.90) is a result of the sharp 


cutoff in the vicinity of 12 rad/sec. Although the signal power-density 
spectrum exceeds the noise spectrum at all frequencies below 31.6 rad/sec, 


the S (s) of Eq. (8.90) cannot have a bandwidth approaching 30 rad/sec 


or a gradual cutoff because the factor 5 in the denominator is fixed. If 
o5 (now 135; is increased, the ¢ of the transfer function becomes undesir- 
ably small. Thus, the mean-square error resulting from optimization of 
K, could be decreased if the time constant of the open-loop system were 
decreased. 

8.4. Optimum System Described in Time Domain. The discussion of 
Sec. 8.2 described the determination of G(s) to minimize the mean-square 
error. In that section, the minimization is carried through in terms of 
the frequency-domain functions: the mean-square error is expressed in 
terms of G(jw), Ga(jw), and the various power-density spectra. After 
the optimum G(jw) without regard to physical realizability is determined 
by inspection of the error expression, the condition of realizability is 
imposed by introduction of the Bode-Shannon technique involving con- 
version of the input signal to white noise before the optimum realizable 
network is determined. 

The same results can be obtained with little additional effort by work- 
ing in terms of the autocorrelation functions and the network impulse 
response g(t). This “time-domain” approach is presented in this sec- 
tion. The apparent redundancy of this derivation and that of Sec. 8.2 
is justifiable on at least three grounds: 


(1) Alarge percentage of the applications described in current journals are based 
upon such a time-doinain optimization. 

(2) As indicated in the following two sections, several modifications of the basic 
optimization, are more readily formulated in terms of the time-domain analysis. 

(3) The time-domain operation can be simplified in terms of impulse-train approxi- 
mations for the various autocorrelation functions. t 


Minimization of the Mean-square Error. The expression for the mean- 
square error is given in terms of the autocorrelation functions and impulse 
responses by Eq. (8.1), repeated here: 


E= [7 a9) dr [ 7, ot do dlr — 0) — 2 f7, g0) dr o) + $2a(0) 
(8.96) 


T The analysis, similar to that of Sec. 1.6, is described in detail in the reference by 
N. Levinson, The Wiener RMS (root-mean-square) Error Criterion in Filter Design 
and Prediction, Appendix B of N. Wiener, “The Extrapolation, Interpolation, and 
Smoothing of Stationary Time Series," pp. 129-148, The Technology Press, Cam- 
bridge, Mass., and John Wiley & Sons, Inc., New York, 1049. Essentially the same 
material with an illustrative example is presented by F. W. Bubb, “Linear Noise 
Smoothing and Predicting Filters," Air Force Tech. Rept. 6586, WADC, May, 1951. 
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Equation (8.96) is to be used to determine that g(t) satisfying physical- 
realizability conditions (g = 0 for ¢ negative) and at the same time mini- 
The TEN for considering problems of this type is described 
in detail in texts on advanced caleulusf or the calculus of variations. If 
g(t) is an optimum, e? must increase when g(t) is replaced by g(t) + ex(0), 
where e is a parameter and 7(é) is an arbitrary function of the form of 
g). After substitution of g(t) + en(t), & + ae is evaluated, where 
Ae! is the changeine?*. A necessary condition that e? have an extremum 
for the assumed g(t) is that Ae? must have an extremum (as a function of e) 


when e — 0: that is, 
[2] W (8.97) 
Ge Jeno 


Whether this extremum is a minimum or maximum can be determined from 


the sign of the second derivative of Ae? with respect to e when e = 0 (a 
positive sign indicating a minimum).§ 

Thus, the determination of 9(0 from Eq. (8.96) is initiated by replacing 
g(t) by g(t) + en(t): 


PEA = [7 lot) + exe [ 7. lote) + e] de ule — o) 


- 2 J" (o9 + ee) dr duct) + Gaal) (8.98) 
Expansion yields 
= js. g(r) dr ft g(c) do ulr — o) 
Lese n(7) dz JE. glo) de ulr — )] 
tef e fo dare ~ o) | 


Te je n(r) dr du n(o) de bir — v)—2 Le g(r) dr $i) 


a E a(t) dr ialt) + daa(0) (8.99) 


even). Hence, inspection of 


t For example, cf. R. Courant, 
pp. 491-497, Blackie & Son, Ltd., G 
1 Specifically, alt) i 


"Differential and Integral Calculus,” Vol. II, 
SERRA oid 1936. 

ero for ! negative 
continuous first and second deiat Bu =. 
variation of the function g(t). 

§ Exactly the same variati 
G(s) when @ is written i 


B2) are zero, and (i) possesses 
infinity. en(t) is termed the 
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rewritten 


agi = 2e [ fale) dr [7 gle) do gute — o) — [7 alc) ar duals) | 
+e fT nG) de [7 ae) do bir — o) (8100) 


Differentiation with respect to e yields 


a(Ae?) ° = 
I: ) 29 Í . n(r) dr Lf : glo) de ox(r — e) — sate) | 


+ 2e Í n(7) à f n(o) de éi(r — o) (8.101) 
With e = 0, the second term above drops out, and Eq. (8.97) gives 


2 [7,804 [f o) do gul — o) — 9] =0 (8.102) 


This relation must be satisfied for any n(7). Since n(7) is identically zero 
for r negative, the bracketed term need be zero only for 7 > 0. Hence, 
the g(t) for minimum mean-square error is given by the equation 


[Ue glo) de gilr — e) — dia(r) = 0 forr > 0 (8.103)*+ 


Equation (8.103) is a basic relation in the design of optimum linear 
filters on a mean-square-error basis. Although the four or five equations 
used as intermediate steps in the derivation are lengthy, the analysis is 
straightforward throughout. It should be noted that Eq. (8.103) is 
general in the sense that no assumption has been made that the signal 
and noise are uncorrelated. 

Solution of the Integral Equation for g(t). Equation (8.103) is an 
integral equation for the optimum impulse response g(f). The solution, 
as indicated by Wiener, is initiated by the Laplace transformation of the 
expression 


[ [7 ol) ae bute — 0] — 161 


The first term in brackets is the convolution integral yielding the output 
of the network when excited by (7), the autocorrelation function of the 


T Strictly, the sufficiency of this condition for a minimum must be established; 
the above derivation proves only the necessity.: The sufficiency can be shown if 
(8.103) is substituted back in (8.100) to yield 


ag ee (7 ne) dr [ 7 nt de oulr—2) 


If $5s(r — c) is replaced by the definition in terms of f;(f) (the actual input for the 
design problem), the expression on the right side above is equal to the zero-argument 
value of the autocorrelation function of the output of the network with an impulse 
response en(t) and an input equal to f;(!). Thus, Ae%, the variation of @, is positive, 
and @ + aga approaches a minimum as e approaches zero. 
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input; the second term in brackets is the crosscorrelation function between 
input and desired output. If the transform of the entire expression is 
denoted A(s) 

A(s) = G(s)®:(s) — Dia(s) (8.104) 


Equation (8.103) states that a(r) must be zero for 7 positive; in other 
words, A(s) must be analytic (or have no poles, in the usual case) in the 
left-half plane. This fact alone suffices to determine G(s). 

If (s) is factored in the usual way, A(s) can be written 


das) 
where (s) includes all critical frequencies in the left-half plane. The 


function A(s)/dz(s) can have poles only in the right-half plane, since 


both the poles of A(s) and the zeros of (s) are restricted to this region. 
Hence, 


A(s) = &x(s) [coso -20| (8.105) 


Ss) 
vis) 
has no left-half-plane poles. But G(s) ®¥(s) contains poles in the left-half 
ple~e only [if G(s) describes a realizable network]. Thus, in the partial- 


fraction expansion of Pia(s)/PF(s), the terms representing left-half-plane 
poles must equal G(s)db&(s). G(s) is then 


G(s) ®ii(s) — 


1 3 š E 
G(s) = Fe) partial-fraction-expansion terms for 


left-half-plane poles of 249 | (8.106) 
Pals) 
5(s) is denoted gzop(t), the 


rm of the time function which is 
sitive: 


If the inverse Laplace transform of Bia(s) /d 
bracketed term above is the transfo 
zero for ¢ negative and 2op(t) for t po 


1 " 
9 = aig fs Oron(Ce~ dt (8.107)* 
Equation (8.107) is identical with 
[Eqs. (8.66) to (8.70)]. 


the result derived in Sec. 82 
the network converti: 


The first term, 1/b¢(s), represents the part of 
ng the input to white noise. The second factor, 
o 2p ()e7" dt, is the physically realizable part of the impulse response 
Govt), which is the inverse transform of Sa(s)/d (s) 
noise are uncorrelated, the discussion of Sec. 7.10 in i 


Sials) = Ga(s)®,.(8) (8.108) 
Thus, in this cas » 2»; i i A 
ee age r(t) is the inverse transform of ,,(s)Ga(s)/@x(s), 
1 Note that je glo) de gilr — c) 
A (s) is not zero, but may have poles 


If signal and 
dicates that 


— éi«(r) need not be zero for 7 negative; hence 
in the right-half plane, 
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8.5. Modifications of Minimization Procedure for Certain Servo Prob- 
lems. Attempts to apply the statistical theory to the design of feedback 
control systems generate objections immediately because of the difficulty 
of phrasing the optimization in practical terms. In many problems mini- 
mization of the mean-square error is not an adequate design criterion. 
For example, a basic servo-design problem may include only two specifi- 
cations: the characteristics of the controlled system (motor, gear train, 
and load) and the statisties of the input signal. If no noise is present, 
the optimum over-all system function is unity; the optimum physically 
realizable tandem compensation network is one with essentially infinite 
gain over the frequency band of interest. The addition of noise results 


; " p G : . ; 
in an optimum system function R (s) which differs from unity, but no 


consideration is given to the closed-loop nature of the system or the 
characteristics of the fixed components. If the mean-square value of 
the noise is small, the optimum system exhibits nearly perfect following; 
the compensation is designed to extend the bandwidth of the fixed com- 
ponents, and the possibility of motor saturation, power saturation, etc., 
is not involved. 

If statistical methods are to be useful in the design of feedback control 
systems, it is clear that it is not sufficient to consider only the filtering or 
smoothing problem. It must be possible to determine the optimum sys- 
tem function, not in the class of all physically realizable system functions, 
but rather in the class of all practical functions. Such an optimization 
requires an explicit definition of the term “practical functions.” 

The approach described in See. 8.3, where the form of the transfer 
function is selected at the outset and the optimum values of one or more 
parameters are determined, is one method of introducing the constraint 
of practicality. Such an approach comes very close, however, to dis- 
carding completely the statistical methods. The question naturally 
arises: Is there no intermediate approach, representing an acceptance of 
reality, but still leading to an optimum form for the system function? 
The problem of introducing reality into the analytical statement of the 
problem has been treated in several ways: 


(1) The technique used in Guillemin’s procedure (Chap. 5) can be adopted. The 
allowable behavior of the closed-loop system function as s—> =% is determined from 
the transfer function of the controlled system.{ In spite of this restriction, however, 


the absence of noise results in an optimum R (s) which represents a bandwidth very 
much larger than the frequency band of significance for the signal. The optimum 
system is still in many cases idealistic and unrealizable because of high amplifier 
gain, high motor rating, ete. i i : 

(2) Newton has suggested controlling the rms value of the signal at various 

tM. J. Pelegrin, A Statistical Approach to Servomechanisms and Regulators, 
ASME Paper 53-A-20, Frequency Response Symposium, December 1-2, 1953. 

1G. C. Newton, Jr, Compensation of Feedback Control Systems subject to 
Saturation, J. Franklin Inst., Vol. 254, pp- 281-296, October, 1952, and pp. 391-413, 
November, 1952. 
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points throughout the system. The basic characteristics of Newton’s approach are 
described briefly in the next section. 


(3) A special case of Newton's general theory involves a convenient constraint 
based on the power rating of the output motor. In other words, the average power 
dissipated by the output motor and load is limited to a specified value. The optimum 
system is that one which minimizes the mean-square error while simultaneously 
requiring only the specified average power. 
If either the probability 


of saturation or the average power is limited, 
the optimum system re; 


presents a compromise and in general is no longer 
e n 
described by a R (s) 


the constraints. In the usual case 
of interest here, the mean-square error is given by a complex integral 
involving G(s) or a real, definite integral involving g(t). If the con- 
straints can be phrased in terms of the requirement that integrals of the 
same form assume a specified value, the minimization can be considered 
using Lagrange multipliers, f 


includes an armature-controlled 


electric circuit shown in 
the viscous damping of motor and load 


dime istance, and C the inertia 
gears, and reflecte load. i i 
Absa HUE AS € oad. Armature inductance is 


In the equival ircui - 
senting the back cmt. quivalent circuit, the voltage e» repre 


i 21^ 18 proportional to the output velocity, with the 
constant K, including th i motor shaft to Toad The 
problem is described by ifications: l 


of motor rotor, 


R = 250 ohms C= 


1 
fi 
Ta = 100 ohms K, TOREM 


« = 1000 Volts/(rad /sec) (8.109) 
An Extension of Wi 


Tur d ener's "Theory of Prediction, 
; 
1F.B. Hildebrand, " Methods of. A é 


pp. 141-144, Prentice- 
ins a readable exposition 
Phasis is directed toward 
Admissible classes of con- 


i us of variations, Em 
i : Specific descri ti 
straints is included, sU 


Opti —- 
Limitation, ASME Paper 53.4 17, aei Feedback pw Satisfying a Power 
1953, ymposium, December 1-2, 


MINIMIZATION IN SERVO PROBLEMS 483 


with the result 
C) _ 1 


GG) = xS 7 30s +35) 


(8.110) 
Input: r(/) contains signal, but no noise. The power-density spectrum of the input 

velocity is 

—0.08 


$Pee(s) = ie? —1 


(8.111) 


The average power P drawn by the motor (i.e., power dissipation in ra and R) is 
to be less than 150 watts. 


The problem can be divided conveniently into two parts. In the first 
stage, an equivalent tandem open-loop system is considered, as drawn in 


ep(t)=Kec'(t) 


(b) Equivalent Circuit of Armature-controlled Motor 


(c) Equivalent System for Analysis 
Fi. 8.15. Example. 


Fig. 8.15(c). The optimum 7's) is determined to minimize e°, the mean- 
Square error, under the condition that the average power should not 
exceed 150 watts. Once 7(s) is known, the second part of the design 
involves determination of an appropriate H,(s) [Fig. 8.15(a)]. Since this 
Part is a straightforward problem in closed-loop design as described in 
Chap. 5, it is not considered here. . 

Evaluation of the optimum T(s) is effected in the following steps: 


(1) The mean-square error zi is written as a function of T (s) and the known $77 (s) 
and G(s). 
(2) The power P is derived in the form of a similar integral. 
(3) A new function is formed: 
IT=@+)P (8.112) 
Tis an integral involving T'(s). 
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(4) That T(s,d) is determined which minimizes I. T(s,d) is written rather than 
T(s) because it is a function of not only s, but also the Lagrange multiplier ^, as yet 
unknown. n 

(5) P(X)is evaluated from the equation for P in terms of T'(s), and X is selected 
to correspond to a P of 150 watts. (In the absence of noise, the maximum power 
clearly corresponds to a minimum mean-square error.) 


(6) With the value of 4 known, the optimum T(s) is also known and @ can be 
evaluated. 


The above six steps comprise a widely applicable method for the intro- 
duction of constraints. In this particular example, the desired P is known 
from physical reasoning to be 150 watts. 
value of the constrained quantity les 
the minimum) allowed value may 
error. If such were the case abov 


In the more general case, a 
s than the maximum (or greater than 
correspond to minimum mean-square 
E e, it would be necessary to plot both 
P and e? as functions of \ on the basis of the known T(sj). That value 


of À is then selected which corresponds to a minimum e? with P within 
the allowed range. 


"Thus, the essential Step in the procedure is the introduction of the 
Lagrang 


nge multiplier and the formation of the function I = ¢ + AP. 
The six 


} steps listed above can be described in terms of the example of 
Fig. 8.15, with the specifications listed previously. 


Formulation of I. The first three steps involve the derivation of the 


integral expression for I = ei. AP. Integrals for both @ and P are 
written by consideration of the circuit and block diagram. 


í Since no noise is present in the system, the mean-square error is entirely 
ollowing error. The instantaneous error is 


et) = r(t) — c(t) (8.113) 
The transfer funetion relatin i 
A g c(t) to r(t) is T(s)G(s), Hence, the 
error is related to the derivative of the i t j ction 
[1 — T6)G()1/s. "Thus, mput by the transfer functio: 


Se aml Sfi. sy 1(s)G(s) 1— 7 
set —s)G(— 
HUS je 8 E C» Py(s) ds (8.114) 
The total power P is that dissi i issi 
in R is proportional to the Pee. inEandr, The power dissipated 


-square value of output velocity, or 
DAE ee ee 
ub EY Kvbee(s) ds (8.115) 
But c'(!) is related to r'() by the 


c transfer f i : " 

density spectra are related by the rE TOOT C Di ww DUE 
Ki 1 [i , 

db Bes TG) TC $)9(— sa...) ds (8.116) 

T It is also necese ti bli: i 

In the above mend OS a ne 


ency of the condition fi 
more power drawn, the bett. 


ufficiency is obvious from i 
J Physical re. 
er the following and the less the error, 


or a minimum @. 
asoning, since the 
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Likewise, the armature dissipation can be expressed in terms of the 
power-density spectrum of the output velocity and the impedance of 
R and C in parallel: 

P l az Keels) 


"T Tezja DaO E (8.117) 


Combination of Eqs. (8.116) and (8.117) and substitution of the param- 
eter values of (8.109) yield 


1600 [?* 
P= w f . (3.5 — s)T(SG(s)T(—-s)G(—s)9e-(s) ds (8.118) 
rs 
The function J is formed, and for simplicity G is written for G(—s), 
G for G(s), T for T(—s), and T for T(s): 
1 ps 1— TG1- TG A 
= — " ——— ——— 5 — s*)T 
I ij]; (8) [ = - t 1600A(3.5 — s?) 700 | ds 
(8.119) 
Minimization. In order to determine that T yielding a minimum J, 
the variation ¢ 67’ is introduced by replacing T by T + «ôT, T by 
T --«3T. Differentiation of the corresponding change in J with respect 
to e, setting e = 0, and equating the derivative to zero correspond to 
equating to zero the coefficient of « in the expression for I + Al. 
The solution is simplified if the equation is written by collecting sepa- 
rately all coefficients of ôT and ôT: 


p f 1 f 2 TT 
4 = ôT P ds = 0 8.120 
=e ôT F ds + a5]. s (8.120) 
where " 

F = (s) K -— + 1600X(3.5 — oor | 


F(s) and F(—s), or F, are complicated algebraic functions of %,,-(s), G(s), 
and T(s) An F(s) must be found which satisfies Eq. (8.120) regardless 
of the function 57, as long as ôT satisfies the physical-realizability con- 
ditions. In other words, the only thing known about ôT is that the 
function has no poles in the right-half plane. 

The value of each of the two integrals above can be made zero if two 
conditions are satisfied: 


(1) The integrand ôT F and hence also ôT F approach zero at least as fast as 
1/8? as s—> œ. 
(2) F has no poles in the right-half plane. 


If the former condition is met, the path of integration can be closed by a 
large semicircle in either half plane without changing the value of the 
integral. But if condition (2) is satisfied, the integrand ôT F has no 
poles in the right-half plane, and closing the path in this half plane must 
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i for the integral. Likewise, the second integral is 
e ae aie enorde if the path is closed in the left-half pine: 
Hence, Eq. (8.120) is satisfied : Fe has 2 poles in the left-half plane. 

i iti suffices to determine T. . 
M e is simplified if Pis considered. %,/,(s) is p 
tored in the usual manner, with Ss) including poles and zeros » the 
left-half plane and $7,(s) the critical frequencies in the right-half p eem 
Clearly, G can be factored from the bracketed expression for F, and en 
G and $7,(s), containing right-half-plane poles only, can be neglected. 


The condition then becomes: Fi(s) has no left-half-plane poles, where 


Fi(s) = &%,(s) E + 1600. (3.5 — ser] (8.121) 


The significance of this condition is clarified if the terms multiplying 7 
are collected: 


Fi(e) = &5,(9) Sca {—1 + [1 — 1600.5 — s 167} (8.122) 


Left-half-plane poles of Fi(s) might arise for three reasons: 


(1) GT has poles in the left-half plane. 

(2) The factor 1/s multiplying the braced expression in Eq. (8.122) must be 
considered a left-half-plane pole. (The factor —s represents an admissible pole, since 
it is assumed in the right-half plane.) 


(3) %,(s) has poles in the left-half plane. 


There is only one T(s) function whi 
sources and also satisfies realizability 


(1) If condition (1) above is not to result in left-half- 
of GT in the left-half plane must be canceled by the z 
Hence, the denominator of GT is selected as 


ch avoids poles from these three 
conditions. 


plane poles for F, (s), any poles 
eros of 1 — 1600Xs*(3.5 — 8°). 


1 + -V5600 + 80 VA s + 40 Vig? 


/s is canceled if the braced expression in Eq. (8.122) has a zero 
ce GT must be unity at zero frequency. 

expression must have left-half-plane zeros coinciding with the 
in this example at s 


(2) The factor 1 
at the origin. Hen. 
(3) The braced 
poles of 45, (s), 


7 —i. Thus, 
TI + [L 1605-0 when a=} (8.123) 
1 
or GT any = 
GT). -; ia (8.124) 


As a result of ‘these restrictions, GT must have the form 


= kis T1 
OVE + VENER RTT (8125) 


where k is chosen to satisfy Eq. (8.124). 


GT 


The numerator of GT is selected 
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of first degree only in order that the mean-square error may be finite. 
The optimum T(s) is found by substituting G(s) from Eq. (8.110): 


400s(s + 3-5) (ki s + i) 
40 VA sè + V5600+ 80Vis+1 8120) 


T(sX) = 


where k; is a known function of A. This 7(s,A) is the function which 
minimizes the quantity J. 

Evaluation of the Lagrange Multiplier. If the allowable average power 
P is specified, the corresponding value of à can be determined. 7'(s,A) is 
substituted for T(s) in Eq. (8.118), and P is evaluated as a function of ^. 
In certain simple examples, it is possible to solve directly for À in terms 
of P. In this problem, such an explicit solution is impractical, and the 
simplest approach involves a trial-and-error solution or a plot of P as a 
function of X. A somewhat lengthy calculation of the integral of Eq. 
(8.118) results in a value of A equal to rsv. The associated T(s) is 


_ 400s(s + 3.5)(0.121s + 1) 
BENE TEST ES 


T(s) (8.127) 


If desired, the corresponding mean-square error can be evaluated from 
Eq. (8.114). With A selected to yield the specified average power, mini- 
mization of J corresponds to the minimization of the mean-square error. 

Modification of the Procedure. The procedure for considering con- 
straints has been illustrated in this section by a typical example. The 
minimization has been carried throughout in terms of the frequency- 
domain characterizations of signals and physical systems. Exactly the 
same methods can be used if the descriptions are made in the time domain, 
in terms of autocorrelation functions and impulse responses rather than 
Power-density spectra and transfer functions. In the example used 
above, where the average power is constrained, there is little choice 
between the two descriptions. j 

In general, any constraints can be considered which can be described in 
terms of definite integrals similar to the integral expression for the mean- 
Square error. For example, & variety of design problems demand con- 
trol over the generalized error coefficients K., Ka, etc. As indicated in 
Sec. 1.8, the error coefficients are defined in terms of the derivatives of 
the over-all system function at s = 0 or, alternatively, in terms of the 
moments of the impulse response. For example, K, and K, are given 


by the equations 
1 " 
> tee(t. 
K, í piat 


H 2 jl Peoli) dt 


Where co(f) is the unit-impulse response of the over-all system. If the 


(8.128) 
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frequency-domain characterization is preferred, the velocity constant can 


Y 


- C € 
also be written in terms of a complex definite integral of n (s) and R (=s). 


8.6. Control of Saturation. Newton} has suggested using the pro- 
cedure described in the preceding section as a first approach to the prob- 
lem of considering the effects of system nonlinearities. As indicated in 
Sec. 8.2, one of the basic assumptions underlying the entire statistical 
design theory as presented in the preceding sections of th 
restriction to linear systems. Evalu 
restriction has two facets. First, 


; is a linear system actually desired, or is the improve- 

onlinearity sufficiently great to make a 
linear system a poor engineering 
design? 

Newton treats only the former 
question and further restricts con- 
sideration to only a single type 
of nonlinearity: saturation. Any 
physical device eventually becomes 
Fic. 8.16. Typical input-output char- nonlinear as the signal amplitude is 
acteristic, increased. A typical operating 

characteristic for physical equip- 
form shown in Fig. 8.16. When the excitation exceeds the 


value Mo, the gain starts to decrease and, fi 
f r he out- 
put is essentlally constant. j EE a — 


en the signals applied to the 


ment takes the 


r e simplicity of the design tech- 
near Systems, Newton Suggests that the opti- 

nstraint that the probability of 
t the System must also be con- 
€sign problem might be phrased 


The opti ae 
Square error) is to be determi pumum system (to m; 


1G. C. Newton, Jr., 
Saturation, J. Franklin Inst. 


l Systems Subject to 
November, 1952. 


296, October, 1952, and pp. 391—413, 
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functions which result in velocity saturation less than a given percentage 
of the time. 

Since the details of Newton’s method follow closely the procedure out- 
lined in the preceding section, it suffices here to indicate the general steps 
in the approach by means of the simple servo example illustrated in Fig. 
8.17. G(s), the transfer function of the controlled elements, is given. 
In addition, the specifications describe two possible sources of saturation: 
torque and velocity saturation. Again the over-all design is broken into 


Control 


8 
Elements Subject to 


turation ) 


5 
Equivalent Tandem 
ntrol Elements 


c,o(t) - K m(t) 


(b) Hypothetical System 
Fie. 8.18. Newton's analysis. 


two parts, with the system realization following conventional lines after 
the optimum closed-loop system function is evaluated. Thus, the sys- 
tem desired initially is that shown in Fig. 8.18(a). 

A hypothetical system [Fig. 8.18(b)] is visualized, with three outputs, 
the actual output as well as the two saturation signals ¢.:(¢) and c+2(t). 
These two outputs are related to m(t), the input to the controlled ele- 
ments, by the transfer functions G.i(s) and G,2(s). In this particular 
example, with c,;(/) simply the output velocity and c;;(/) the torque, 


Gals) = sG(s) (8.129) 
Gals) = K (8.130) 
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The specifications must further include information permitting the 
selection of ofn and ofna the allowed maxima for the mean-square values 
of ¢.:(t) and c(t). For example, if velocity saturation is to occur less 
than 0.3 per cent of the time and the amplitude distribution is normal, 
the rms value of the output velocity must be less than $ the saturation 
level. Thus, optimization is the problem of determining that G(s) which 
minimizes the mean-square error and simultaneously holds the mean- 
square values of c,,(¢) and c,2(t) below Fim, and c2... 

Finally, the specifications must include the a 


utocorrelation functions 
of the signal and noise components of the inp 


ut or, equivalently, the 
rosscorrelation function 


From this information, 
the expressions for the mean-square 
error and the mean-square values of 
the saturation signals are written. 
I, the expression to be riinimized, 
is written in terms of the Lagrange 
multipliers: 


I= @ + dod, +o (8131) 
The minimization of I yields 


1 gi(t,41,A2). Substitution of this im- 
Normalized Rms E LM pulse response in the two expres- 


r? sions for c?, and c?, gives appropri- 
Fic, 8.19, Variation of s Er Een OE 


$ aturation limit te v. » Ev, 
With error. (From G, C. Neuton, i ate values of Ay and àz to control the 


Compensation of Feedback Control Systems probability of saturation, although 


Subject to Saturation, J. Franklin Inst, 1n any but the simplest cases à; and 


Vol. 254, p. 398, November, 1952.) À can be determined only by exten- 


Sive calculations or a graphical solu- 
: Once; and àz are evaluated, the optimum impulse response gi(£) is 


Normalized Saturation Limit 


e the nature of the limitations 
For example, in the case of 
autocorrelation f. 
plotted as a funetion of the 


only the linear 


this omission is clearly 
ch as Fig. 8.19 are valid 
1 : only when the 
gnificantly larger than the mean-square vilue at the 


actual signal subject to Saturation. The significance of Newton’s work 
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is twofold: the analysis represents a technique for introducing practical 
constraints into the optimization procedure; and the work represents one 
approach to the analysis and design of nonlinear systems, an approach in 
which the effects of the nonlinearity are maintained small. 

8.7. Nonlinear Systems. The linear system is truly an optimum only 
when both signal and noise possess normal distributions. In a wide 
variety of practical problems, the signal definitely does not possess a 
normal distribution, and marked improvement can be realized if the 
linear filter is replaced by even a simple nonlinear system. The recep- 
tion of pulse signals in the presence of random noise is perhaps the most 
important example in which nonlinear characteristics can be used to 
advantage, although whenever the input signal is aperiodic rather than 
a stochastic process, an improvement should be possible. 

The limited efficiency of the optimum linear system arises because the 
optimization utilizes only the autocorrelation function (or the second 
probability distribution) of the input. In general, an efficient system 
must consider the higher-order distribution functions in the formulation 
of the best estimate of the desired output. In other terms, the validity 
of superposition indicates that the linear system can only separate two 
signals on the basis of differences in the power-density or energy-density 
spectra; a nonlinear system, in contrast, may be able to effect a certain 
amount of filtering even if signal and noise possess proportional spectra. 

A simple examplet illustrates the improvement obtainable with a non- 
linear filter. Both signal and noise are assumed to be sampled time 
functions, with the samples spaced uniformly in time. The signal pulses 
have only three possible values: +1, 0, and —1, with the values equally 
probable. The noise pulses have the amplitudes +2, 0, and —2. For 
this example, the probabilities, adjusted to make the two autocorrelation 
functions identical, are 


P(+2) =P(-2)=1r PO) =8 (8.132) 


The optimum linear filter has a transfer function equal to the constant $ 
Icf. Eq. (8.29) with &,, and $,, equal] and the minimum mean-square 
error is one half the mean-square value of the input signal. 

A nonlinear filter can be designed which yields an output depending 
On the probable signal when the total input is known. For example, 
the first two columns of Table 8.1 indicate the various values of the 
total input and the associated probability of occurrence. The third and 
fourth columns give the signal and noise combinations which might 
Benerate the input. Clearly, only when the input is +1 or —1 is there 


t The Van Vleck-Middleton criterion establishes the nature of the optimum linear 
System (cf. S. Goldman, “Information Theory," 230-235, Prentice-Hall, Inc., New 
York, 1953), The improvement obtainable with nonlinear systems is indicated 
by W. D. White, The Role of Nonlinear Filters in Electronic Systems, Proc. Nail. 
Electronic Conf. 1953, Vol. 9, 1954. 

1H. E. Singleton, Theory of Nonlinear Transducers, M IT Research Laboratory of 
Electronics Tech. Rept. 160, pp. 22-24, August 12, 1950. 
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any reason for the filter to yield an incorrect output. An input of +1 
may represent either a signal of +1 and a noise of 0 or a signal of —1 
and a noise of +2. If the output is z when the input is +1 (and —z 
with an input of —1), the error is 1 — z for $$ of the time, 1 + z for y of 
the time, and zero at all other times. Thus, the mean-square error is 
proportional to 

Q — z)*8$ t (14 2)?3, 


Minimization gives the value of 


Tr for z and a mean-square error 3$ of 
that with the optimum linear sys 


tem. Clearly, in a problem this simple, 


TABLE 8.1 
EXAMPLE} 
Input signal Probability Signal | Noise 
|_| 
+3 ve +1 +2 


. -3 ve =i | -2 
t Taken from Singleton, 9p. cit., p. 23. 


able error. In any case, the nonlinear system 


tL. A. Zadeh, A Contributi; to stems, 
Inst., Vol. 255, pp. 387-408, y, on Theory of Nonlinear Sy ds 


| 
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Singleton’s work presents the general solution for the optimum design 
of a nonlinear system. If the input is in sampled and quantized form 
with a finite number of possible signals,f the optimum transducer can 
be determined in a form in which there is a single output associated with 
each of the possible inputs. Clearly, if the memory of the system must 
extend over a large number of input samples and the number of quanti- 
zation levels is large, the instrumentation of the system is completely 
impracticable. Singleton demonstrates that the optimum system can 
also be realized in terms of a series expansion in the higher-order corre- 
lation functions (measuring higher-order probability distributions). 
Again, however, the optimum system for a problem of any scope is 
impractically complex, and design involves the calculation of an exces- 
sive number of correlation functions. 

The primary significance of Singleton’s approach lies in the design 
philosophy: the attitude that the nonlinear system should be forced to 
yield the desired results. In this respect, Singleton’s work stands in 
direct contrast to a large body of the previous work,{ concerned with the 
analysis of the response of particular nonlinear systems to stationary 
time series: A very great gap still exists between these analytic investi- 
gations and the idealistic, synthesis approach of Singleton, designing the 
optimum system without regard to practical considerations. The bridg- 
ing of the gap seems to call for two attacks: 

(1) The extension of Singleton's philosophy to the optimization within 
classes of nonlinearities or at least an optimization which restricts the 
complexity of the system. It is in this connection that the work of 
Zadeh is of interest. 

(2) The extension of the analysis techniques to the point where design 
becomes practical: i.e., where the effects of varying nonlinear charac- 
teristics can be estimated simply. Boonton§ suggests one promising 
approach in this direction. In the study of feedback control systems 
with saturation, Boonton considers the case in which the input to the 
Nonlinear device has a normal distribution. The nonlinear element is 
Teplaced by a quasi-linear element—an attenuator in which the attenu- 
ation varies with the input signal. The attenuation for any given input 
is calculated by minimization of the mean-square error between the actual 
Output and the hypothetical output resulting from the quasi linearization. 
The method is very similar to the describing-function analysis for non- 
inear systems excited by sinusoidal signals (ef. Chap. 10). As reported 

Y Boonton, the correlation between analytical and experimental resulta 


t The same methods can be used if the input is continuous, but with a limited 
frequency bandwidth in order that the signal can be represented by periodic samples. 
tI. Weinberg and L. G. Kraft, Measurements of Detector Output Spectra by 
Correlation Methods, Proc. IRE, Vol. 41, pp. 1157-1166, September, 1953. S. O. 
ice, Statistical Properties of a Sine Wave Plus Random Noise, Bell System Tech. J., 
ol. 27, pp. 109-157, 1948. D. Middleton, Some General Results in the Theory of 
Noise Through Nonlinear Devices, Quart. Appl. Math., Vol. 5, pp. 445—498, 1948. 
$R. C. Boonton, Jr., “Nonlinear Control Systems With Statistical Inputs,” MIT 
mic Analysis and Control Laboratory Rept. 61, March 1, 1952. 
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for a saturation type of nonlinearity is well within the accuracy desired 
for any ordinary engineering analysis. 

8.8. Nonstationary Time Series. A wide variety of practical problems 
are not satisfactorily considered by the Wiener theory. In many cases 
the short-term correlation functions differ radically from the long-term 
functions, yet a system is desired which predicts or filters accurately on 
a short-term basis. For example, in the fire-control problem the signal 
component of the input may be accurately describable by a polynomial 
of known degree over the time interval of interest. In the simplest 
application of the Wiener analysis, the optimum prediction in any one 
interval is based on the characteristics of all intervals. In other words, 
the input signal is not a stationary random process, but rather an aperi- 
odic signal, perhaps of the form at, with the value of a known only in 
terms of a probability distribution. 

Furthermore, the statistics of the Signal may vary markedly during & 


single interval. If the fire-control problem is used again as an example, 
the mean-square value of the noise is a function of the range. The sys- 
tem designed on the basis of 


i average statistics is necessarily not utilizing 
the available information, i 
Ina problem in which the si 


TL. A. Zadeh and J. R. Ra azzini i i 
Ld NOE Bazzini, An Extension of Wiener’ 


» PP. 645-655, July, 1950, T Real Prediction; 
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first n + 1 moments of g(f) must satisfy the equations 


=O  n-—-—l gu-—-::—y4-—0 (8.183)1 
where uj [s tg(t) dt 


Condition (1) is essential since the error is evaluated as an &verage over 
all time. Any steady-state error from the polynomial input is itself a 
polynomial and hence unbounded. 

Condition (2) states that the system has a memory of only T sec; the 
output at any time depends on the input during the last T sec only. 
This condition is necessary if the results of the design are to be applicable 
to the case in which the only signal input is tbe polynomial. In this 
situation, the optimum filter, in the absence of condition (2), would have 
& very narrow bandwidth about zero frequency and would require an 
excessively long interval for the transient to subside. 

A problem of this type arises frequently in the design of aircraft fire- 
control systems, in which the total duration of the target run is limited 
and to a first approximation a typical a(t) 
signal can be described by a poly- 
nomial. Actually, condition (1) is 
not quite compatible with the usual 
fire-control problem, since the time T' 
must be selected considerably less 
than the total duration of the run be- 
cause the system requires T sec for * É : 
settling; it is only after T sec that Fie. 8.20. Trpo optimum impulse 
the transient has died out and the 7esponse (n E ). 
network is actually performing the desired operation on the polynomial 
input. If 7 is much less than the target run, during the later stages of 
the run the system is using only a small fraction of the available input 
as a basis for making the best estimate of the desired output. Thus, 
the restrictions described above represent a compromise between a desire 
for mathematical expediency and the intuitively desirable formulation of 
the problem. y 7 1 

The analysis, straightforward once the problem is formulated, is carried 
Out in the usual way. The quantity J is formed from e?, the constrained 
moments, and the Lagrange multipliers. The calculus of variations is 
Used to generate the integral equation to be satisfied by the optimum g(t). 

his equation is in this case most readily solved by writing the form of 
9( (that is, the sum of impulses and polynomials in the interval from 
0 to T) and evaluating the unknown coefficients from the optimizing 
integral equation and the moment conditions. The form of the opti- 
mum g(t) is sketched in Fig. 8.20 for the case when the input polynomial 
18 of degree unity and prediction is desired. ; x ; 

The usefulness of the procedure is limited by several factors, in addi- 
tion to the difficulty discussed at the beginning of the section. With 
. |The relation between the moments of g(t) and the Maclaurin expansion of G(s) 
18 shown in Sec. 1.8. 


Impulse 
Linear Function 
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only the polynomial component present in the signal, the entire error is 
the result of noise. By averaging the error over all time, the analysis 
assumes that the transient error, of duration 7’ sec, is insignificant. In 
practice, the duration of the total run is finite, and the interval 7 may 
be a significant part of the total period over which the system perform- 
ance is of interest. Again here, if 7 can be selected sufficiently small 
(without the noise error becoming excessive), the analysis is valuable. 
The application of this theory parallels that of the Wiener theory. 
The result is primarily useful as a basis for the evaluation of filters and 
systems designed by more conventional methods. The realization of an 
impulse response of the form shown in Fi 
lines and integrators. 


Pike} proposes & 
separation of signals which are not 
; The basic approach is to determine a set 
of orthogonal functions such th 


is the determination of the filter impulse 
response. The orthogonal func (0 are chosen such that the signal 
input is closely described by n terms, with n as small as possible. 


a(t) = 2 RO (8.134) 


whi i Ji 
ere a; = Bl, w(x)s(x) ó;(z) dz 
Here J; is the normalization con: i i 
A h stant, w(x) is the weighting function 
associated with the Set of orthogonal functions, and R is the interval 
over which the functions are orthog : 


sion of the total input fd a o DM respect to w(x). Expan- 


HO = Y be) (8.135) 
j=1 


vem of the coefficients of the signal and noise 
the signal component, th diua EUIS are primarily the result of 


Ut, the remainder primaril ise. 
Hence, an approximation to s(t) is realized by a er een 


n 
fat) = b ARO (8.136) 
jm 
TE. W. Pike, A New Approach to O M ilteri 
1952, Vol. 8, pp. 407-418, 1953. num Filtering, 


The coefficients b; are 
expansions. The first 


Proc. Natl, Electronics Conf- 
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The system impulse response depends on the desired operation on the 
signal. If a predictor is sought, with prediction time a, the output 
desired is approximated by 


falta) = Y bt + a) (8.137) 


j=1 


Substitution of the value of b; and interchange of the order of integration 
and summation yield 


filt + a) = Í. [vo 5 oilt + a) i «cse dr (8.138) 
jal 


Comparison of the integral of Eq. (8.138) with the convolution integral 
indicates that fin(¢ + o) is the output of a network with the input fi(¢) 
and the impulse response 


0 e«0,z271 


wt- 29 s+ a7 6-2 O<a<t 


Tel 


g(x) = (8.139) 


The basic elements of Pike’s method are simple, and the result is a 
physically realizable impulse response. The primary difficulty arises in 
the selection of the set of orthogonal functions. There is very little 
beyond intuition and experience to guide the designer, yet the success of 
the method depends almost exclusively on this selection. In certain 
cases, as when the signal is clearly very nearly a low-degree polynomial 
and the noise is oscillatory, a desirable set of functions is apparent (in this 
case, the Laguerre polynomials if the interval is to be infinite). In such 
an example, s filter designed along conventional lines might also be 
expected to accomplish considerable filtering. In many cases, however, 
the difference between the noise and signal is more subtle; typical wave- 
forms of the two components do not indicate at once an appropriate set 
of orthogonal functions. For example, in the extreme case in which 
signal and noise possess proportional expansions, Pike’s approach results 
simply in the prediction of signal plus noise, whereas a smaller mean- 
square error is obtained if the predicted value is a constant fraction of 
the predicted value of signal plus noise. 

Pike’s solution does not represent an optimum in any mathematical 
sense, but rather an intuitive design which can be readily visualized 
and synthesized. Davist presents the derivation of the optimum sys- 
tem minimizing the mean-square error of prediction when the input is 
known over a finite time interval T. In Davis's approach, the input 
fi) = s(t) + n(l) is expanded in a set of orthogonal functions ¢(¢), 


İR. C. Davis, On the Theory of Prediction of Nonstationary Stochastic Processes, 
J. Appl. Phys., Vol. 23, No. 9, pp. 1047-1053, September. 1952. 
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which are the eigenfunctions of the integral equation 


glu) =A f Ratuto) dt (8.140) 


i j ding eigenfunctions. 
Here ); are the eigenvalues, and ejt) the correspon : 
Rau 1) is the autocorrelation function, the expected value of the product 
an (t4, 
f f:(u) and f.(t). : . 
E m uf actual system, the eigenfunctions and eigenvalues are know 
from the autocorrelation function of the input. The signal is observe 


during the interval of T sec, and the coefficients of the expansion are 
evaluated from the integral 


z; = ff" O + niles at (8.141) 


zj is the coefficient of ¢,(t) in the expansion of s(t) + n(t). The best 
estimate of s(T' + o) is then 


s*(T + a) = bi ag (8.142) 
fe 


The constants a; are known before the arrival of the signal and noise 
and are given by the expansion 


a= f" RT + a, 06,0 dt (8.143) 


nput. (If signal and noise are correlated, Res 1$ 
rrelation fun 
Implementation of the optimu. 


3 m system requires a computer to deter- 
mine the coefficients zj from the input and a system to generate the 
Series of Eq. (8.142). The proced 


«(T oti l, or nearly 

S Eonall to the higher-order died SD pests t 
ne complexity of Davis's ana] Sis i syni 
thesis are the penalties for a; ene PSU dt Mex 


ior an optimum linear system. Davis’s wor 
yon at a point only; 


x time-varying g uter to 
prediction continuously, "ying system or comp 
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8.9. Concluding Comments. During the last decade tremendous 
research effort has been expended in attempts to augment, modify, 
and extend Wiener’s design theories. Wiener’s greatest contribution is 
unquestionably the philosophy of design: the emphasis on the statistical 
nature of the signals and on the need for examining the basic objectives 
of system design. Closely allied with the investigations described briefly 
in this chapter has been the development of the broader aspects of infor- 
mation theory, in which the performance of a system is evaluated in 
terms of the handling of information. There is every indication that 
further refinements of the design techniques will be accompanied by 
increased emphasis on evaluation and design on the basis of information 
theory. As feedback control systems become more complex, the over-all 
system design will lean more heavily on the basic concepts associated 
with the control and flow of information. 


CHAPTER 9 


SAMPLED-DATA CONTROL SYSTEMS 


The preceding chapters consider various theories appropriate ror tha 
design of linear feedback systems operating on continuous signals. lod 
is an entirely distinct class of servomechanisms which operate on m T€— 
data: i.e., systems for which the input (or the actuating signal) is eer. 
sented by samples at regular intervals of time, with the informa 
ordinarily carried in the amplitudes of the samples. in 

The basic elements of the simplest sampled-data system are Mii 
Fig. 9.1. The output c(t) is compared to the input r(t) at the summ 


r(t) * 


Controlled 
System 
g 


c(t) 


Fig. 9.1. Simple sampled-data control system. 


e(t) e*(t) 
as lla puny 


(a) Continuous Function (input) (b) Sampled Function (output) 


nals of a sampler. 


measuring device), with the difference denoted 
nal is a continuous f 

d Fig. 9.2(a). At re e 
the signal e(t) is measured by the Sampler, as shown in Fig. 9.2(b). Th 


point (4e. in the error- 
e(t). This actuating sig 


T The notation used here is that of J. R. Raga: 
of Sampled-data Systems, Trang, AIEE, Vol. 71, Part II, Applications and Industri) 
Pp. 225-232, 1952. 
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This sampled-data operation is characteristic of an increasingly large 

number of feedback control systems. In many instrumentation systems, 
for example, the power available from the sensitive element is extremely 
small. By the use of sampling, the sensitive element may be utilized to 
control large amounts of power without excessive power amplification 
and with the load on the sensitive instrument maintained extremely 
small. Sampled-data systems have been used extensively, particularly 
in temperature measurements but also in the control of pressure, flow, 
and other physical quantities. 
3 In addition, the inereasingly extensive application of digital computers 
1n control problems (e.g., in fire-control systems) places more and more 
importance on the development of techniques for the analysis and design 
of sampled-data systems,f for a digital computer works on samples of 
the input time function and yields a sampled output. Other applications 
of sampled-data servos arise in connection with radar tracking systems 
(in which the scanning operation results in sampling of both azimuth and 
elevation information), with pulsed detectors in amplitude-modulation 
Systems, and with phase-modulation systems. 

The analysis of sampled-data systems presents several features quite 
different from those found in continuous systems. In many respects the 
sampled-data system is close to the characteristics of a human in a con- 
trol system; in both the sampled-data system and the system including a 
human operator, there is action only at discrete instants of time. The 
error (or actuating signal) is measured, the correction applied, and then 
the system passes through a waiting period before the error is again 
determined. The most obvious result of this waiting interval is the 
generally greater tendency for the sampled-data closed-loop system to 
oscillate, as a result of the desire to overcorrect the errors which accu- 
mulate during the interval between samples. : s 

The discussion of this chapter attempts to clarify some of these basic 
concepts concerning the fundamental characteristics of sampled-data 
Systems and at the same time to indicate the general techniques for the 
analysis and design of such systems. The distinctive component of the 
sampled-data system is, of course, the sampler, for it is here that the con- 
tinuous signals are converted to pulse trains. Once the characteristics 
of the sampler are determined, the remainder of the system can be 
described and analyzed in the usual manner. The analysis of the sampler 
a8 a component of the over-all system is considerably simplified if certain 
mathematical tools are introduced, particularly the z transform and the 
associated theory. 

9.1. Analysis of the Sampler. The sampler, or chopper bar, converts 
the continuous signal to a train of regularly spaced pulses, with the 

eight (or area) of any pulse representing the value of the time function 
at the associated sampling instant. If the sampling time (the duration 
of the sample pulse) is small compared to the significant time constants 
of the system, the output of the sampler can be considered a train of 

T W. K. Linvill and J. M. Salzer, Analysis of Control Systems Involving Digital 
Computers, Proc, IRE, Vol. 41, pp. 901-906, July, 1953. 
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impulses with the impulse dimension Tepresenting the value of the con- 
tinuous time function. This assumption permits the description of sam- 
pler operation in terms of the usual Laplace-transform theory. A 

The sampler is shown schematically in Fig. 9.3, with the input a 
output denoted as e(f) and e*(t), respectively. The output can be 


- written as 
mae ue. e e*(t) = e(Di(t) (9.1) 
pra 2-2 pohematio Tepene iyu i(t) is a train of unit impulses occurring 
tation of a sampler. 


every T sec, where T is the sampling period. 

The impulse occurring at any given time is multiplied by the value of the 

input function at that time to obtain the size of the corresponding out- 
put impulse. The components of the process are shown in Fig. 9.4. 1 

The Laplace-transform equivalent of Eq. (9.1) can be determined in 

two forms to obtain equivalent descriptions of the sampler in the fre- 

quency domain. If i(t) is written as an infinite series, Eq. (9.1) becomes 


e*() = elt) Y ult — aT) (9.2) 

n-0 
where uo(t) is the unit impulse function occurring at ¢ = 0, and T' is the 
sampling interval or period. It is assumed that the time functions are of 


interest only for positive values of time. 


e(t) i(t) e*(t) 
1 
0 O|T ar sr Olr ar sr 


(a) Sampler Input 


(b) Pulse Train 
Fig. 9.4. Sampling considered as modulation of a p 


As a result of the definition of the impulse function Eq. (9.2) can be 
rewritten as i 


(c) Sampler Output 
ulse train. 


e*(t) = ` e(nT) u(t — nT) (9.3) 


n-20 


Here e(nT) is the value of the in i i Tus 
a put time functi hi = nf. 
Laplace transformation of both sides of Eq. (9.3) yidds Mic 


E*(s) = b. e(nT)e-»r« (9.4) 

n=0 
i Eq. (9.4), E*(s) represents the ordinary Laplace transform of tbe 
function E (t). The a onship, expressing the Laplace trans 
ee e aa erms of the values of the input function 
System. Pun larly useful in the analysis of the over-? 


bove relati. 
pler Output in t 
g times, is particu 
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Although Eq. (9.4) serves as a useful tool in analysis, it fails to give a 
physical picture of the behavior of the sampler in the frequency domain. 
An equivalent relation can be derived by taking the Laplace transform of 
Eq. (9.1) directly, 

E*(s) = E(s) *I(s) (9.5) 


The symbol + signifies convolution in the s domain. Equation (9.5) 
states that E"(s) is the complex convolution of E(s) and I(s), the ordi- 
nary Laplace transforms of the sampler input and the pulse train. The 
transform I(s) is 


I() =L+e™+ee"r+ sc: (9.6) 
With the closed form for the series for /(s), Eq. (9.5) becomes 
1 
Eo) = EG) * 1— (9.7) 


Although convolution in the s domain generally involves evaluation of 
a complicated integral expression, if one of the two transforms possesses 
only simple poles, the expression can be simplified. In this case, I(s) 
possesses simple poles at s = jnw., where w: is the angular sampling fre- 
quency 27/7, and n is any integer, positive, zero, or negative. The 
Convolution is equivalent to 


B(s) + I) = 2, lis) E(s — sa) (9.8) 


Where s, is a pole of (s), ki(ss) is the residue of I(s) in the pole at sn, 
2nd the summation is taken over all the poles of I(s). In the specific 
case of interest here, the poles are at jnw, and the residue of I(s) at each 
Dole is simply 1/7, with the result that Eq. (9.7) becomes 


EQ) =F ba E(s + jna) (9.9)1 


n= o 


Equation (9.9) places in evidence the effects of the sampler in terms of 
e frequency spectrum of input and output. The most important char- 


tM. F. Gardner and J. L. Barnes, “Transients in Linear Systems,” Vol. I, pp. 


277-278, John Wiley & Sons, Inc., New York, 1942. l 

1 Equation (9.9) is in error if e(t) possesses a nonzero value at t = 0+. The diffi- 
culty is associated with the convergence of the integral represented by Eq. (9.7), or, 
Tom a different viewpoint, the error ‘arises because in Eq. (9.7) only one-half of the 
Value of e(0-L-) is sampled, whereas Eq. (9.3) implies a full sampling. Equation (9.9) 


Strictly should be written 


E 
E*(9 = F b E(s + fno) + 5 e(0+) 
eee 
In the analysis of feedback control systems, E(s) customarily tends to zero at least as- 
ast as 1/st as s becomes large, and Eq. (9.9) is adequate. 
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acteristic of the sampler output is the periodicity. E*(s) is a simply 
periodic function with a period je,. In other words, for any value of si, 
E*(s; + jw.) is equal to E*(s). In thes plane (Fig. 9.5), E*(s) takes on 
the same value at congruent points in the various period strips (e.g., at 
the points ao, a;, a_1, etc.). 


Mel The behavior of E*(s) along the 

a. | 30, jw axis is of particular interest. Tf 

Strip 1 z the amplitude spectrum of the in- 
j% put signal has the shape shown in 

Fig. 9.6(a), the amplitude spectrum 

— Strip 0 of the sampler output is as shown 


in Fig. 9.6(b), with a primary com- 
ponent at the proper frequency plus 
complementary components at all 
frequencies separated by the funda- 
mental sampling frequency ws 
(The amplitude of each component 
Fro. 9.5. Periodicity strips of E*(s), of the output spectrum is 1/T times 


the correspondi input com- 
ponent. One effect of the sampler i 2 wnat 


Strip —1 


[Ew] 


T ES Br Wa $a, Xu de 
Complementary Components Prima rv 2 2 
‘omponent mplementary Components 


change in the part 
immediately Suggests that th 
device; indeed, Sampling can eae aes 


the train of impulses by the input eo as the amplitude modulation 0! 
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The significance of the sampling in terms of the frequency-domain 
characteristics of the signal is illustrated by Fig. 9.6. In addition, the 
view of sampling as a modulation process demonstrates the effect of 
variations in the sampling frequency. As the sampling frequency is 
increased, the regions of signal energy are spread out, as illustrated in 
Fig. 9.7 (a) and (b). If the sampling frequency is decreased, however, 
distortion starts to appear as soon as the sampling frequency is less than 


|E*(jw)| 


(b) Sampling Frequency Slightly Larger than 
Twice Maximum Signal Frequency 


|E*Gw)| 


-20, 


-40,  -30, 


(c) Sampling Frequency Less than Twice 
Maximum Signal Frequency 


Fra. 9.7. Effect of sampling frequency on spectrum of sampler output. 


twice the highest frequency present in the input signal. The signals at 
frequencies just below w,/2 become an entangled combination of the 
components in the replica of the input around the origin and the lower 
Side bands of the first higher group (the first of the complementary sig- 
nals). If the information is to be recovered by a linear circuit, which 
can separate only on the basis of differences in the frequency spectrum, 

e sampling frequency must be at least twice the highest input fre- 
quency. If this condition is not satisfied, the information which can be 
recovered by linear filtering is that in a frequency band somewhat less 
than one half the sampling frequency. For example, in the case shown 
In Fig. 9.7 (c), in which w, is about 1.3 times the highest input frequency 
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(wa), the bandwidth of the recoverable information extends to only 0.3 wa 

(ok one half the sampling frequency, which is 0.65 wa). We 
Thus, the analytical description of sampling can be effected in eit ien 

of two ways, as demonstrated by Eqs. (9.4) and (9.9), repeated below: 


E*(s) = ) e(nT)e-"* (9.10)* 
E*(s) = E by E(s + jno.) (9.11)* 


Both equations yield the Laplace transform of the sampler output. The 
former [(9.10)] describes this output in terms of e(nT), the values of the 
input time function at the sampling instants, and is essentially a mathe- 
matical expression of the intuitively obvious characteristics of the sam- 
pler. The latter [(9.11)] gives the output transform in terms of the input 
transform and places in evidence the modulation effects: the introduction 
of the high-frequency, or complementary, signals. 

9.2. Smoothing of Sampled Data. In most systems, the high-fre- 
quency components introduced by the sampler must be removed before 


Smoothing preter 
Circuit pest 


Fic. 9.8. System with smoothing circuit. 


the signal reaches the output. 

might be unnecessary at interm 
component operates on samples, 
of pulses is inadequate as an o 
time function, or filtering of the high-f. 
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Severe closed-loop stability problems arise with the addition of such a lag. 
Ordinary attempts to stabilize the system, as lead or integral compen- 
sation, then either decrease the filtering action or decrease the frequency 
at which the open-loop system starts to cut off. 

The design of the smoothing circuit thus represents a well-defined 
compromise between the desire for heavy filtering and the usual problem 
of stabilization of the over-all closed-loop system. The problems of 
compromise become more and more acute as the sampling frequency 
decreases, and the filtering requirements become more difficult to meet. 


| | 


(a) Input (b) Output 
FG. 9.9. Input and output of holding circuit. 


Increasing the sampling frequency leads eventually to a continuous sys- 
tem, with no filtering problems of this type. P NA 
The selection of the compromise between filtering and stability is a 
major element in the design of the sampled-data control system. à This 
Compromise can be chosen using conventional servo-design techniques, 
as described in the following sections. Alternatively, the design of the 
Optimum filter might be carried out on the basis of minimization of the 
Mean-square error in the manner of Wiener and as described in Chap. 8, 
for here the statistics of the primary and complementary signals are 
nown if the statistics of the input lail 
are available. d 
One particularly simple filter is the 
olding circuit or boxcar generator. 
In this circuit, the value of a sam- 
Pling pulse is held until the arrival of 
© next pulse. Typical input and 
peat waveforms for the circuit are 
Own in Fig. 9.9. The transfer 1 raoteristte of Holdin 
Unction of such a network is deter- Fra: e Gainicharaste E 


mined readily from the impulse re- fe, E 
Sponse, which is the combination of a positive step at zero time and à 


negative step at T sec, where T is the sampling period: 


1—e7™ 


Gal) = —> (9.12) 


The £ain-frequency characteristic, sketched in Fig. 9.10, is readily deter- 
Mined if the behavior of G(s) along the jw axis 1s considered: 


2r [sin (rw/w)| 
Gu(j0)| = rf (213) 
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cut off sharply, the gain being down only 36 per are 

p s C Sobre td changes qp rapidly, a a s is simply 
i inari art of the sampling equ i . 

VO e mU s Fou As indicated in the preceding sections, the 
sampled: data feedback control system ordinarily contains both a We e 
and some combination of conventional linear elements, possibly incluc mg 
a holding circuit, but at least furnishing a certain amount of mae 
smoothing. The simplest system takes the form shown in Fig. p^ ) 
with the transfer function of the conventional elements denote : ge 
The design of the over-all system resolves to the selection of a suitab 


r(t) + 


BU y 


e(t) Linear 


Elements 


c(t) 


in tandem with the sampler, 
dynamie performance. 

the conventional closed-loop 
cteristics. At the output of 
mpling instants. Although a 
nalyze such a system, there is 


no wholly satisfactory method for the complete 
The two approaches which offer 


suggested by W. K. Linvillt and by Raga: 
procedure, the over-all system function is 
and the stability is investigated by a 


tinuous nature of the output. If the only charac- 


design. 


the sampling times, the behavior 
i be investigated an 
I stem at all other times dis- 
regarded. In this situati Zadeh approach yields simple 
i methods are more superficia 
iscussion both are considere 


aly n ystem is complicated by the sampler 
characteristics. Equations (9.10) and (9.11) describe the operation O 
this part of the system: 


tW. K. Linvill, Sampled-data Contr 
Sampling with Amptitude Modulation, 
1951. 
tJ. R. Ragazzini and L. A. Zadeh, The Analysis of Sam Tra 
: pled-data Systems, 
AIEE, Vol. 71, Part II, Applications and Industry, pp. 225-232, 1952. 


ol Systems Studied through Comparison a 
Trans. AIEE, Vol. 70, Part II, pp. 1779-1789 
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E*(s) = e(nT)e777* (9.14) 
E*G) =F » E(s + jr) (9.15) 


where e(t) and E(s) refer to the input signal, E*(s) is the Laplace trans- 
form of the sampler output, T is the sampling period, and w, is the sam- 
pling angular frequency. Inspection of either equation reveals at once 
that the sampler cannot be described by an ordinary transfer function 
relating the transforms of input and output. The two equations also 
indicate, however, that the sampler is a linear device, with the result that 
the principle of superposition is applicable. As a result of this fortunate 
characteristic, analysis can be effected with only a slight modification in 
the usual approach. 

The z Transform. The analysis of the over-all system is simplified if 
the z transform is introduced. The z transform of a signal c(¢) describes 
the behavior of the signal at the sampling instants. The z transform is 


derived in three steps: 


(1) The values of the signal are determined at the sampling instants. These 


values form the starred time function c*(t). ^ $ 
6 (2) The Laplace transform of this succession of samples is taken, with the result 
ion 
(3) C*(s) involves s in the form e". 
the substitution f 


The z transform C(z) is obtained by making 


ene? (9.16) 

Thus, the z transform carries information about the corresponding time 
function at the sampling instants only. The z transform depends upon 
the original choice of sampling frequency, although not necessarily on 
the actual signal being in sampled form. Any continuous signal possess- 
ing a Laplace transform also has a z transform. As indicated by the 

Iscussion of sampling in Sec. 9.1, if it is known that the sampling fre- 
quency is at least twice the highest signal frequency, the z transform 
carr‘es all the information contained in the Laplace transform. If, on 
the other hand, system design includes the problem of determining the 
minimum sampling frequency which results in suitable system perform- 
ance, the z transform does not carry sufficient information. Calculation 
of the behavior of the output between sampling instants necessitates the 


T The z transform C(z) could also be written C*(z), the notation used by Raggazzini 
and Zadeh, but the addition of the asterisk seems superfluous, since the fact that z 
's the argument implies directly that the transform is associated with a time function 
defined only at the sampling instants. Mor 

Also, the terminology C(z), or C*(z), is somewhat loose. C(z)is neither C(s) with s 
Teplaced by z nor C*(s) with s replaced by z, but rather it is C*(s) with e? replaced 


Su 1 
by z. Strictly, the notation should be C* a m z). 
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use of the Laplace transform. These concepts are explained further in 
ing sections. 

ae “of the variable z, the transform of the sampler output as 

given in Eq. (9.14) becomes a power series in 1/z, 


E(2) = b e(nT)z-^ (9.17) 


n-0 


With the sample described in this way, the analysis of a closed-loop sys- 
tem (such as that of Fig. 9.11) is effected in three steps: 


(1) The z transform corresponding to G(s) is determined, . 
(2) The effect of closing the loop around the sampler and block g is evaluated. 
(3) The relation between the z transforms of input and output signals is found. 


The significance of the z tran 
If the input to the sampler is a s 
the output as 


sform is clarified by a simple example. 
imple exponential eat} Eq. (9.14) gives 


E*(s) = 1 + eet E a a po... (9.18) 


The simple power series can be written in closed form: 


E*(s) = C Io i (9.19) 


l=- e-oTe—Ts 


The corresponding z transform is 


EQ) = us 


The z transform gives a complete des 


cription of the values of the time 
function at the sampling instants, 


but no indication of the behavior of 
the function between these times. The z transform is essentially the 
transform of the sampled function. 


Useful z Transforms. A list of the z transforms of common functions 
can be constructed readily from the al 


bove definition and is shown in 
ation of the entries in this table, 
the unit ramp function 7 t) = i 


instants are 0, T, 2T, 3T, etc. The ordinary 
Laplace transform of this series of samples is 


R*(s) = Ten + 2Te-:r + 3Te èT: i ei (9.21) 
The z transform is found by replacing e7* by z: 


R igm 
ROE EE (9.22) 
The expression for R(z) can be put in closed fo: 


f Only one-sided transforms ar 
tion is made that the time funeti 


rm by summing the series. 
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TABLE 9.1 
LAPLACE AND z TRANSFORMS[ 


Column 2 Column 4 


Column 1 
Row : 
Laplace transform Time func- Description of 
tion time function 
———» 
Impulse func- 
a 1 p c 
ut a tion att = 0 
| ew. uc 
b -aTi = 2 Impulse func- 
$ m= 07) z tionatt = nT 
UM |e | ete, Wo ee 
1 á Train of im- 
g ice i(t) <i pulses at sam- 
pling instants 
——|- 
i i u(t) s = i Step function 
L| 00. ee eee 
E i t e T Ramp function 
ado 1. 9t, ,jó5ébj| ee 
EH Quadratic or ac- 
f 2 iu E QUU celeration func- 
2i @-1) tion 
= i DEST D coc 
1 - z Exponential 
: s+a 5 z-eor function 
exi sie 2a Aem noi 9 
h a moi zsin aT. Sinusoidal 
8* +a? zn z — 2zcos aT +1 function 
ER Au UAE QE Mr 
i 1 aT z Constant raised 
s — (1/T) Ina z—a to power t 
ea Mo wo o 
; b : za sin bT Sine wave multi- 
-—- — STO : d — 
i Ep—iUumiaen ue bt agar cos bT +a? | plied by a? 
Cc d tec E ee TUE 
a/r)1 s(s — a cos bT) Cosine wave 
| m Oe a i-s(s— oe Itiplied b 
{s — (1/7) In a + b aT cos bt | z1 az cos bT + a? A Ipae 
—— 
Effect of multi- 
i F(s +a) PO] F(e*972) plication by 
e" 


A t This list of transforms was developed from a table in the article by W. M. Stone, 
A List of Generalized Laplace Transforms, Towa State Coll. J. Sci., Vol. 22, pp. 2157 
5, April, 1948. The table is similar, except for a few additional entries, to that 


appearing in the paper by Ragazzini and Zadeh, op. cit. 
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Equation (9.22) is first rewritten 


Re) 1 2,3 


oe ee uu. 9.23) 
zT ge ul gi Ej z ai ( 
Multiplication of both sides of the above equation by dz and integration 
yield 
R(z) Le Jv d : 
Eu übel. 9.24) 
ih 2T = 2 22 gi +K ( 


where K is the constant of integration, 


The series on the right side of 
the equation can be written in closed for 


m: 
FO a, RSEN. (9.25) 
Differentiation of Eq. (9.25) with respect to z gives 
2o z TER (9.26) 
R(z) = T (9.27) 


Table 9.1 demonstrates one source of difficulty associated with use of 
the z transform. Rows c and d indi 


mult) + u(t) where u_,(t) de tes i i r* 
The latter form may be ui Lied DE o rie 
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poles than zeros in the finite part of the s plane, impulses do not appear 
in the output of this network, and no ambiguity arises in the use of the 
z transform. Care must be exercised when aa interpretation is desired 
of the z transform of the signal at the output of a compensation network 
following the sampler. The appropriate time function for the z trans- 
form ean always be determined by consideration of the actual network. 

_ Inverse z Transformation. The inversez transformation can be effected 
in either of two ways: ; 

(1) The z transform is manipulated into a partial-fraction type of 
expansion such that the inverse transform of each component term is 
recognizable from Table 9.1. In general, evaluation of the inverse trans- 
form of G(z) requires an expansion in terms of the form kz/(z — a) for the 


real poles and the form 


2kız(z — a) — 2bk:z 
(2 — a)? +B? 


for the complex poles. Here k is the residue of G(z)/z at z = a, and 
ky + jks is the residue of G(z)/z at z = a + jb. Once the G(z) function 
is written as the sum of terms of this type, rows i, j, and k of Table 9.1 
allow immediate writing of g()- 

(2) The alternative method of taking the inverse z transform involves 
a power-series expansion of G(z) in powers of 1/2. In the expansion, the 
Coefficient of 1/2" corresponds to the value of the time function at the 
nth sampling instant. In contrast to the partial-fraction method, in 
which the resultant g*(é) is given as & continuous function of time with 
correct values only at the sampling instants, this second method yields a 
Sequence of discrete values for g*(n T), the time function at the sampling 
Instants. 

2 Transform of a Network. 
depends upon the availability of 


The usefulness of the z-transform theory 
a relation between the z transforms of 


the input and output of a linear, continuously operating network, For 
lar to that of Fig. 9.11 in terms of 


example, the analysis of a system simi 1 . ; 
? transforms depends on a description of the way im which the section 
with the transfer function G(s) determines the values of the output c(t) 
at the sampling instants. In Fig. 9.11, the input to the g network is 
assumed to be a series of samples e*(¢), with the Laplace transform E*(s). 

he output of the network is denoted c(t), with the corresponding trans- 
form C(s), The relation desired is C(2) in terms of E(z). 

Clearly, the definition of G(s) implies that 


C(s) = G(s) E*(8) (9.28) 

The values of c(é) at the sampling instants are determined by C*(s), 
Which is in turn given by Eq. (9.15): 

cre) = d Y, Glo + ine) EtG + no) (9.29) 
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But E*(s) is a periodic function with period €, since e*(/) is assumed 
to be the output of a sampler. Hence, 


E*(s + jno.) = E*(s) (9.30) 
Substitution of Eq. (9.30) in (9.29) yields 
C*(s) = E*(s) 3 is G(s + jnw,) (9.31) 


In terms of the z transform, Eq. (9.31) can be written 


C(z) = E(z)G(z) (9.32) 
Here it is implied that G(z) is given by 
E 
G(z) = E » G(s + jna | (9.33) 


In other words, the 2 transform of the output of a network is simply 
the z transform of the input multiplied by the z transfer function, where 


this z transfer function is determined 

by exactly the same rules as the z 

aM m transform of any time function. The 
af *() z transfer function G(z) can be de- 

| | termined either by a partial-fraction 


(a) Integrating Circuit 


expansion of G(s) and use of columns 
1 and 3 of Table 9.1, or by a deter- 
mination of g(t), the impulse response 
of the network, and a subsequent use 
of columns 2 and 3 of the table or the 
basic definition of z transforms. 
Example. An example of the ap- 
Plication of the relations derived 
above is furnished by the integrating 
Actual Output ect) vt of Fig. 9.12(@). If the inpu 


15 à sampled unit step function, R(2) 
(b) Step-function Response 182/(2 — 1). The transfer function 
Fig. 9.12. z-transform example, G(s) of the network is a/(s + a). 


; 1 € correspondi func- 
tion can be read directly from Table 9.1, aims | ei 3 E ae 


to) = —— (9.34) 
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method gives 


C(z) = 


az? - (a/1 — e)z + [ne7?7/(e- — 1)k 
-e-e £—1 z—e 
Each term on the right side of Eq. (9.35) can be identified with the corre- 
sponding time function by reference to Table 9.1: 


(9.35) 


e Ti-mü-emem c (9.36) 


Equation (9.36), sketched in Fig. 9.12(b), gives the correct values of 
the output time function at the sampling instants but is incorrect at all 
other times. The values at the sampling instants can be written by 
substituting (nT) for t: 

1 — e7?o*Dr 

c*(nT) = a rt (9.37) 

In this simple example, the actual output waveform can be determined 
by ordinary Laplace-transform methods and is shown in Fig. 9.12(b).f 

Modification of z Transform to Determine Output between Sampling 
Instants. The z transform can be modified to give the output between 
sampling instants.{ In the analysis of the integrating circuit of Fig. 
9.12(a), Eq. (9.37) yields the values of the output at the sampling inter- 
Vals. These values are the output of the network when the input is & 
train of impulses occurring every T sec, with the impulse areas repre- 
senting the input at the sampling instants. The input is zero between 
sampling instants. Consequently, exactly the same output is obtained 
if the sampling frequency is multiplied by any integer and the continuous 
input is assumed zero at the newly introduced sampling times. 

Thus, if the output of the system of Fig. 9.12(a) is to be evaluated 

alfway between sampling instants, the continuous input is assumed to 
Possess the waveform shown in Fig. 9.18. This input is denoted r(t), 


T The instantaneous jump in the 
engineer, since à step function app’ 
Increases exponentially from zero towar 
from the impulse nature assumed for the sam 
based on the concept of the input r( modul 
Unit step function, r*(f) is a train of impulses, 
response of the network alone is ae~*, the u 
Erating circuit behaves as ae~* during the perio r : 

If the sampling actually is the modulation of a train of pulses of finite amplitude 
and unit area, rather than unit impulses, the response does not jump to a, but changes 
from 0 to a during the sampling time (the time the sampler is turned on). As long 
^3 the duration of the pulse is short compared to the time constants of the system, 
the pulses of unit area can be considered as unit impulses. Thus, the jump in the 
Tesponse of Fig. 9.12(b) corresponds to the charge placed on the capacitor during the 
Sampling time. 
is i The modification below was sugg 

indebted to Professor Lago for his studied c 
9n this entire chapter. 


ench of unit area. Since the impulse 
nit-step-function response of the inte- 
d from 0 to T sec. 


ested to the author by G. V. Lago. The author 
omments and constructive suggestions 
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where the subscript s denotes the synthetic nature of the signal. _The 
z transform of r,(¢) is determined from the original R(z) by replacing 
by z*. This transformation is obvious from the expansions of R(z) a 
R.(z) in inverse powers of z, since r(nT) is simply r.(2nT'), where T, (the 
sampling period of the synthetic System) is 7/2, and the other samples 
r(t) 


i [— E a, 1 


0 T 2T 


T, 2T; 3T, 4T, 5T, 
or or 
T ?T 
(Waveform between sampling times irrelevant.) 


of r,(t), corresponding to an odd number of periods, 
in this example, 


Fia. 9.13. Synthetic input. 


are all zero. Hence, 


z? 
= —— 9.38 
Ris) 73 (9.38) 
The z transfer function of th 
the doubling of the sampling f 
sidered here, G.(z), the transfer 
quency, is 


e network is also modified as a result of 
Tequency. In the specific example con- 
function for the synthetic sampling fre- 


GG) =" (9.39) 


In the above example, G, 
replacing 7 by T/2. In 


G) is found directly from G(z) in Eq. (9.34) by 
2, G.(2) is determined f. 


ratio of polynomials in 
Tom a partial-fraction expansion of G(z)/z. In this 


a, is replaced by 2= Va 


y half sampling period is 
The product is expanded 
e denominator into the 
nd (9.39), the result of 


numerator. With 
this division is 
C.(z) = 


—1 1 1 
a+ ae a + a(L + er) zi tae qo emar) s 


+ a(l + e-r + ear) E cT (9.40) 


¢.(0) =a 
T 
Cy Tu or 2) = ge-27/2 
(27, or T) = a(l + g-er) 
3T 
Cy (sr. or 5) = a(l + e~T)e-ar/2 


¢.(47, or 27) = a(l + ener 4 ear) 


COMBINATIONS OF NETWORKS 517 


The division is simple if numerical values are used for the parameters 
aand T. The values for c((nT;) agree with the values derived from the 
exact output shown in Fig. 9.12(b). 

Thus, the z transform can be used to determine the values of the out- 
put between sampling instants. The synthetic sampling frequency used 
above can be chosen as any integral harmonic of the actual sampling fre- 
quency, and a simple division suffices to determine the output as accu- 
rately as desired. The method described here is identical with the 
impulse techniques described in Sec. 1.6 for evaluation of the convolution 
integral. In the ease of sampled-data systems, the input is actually a 
train of impulses, and no approximation is involved in the determination 
of the output at periodic intervals. The determination becomes a multi- 
plication (rather than the above division) if both r.(¢) and g,(t) are 
described in terms of samples (i.e, in terms of the power series for the 
two z transforms). 

This flexibility in the use of the z transform removes the most serious 
objection to use of the z transform for analysis and design—the objection 
that use of the transform requires complete disregard for the output 
between sampling instants, with the result that the actual continuous 
output might oscillate wildly in this interval. Actually, in most cases 
this objection is not so serious as often believed, since in most systems 
designed using the z transform the output cannot have a frequency of 
Oscillation larger than the sampling frequency because of the low-pass 
nature of the transfer functions used in the design of the system 
components. ` 

_ 9.4. Combinations of Networks. The discussion of the previous sec- 
tion established the usefulness of the z transform in the case when the 
System consists merely of a sampler followed by a linear network. In 
this special situation, the z transform of the output of the tandem combi- 
nation is the product of the z transform of the input and the z transfer 
function of the network. The situation is ‘completely analogous to 
the conventional theory in terms of Laplace transforms for continuous 
Systems. 

If the z-transform theory is to be 

Buration, it is necessary to consider tà j 

two networks are separated by a sampler [Fig. 9.14 
of the output is, of course, nothing more than 


C(e) = RG)G:G06:G) 


In the more common situation depicted in Fig. 9.14(b), however, there is 
no sampler separating networks M1 and Ns, and Eq. (9.41) is no longer 
valid since N, is driven not only by the values of e(l), the output of Ny 
at the sampling times, but also by e(t) between sampling instants. In 
this case, 3 


used to analyze a feedback con- 
ndem combinations of networks. 
(a)], the z transform 


(9.41) 


(2) = G3Gs(z) R(2) (9.42) 


Here G,G,(z) is to be interpreted as the z transform of the tandem combi- 
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nation of N, and Nz, that is, the z transform corresponding to the ordi- 
function G (8)G@2(s).¢ es 

ar Rad A simple der ilustrates the very "mc uH 

troublesome) differences between Eqs. (9.41) and (9.42). aO 

G;(s) are both considered to be simple integrating transfer functions: 


Gi(s) = a G(s) = L3 (9.43) 
The individual z transforms are found at once by inspection of Table 9.1: 
Ale) = - SS Go) = i (9.44) 
The configuration of F ig. 9.14(a) yields the over-all z transfer function: 
co a (9.45) 

Re) (e= eNe- e 


On the other hand, the z transfer funct 


ion corresponding to the tandem 
connection of N, and N» [Fig. 9.14(0)] i 


is found from a partial-fraction 


(b) Networks in Tandem 


Fig. 9.14, Networks N, and NV, interconnected, 
expansion of Gi(s)G2(s): 
1 y 1 il 
ge oe NA 9.46) 
1(8)G2(6) CEEDED “247-7 +2 ( 
z Zz 
pm is P (9.47) 


Collection of terms in Eq. (9.47) results in the over-all z tr. 


ansfer function, 
an expression markedly different from 


that of Eq. (9.45): 
2(e-? Ey eir) 

G = .48) 
Gs) = e)z = gu e 
Feedback Systems. Thus, the z transfer function must be determined 
for all networks from the output of a sampler to the input of the next 
interpretation of the 
the argument z canno: 

systems. 


notation here. Since G,G,(z) is 
t be omitted in writing equations 
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sampler in the system. In the case of a digital computer, in which 
information is carried throughout in terms of samples, the z transfer 
functions simply multiply in the usual way. In the conventional sam- 
pled-data feedback control system, however, there is only one sampler, 
as indicated in Fig. 9.15. The analysis of this simple system takes the 
following form. 


MN. 
Transfer Function G(s] 


r(t) + e(t), 


N2 
h 
[Transfer Function H (s )) 


Fro. 9.15. Single-loop sampled-data system. 


E(s), the transform of the actuating signal, is given by 


E(s) = R(s) — H(s)C(s) (9.49) 

a output transform C(s) is related to E*(s) by the transfer function 
8): 

E(s) = R(s) — H (s)G(s) E*(s) (9.50) 


The output of the sampler is H(z) or E*(s). Since the sampler is a linear 
evice in the sense that superposition is valid, 


E*(s) = R*(s) — HG*(s)E*(s) (9.51) 


Algebraic manipulation yields 


1 
E*(s) = R*(s) 7 HO) qe» 
In terms of the z transforms, 
R() (9.53) 


EG) = rx HG) 


The actual Laplace transform of the output is simply G(s) E*(s), since 


e*() is the signal driving the Mı network. 
G(s) R* (s) 9.54 
C(s) = 1+ HG*(s) (9.54) 
The value of the output at the sampling instants is given by C(2), 
R(z)G (2) 9.55 
€ 714 HGO Pn 
the two relations placing in evidence 


Equations (9.54) and (9.55) are 
Peene nr It is only at this point that Linvill’s 


the characteristi 
cteristics of the system. ES 
3Pproach to design differs from that proposed by Ragazzini and Zadeh, 
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for Linvill prefers to work in terms. of C(s) while Ragazzini and s 
choose to concentrate their attention on C(z). The selection of = 
appropriate method depends primarily on the information desired ant 
the motivations for the system analysis. If relative stability is of pri- 
mary importance, the values of the output at the sampling instants carry 
sufficient information. The z-transform approach is completely satis- 
factory if the sampling frequency is larger than twice the highest fre- 
quency component of the input signal and indicates the primary charac- 
teristics of system dynamic performance with lower sampling frequencies. 
On the other hand, if the actual output waveform is required, if the 
behavior of the output must be rigidly controlled between sampling 
times, or if the design is to determine the lowest sampling frequency 
consistent with specifications on system dynamic response, the some- 
what more complex analysis through the ordinary Laplace transform 1S 
required. If, in a specific problem, the sampling frequency is specified, 
as is ordinarily the case, some preliminary calculations using the Laplace 
transform are often desirable, even if only to verify the validity of the 
z-transform approach for the desired analysis. 

If analysis is carried through w 


ith the z transform, the same procedure 
described at the end of the prec 


eding section can be used to determine, 
for a closed-loop system, the output at regularly spaced points between 
the sampling intervals. The sampling frequency is doubled (or multi- 
plied by any integer), and an e(t) is hypothesized such that e,(t) is identi- 
cal with e(t) at the sampling instants and zero at those instants which are 
sampling times for e,(/) but not for e(t). In the system of Fig. 9.15, 
E(z), the z transform of the actuating signal, is given by the expression 
R(2)/[1 + HG(z). If E,(z) denotes the synthetic z transform of e(f), 
under the assumption that the sampling frequency is doubled, E,(z) i$ 


simply E(z?). C.(z), the synthetic z transform of the output, is then 
G.(z) E.(z), where G.(z) is fou iti 5 i 


expansion for G(z)/z and then replacing the pole at a by a pole at Ve 
with the same residue, C.(z 


during every actual sampling period. 


i f ng circuit, the procedure must be modified 
slightly since the output of the holding circuit must be constant through- 
out an actual sampling period. I 

must be equal to the preceding sample. 

as described above for the simple 
thout modification to the study © 
sults of the analysis of several con- 
In each case, the Laplace transform 


E 8 well as the z transform indicating 
t the sampling times, 


i ; can be applied wi 
more complicated configurations. Re 


figurations are shown in Table 9.9. 
of the continuous 


ransfi 
The transfor 
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appear as a simple multiplicative factor in the numerator of the expres- 
sion for C(z). The input signal does always appear, however, only as a 
numerator factor, with the result that the principle of superposition is 
valid and system performance can be described by the response to cer- 
tain typical test inputs. In the light of these comments, the sampled- 
data control system stands as an intermediate step between the linear, 


TABLE 9.2 
OUTPUT TRANSFORMS FOR BASIC SAMPLED-DATA SYSTEMSt 


Laplace transform of z transform of 


System output C(s) output C(z) 
1 " - R*(s) Re) 


2 ——[s p GR*(s) GR) 


3 s l]—— G(s)R*(s) G(z)R(e) 
mi ; G()R*G) CORO 
1 Au i AG") I + HG) 
X [4] £e eee 
Horo s ET G*()R* (3) G()RG) . 
: i ES OCHO) T+ HOGG 
= [ie Me 
tio : ^ H()RG*(G) RGO) 
6 A co [sc - Hore] FH 
ay [# | is aA esa cost 


a ar 
o a þa H* Gals) ROM) GORGE 


T This table is taken directly from the article by J. R. Ragazzint a] 5 ado eu, 
The Analysis of Sampled-data Systems, Trans. AIEE, Vol. 71, Part IT, Appi 
and Industry, p. 228, 1952. 1 t 
continuous system and the vastly more complex nonlinear ien, x 
which neither a transfer function exists nor the principle of superpositio 


18 valid, d » 
9.6. Analytical Determination of Stability. The simplest ae um A 

em for linear feedback control systems involves the gue ^ rod 

mum allowable gain if the system is to be absolutely stable. in 


inuous systems the stability may be investigated by four weltknonyn 
chniques; í 
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(1) The Routh test, a determination whether any poles of the closed-loop system 
function lie in the right-half plane. 

(2) The Nyquist diagram, an investigation of the encirclements of the —1 point 
by the plot of the open-loop transfer function at real frequencies. 

(3) The gain and phase plots versus frequency, & determination whether any real 
frequency exista at which the open-loop gain is larger than 0 db and the phase greater 
than 180°. 


(4) The root-locus method, a graphical procedure for determining the location 
of the poles of the closed-loop system function. 


Each of these techniques can be applied to the analysis of sampled-data 
closed-loop systems. In this and the following section, the four methods 


are discussed and an attempt is made to indicate the difficulties associ- 
ated with each. 


Only the simple single-loo 
this section in order to illustrate the 
the Laplace and z transforms of the o. 
(9.55), repeated below: 


1+ HG) (950 
_ G()R(e) 
C) = T+ AGO (9.57) 


Either equation indicates that, if the assumption is made that G(s) is 

feo the stability of the closed-loop system depends exclusively on 

i. i (s) orl + HG(z). The discussion of the preceding section indi- 

= re ea eee factor is a rational algebraic function of 2 
ariable e'7, e stabili i 

Ss ae arian stability depends on the location of the zeros 


d tion, in this c. i ) can 

be found by a partial-fraction ; ase simply G(z). G(z) cai 
; expansion of G(s), conversi term by 

term to z transforms with the aid of Table 9.1, and, Jaci colineeioh of 
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these terms over a co i 
mmon denominator. These three steps t: 
form shown below: b 


KK 
GO) = el (9.58) 
K K 
G@) =; E dps = (9.59) 
Kz(1 — e" 
G(z) = jee (9.60) 


For stability analysis, the polynomial of interest here is the numerator 


of 1 + Ge), 
_ tik eT) — (1 tele eT 
14 G() = EUROS (9.61) 


de closed-loop system is stable if the numerator possesses no Zeros out- 
ide the unit cirele in thez plane. In the general case, the determination 


Fra. 9.16. Sampled-data system. 


of whether there is a zero outside this circle can be effected in either of 
two ways: 


(1) The nth-degree polynomial in z can be converted to the ratio of nth-degree 


Polynomials in w by means of a bilinear transformation, 
vti (9.62) 


TUw-I 


ps exterior of the unit circle in the z domain is mapped 1:1 into the right half of the 

en The condition for stability then becomes the absence of any right-half-plane 
(2) in the numerator polynomial of the w function. Cu x 

Th ) A somewhat more elegant approach is to test the polynomial in z directly. 
ae analysis is based on the Schur-Cohn citerion.t The work involved does not, 

ab peers differ significantly in the two methods, at least for polynomials of the moder- 
ely low degrees ordinarily encountered in the study of feedback control systems. 

here, the polynomial is a quadratic 


Tf the quadratic polynomial p(z) 
is unity, the necessary and 


En the particular example considered 
no elaborate tests are required. 


bs S real coefficients and if the coefficient of 2° i cess 
Cient conditions for p(z) to have no zeros outside the unit circle are 


l0] «1. 20)> 0 p»(-D»0 (9.63)1 


TM. Marden, “The Geometry of the Zeros of a Polynomial in a Complex Variable,” 


p. £ 
152, American Mathematical Society, New York, 1949. - ; 
he criteria expressed in Eq. (9.63) can be established heuristically. Clearly, if 


b : 
Oth zeros are to lie within the unit circle, |p(0)|, the magnitude of the product of 
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In this example, 
p(z) = 2? + [K(1 — e-7) — (1 + e-7)]e + e-7 (9.64) 
The three conditions of Eq. (9.63) applied to this polynomial lead to the 
relations 
le7| «1 


K(1—e7)»0 (9.65) 
1-K(l-—e")+1+e7+e7>590 


The first and second conditions are satisfied for any positive K. The 
third condition places the bound on gain, 


ET c 
K «2 DICT or K <2 coth — (9.66) 
ai. Wa 


If the sampling fre: 


quency is four rad/sec, for example, Eq. (9.66) yields 
a limit on K: 


K < 3.05 (9.67) 


Inspection of Eq. (9.66), giving the maximum value of K in terms of 


the sampling frequency, demonstrates one effect of using a sampled-data 
system. A continuous se 


; ae output approaches exponentially a value 
greater than the value specifier i If ihe s d gain is 


System is unstable, even 
larger the gain, the sooner 
ct this tendency for the output 


y tends to zero, The la. 
ust arrive to corre 
d the desired value 


the zeros, must be less than unit. f se a conjugate comple: 
3 y. I 8 compri jug: l 

pair, they are then automatically inside the unit circle, here sti a ists the possi 

bility of two real Zeros, es eme ges 
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oe in the s Plane. Although a graphical procedure is ordinarily 
m a ; to analytical techniques in the stability analysis of sampled- 
e: d s rol systems, just as in the case of continuous systems, analytical 
bilit ques are Possible. The simplest form of analytical test for sta- 
a. B as indicated above, involves a determination of whether any roots 
kh a characteristic equation lie outside the unit circle. It is 
the e le in many cases of practical interest to work directly with 
orna po transforms, although generally no significant saving in labor 
Pis iat quation (9.56) indicates, for example, that stability of the 
hal PUR system requires that all zeros of 1 + HG*(s) lie in the left 

of the s plane. In the simple example considered above and shown 


in Fig. 9.16, this denominator rational algebraic function takes the form 


1 + HG*(s) = 1+ G*(s) where G(s) = SED (9.68) 


G* 
E (s) can be represented by an infinite sum of functions, as shown in 
q. (9.11), 


G*(s) — 7 Y G(s + jno») (9.69) 


s test directly to the 


As indicated previously, attempts to apply Routh' 
but the function can 


iranscendental function of Eq. (9.68) break down, 
pe insted by a rational algebraic function. 
a few terms of the infinite summation for G(s) are written out, 


Eq. (9.69) becomes 


* 1 
G(s) = E 1G) + G(s — jo) + G(s + Ja) + Gls — 320 
+ G(s + j2u) + c d (9.70) 
* n 
D is a periodic function with a period jw, and repeats in horizontal 
Wb strips in the s plane, as indicated / 
hon 5 zeros of 1 + G*(s) in the right-half plane in 
ity peor 2 to +jw,/2 ensures the stabil- 
hie E the system. Since 1 + G*(s) is a 
Ray ion with all real coefficients (if the 
inion terme in the series are com- 
the D. it is necessary to investigate only 
ae: alf of the period strip from the ø axis 
ae 2, or the function in the region 
wn shaded in Fig. 9.17. 3 
cause, in the majority of feedback eee ams strip for sta- 


e 
ye systems, |G(jw)| tends toward zero : 
€ frequency tends to infinity, the terms representing the higher fre- 


Sas in the summation are not particularly important. Along the jw 
» 1 + G*(s) becomes 


in Fig. 9.5. Consequently, the 
the period strip 
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K a NN 
ie ae Ez +1) Go = jo) Ge — jo, F 1) 
1 
1 5 
+ Go Y iodo F jo +1) + Go — HajUs — Ba TD 


i E | (9.71) 
+ Gat ioga + Ra FD + 


mmation. Thus, in the vast par d 
of practical cases, an approximate check on the system stability is avail- 


able from a consideration of only two terms in the infinite series of 
Eq. (9.71). 


* ge K uM 1 9.72) 
et ie) se t 4E Rees ÜtbciEe-xi 3 * 


Collection of terms over a common denominator yields a fourth-degree 
numerator polynomial to which the Routh test can be applied, with @ 
slight modification because of the complex coefficients, -— 

Determination of whether the polynomial p(s) has any zeros in t 
right-half plane is initiated by writing p(s) in the form 


BU) E God Bri E + (an + jbn) (9.73) 


Two new polynomials are formed by taking alternatively the real and 
imaginary parts of the coefficients of p(s): 


a(s) = ass"-! 4 jh gn—2 Tae... 
r(s) = p(s) — q(s) 


The expansion is Carri 
ing, dividing twice, i 
stant, Bn. 

and positive and 


that described in Sec. 3.3. 
tH. 8S. Wall, “Analytic Theory of Con 


tinued Fractions,” pp. 178-182, D. Mes 
Nostrand Company, Inc., New York, 1948, A test of this type is also occasiona 
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The primary disadvantage of this method of attack on the stability 
problem lies in the high degrees of the polynomials involved. Con- 
sideration of two terms in the infinite series for G*(s) doubles the degree 
of the polynomial, in comparison with the continuous system with the 
same transfer function G(s). 

Thus, the analytical tests available for sampled-data feedback controi 
systems take two forms, in each case involving a determination of the 
region within which the zeros of a polynomial lie. In the first approach, 
the z transfer function of the closed-loop system is determined and the 
absence of poles outside the unit circle checked. In the second method, 
an approximate analytical expression for the closed-loop system function 
is found as a function of the complex frequency s and the usual Routh 
test is applied. In both cases, the analysis suffers from the same diffi- 
culties experienced in applying Routh’s test to continuous systems: the 
complexity of the analysis and the lack of any readily obtained infor- 
mation about the relative stability of the system or the effects on sta- 
bility of varying system parameters. 

9.6, Graphical Stability Analysis. Early in the history of servomech- 
anism design, engineers turned to graphical procedures for the analysis of 
the relative stability of a closed-loop system. Most of these graphical 
techniques carry over directly to the analysis of sampled-data control 
Systems. The work of Linvill, for example, is primarily concerned with 

he application of the Nyquist-diagram analysis to pulsed systems. The 
Bbplication of Bode's gain and phase plots is somewhat more difficult, 
ut involves essentially identical principles. The adaptation of the root- 
locus methods of analysis and Guillemin’s 5 
Synthesis procedure to sampled-data feedback 
COntrol systems is not as yet fully developed. 
Li yquist-diagram Analysis from s Plane. 
Invill's application of the Nyquist diagram to 
Sampled-data systems is based on an approxi- 
mation for the starred open-loop transfer func- 
ie an approximation of the same nature as 
oe in the preceding section in the Fra. 9.18, Line im s plane 
i on of Eq. (9.72). It is demonstrate corresponding to imaginary 
iof. 9.5 that, along we F axis Lug axis in w plane. 
equen lf the sampling tre- : 
Quency, the el G* (jo), e the equivalent expression for more 
complicated systems, can be approximated by a very few terms in the 
Infinite series for G*(jo). The validity of this approximation depends 
“pon the low-pass characteristic of G(jc) and the fact that the G(s) part 
9f the system cuts off at frequencies below the sampling frequency. (If 
€ cutoff frequency is higher, the smoothing properties of the system are 
Usefu] io di p r mial has any zeros with a relative damping 
ie line thes pi A is replaced by we'*’*, for oe cod 

ary axis in the w plane corresponds to the line shown in Fig. 9.18 in x p M 
m right-half-plane zeros of the polynomial in w mean that the polynomial in s has 

98 With a relative damping ratio less than 0.5 (or cos 60 J 
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[7 Z C 
$5 ]— ] 


(a) Nyquist Diagram for G(s) = —K 
Fro. 9.19. Graphi (0) s (ser; Plotted for Ke 
* 9.19. Graphical construction of Nyquist diagram for G*(s). 


G(s) = KX _ (9.77) 


the corres ondi *(, the 

n terms of ee): G"Gu) can be found from 

at) = + $ 78) 
T G(s + Jnw,) (9. 


In other words, G* (ju) is Periodic, with a period jo. The value of 
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F K K 
(b) Nyquist Diagram for G*(s) with G (s)= 55571) "T -1, and 


49574 rad/sec (Constructed Using Two-term Approximation ) 
Fic. 9.19. (Continued) 


G*(; ; 
(J1), for example, is the summation 


G*(j1) = E [G(j1) + GUL — je) + G(-4-je)T::1 (9.79) 


Tf the sampling frequency is 4 rad/sec, Eq. (9.79) becomes 


G*(j1 = F [G(j1) + G(—33) + GG) + G(-37) + ++] (9.80) 


But it į k ; 
t is clear from Fig. 9.19(a) that G(j9) G(—J7), and all later terms 
M Very small, "Thus, ihe A of G*(j1) is essentially just the sum of 
on eos representing G(j1) and G(—J3). The construction is shown 
1g. 9.19(5). Aes 

€ value of G*(jw,/2) is purely real and is shown constructed in Fig. 
: 19(b), At Fita ue w,/2, the Nyquist diagram continues into 
t © Upper-half plane, as shown in the sketch, unti] it reaches infinity at 

© sampling frequency. Clearly, the only part of the diagram of interest 
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from stability considerations is the section corresponding to frequencies 
o and w,/2. . ] 
"bees uenis boo from z Transforms. 'The Nyquist "€ 
can also be drawn by consideration of G(z) rather than G (s). T : p " 
and zeros of G(z) are located, and the gain and phase shift are eva - 
along the unit circle in the z domain. s Traversal of the unit circle co the 
sponds to passing along the jw axis in one of the period strips in lé 
splane. The finite number of critical frequencies for G(z) permits simp 
graphical evaluation of the entire Nyquist diagram. 
For example, in the problem previously considered, 


Kz(1 — e-7) 


= eL (9.81) 
g (2 — 1)(@ — e7) 
With a sampling frequency of 4 rad/sec, G(z) becomes 
" 0.792 Kz 9.82) 
Gas — 0308 t 


The gain and phase at any fre 
point on the unit circle corresp 
example, an angular frequency 


quency are determined by locating i 
onding to this angular frequency. fz 
of 1 rad/sec corresponds to the value o 


Z= gT 1/90° (9.83) 


(The angle of z is proportional to the f 


requency.) The associated value 
of G(z) is given by the equation . 


0.792 K A 
BC 

jo 

A is the vector from the origin to 1/90°, B the vector from 1 to 1/9 
and C the vector from 0.208 to 1/90°. Graphical measurements, show 

in Fig. 9.20, indicate that 
a 0.792 K (1/90? 
G(jl) = unes 
(1.414/135 )(1.0216/101.8 ) 


} K 6 
G(j1) = 0.86 7, /—146.8° (9.80) 


Ge) = (9.84) 


(9.85) 


: H p 
Although slightly more difficult than the graphical summation of th 
series for G*(s), the const: 


3 as 
Tuction of the Nyquist diagram from Ge) b 


ntional | 
al effect 
8 to incr 


strates that the gener 
type considered here i 
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Wor " 
e the relative stability.| From the Nyquist diagram 
of Fig i re gain for a stable system is read directly. In the example 
hs. An : ), this gain is found by considering the value of G*(j2) 
E be increased to unity before instability sets in. If only the 
A iL p used in the series expansion of G*(jw), the allowable K/T 
"n ie e 2.5. With a sampling frequency of 4 rad/sec, K is 3.93 

pared to the exact value of 3.05 found in the last section. (If the 


Imz 


Unit 
Circle 


Fig, 
N 9.20. Pole-zero configuration for G(z), with vectors shown for calculation of 
Seid: 5 
quist diagram at w = 1 rad/sec. G(s) = EEIN and w, = 4 rad/sec. 

the value of gain is determined 
ions are involved in constructing 
tional terms in the series for 
and additional terms reduce 


E rom 
TRAE mi diagram is drawn from G(z), 
R di of course, since no approximations 
S) gram.) Consideration of two addi 
the results in a K of 3.46 for stability, 
value toward 3.05. 


€ Nyquist diagram places in evidence not only the absolute stability 


b 
"d n the relative stability of the system, and it indicates, in addition, 
of the mike in which the system can be compensated. An indication 
struction ative stability can be found in the customary manner by con- 
of the appropriate M; circles.t As an example, the Nyquist 
n certain very special cases, the sampling may tend to stabilize the system, as 


Pointed out in Sec. 9.9. 
- B. Brown and D. P. Campbell, “Principles of Servomechanisms,” pp. 185-188, 


John ws 
Wiley & Sons, Inc., New York, 1948. 
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diagram of G*(jw), shown in Fig. 9.19(b), is redrawn in Fig. 9.21, with 
the circle for an M, of 1.3 also drawn. The graphical construction yields 
an allowable K of 1.057’, or 1.65. 

The Nyquist diagram demonstrates the difficulty of compensating 
sampled-data systems with any sort of lead network. Pushing up the : 
bandwidth of the system tends to increase rapidly the contribution of 
the higher-order terms in the series expansion of G*(s). In other words, 
an appreciable amount of smoothing is essential purely from a stability 


=tan} L 594» 
tan 13 504 


Fic. 9.21, Determination of K for M, = wi e 1 
4. T p 3 
E 3 with G(s) s(s ) 
viewpoint even if the effe i is not consid: i 
I iur d ct of irregular output motion is ni 


y tee ud in terms of gain-frequer 
plots. e Bode diagrams are primarily use 
when a transfer function is expressed as a product of Finnie factors; ® 
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tran: i ae 3 ri 
is po [ciiam * ritten as & sum is ordinarily more readily handled by 
oye ce Methods in s Plane. Just as the Nyquist-diagram and 
Peste aro method of analysis are carried over to the design of 
modifyin Eis systems, it is reasonable to consider the possibility of 
ibas s A e root-locus techniques and Guillemin’s procedure for the 
aoe: Si n aes of pulsed systems. To the author’s knowledge, 
Soe yo een done in this direction. 
stabilit oe ifficulties arise at once if such a transition is attempted. The 
f eed pente on the zeros of 1 + G*(s). ` If work is confined to the 
just cae - e poles of G*(s) are known from the outset, since they are 
donet poles of G(s) repeated every jw, unit 
iia: ppm totheimaginary axis. The 
deter ot G*(s), also infinite in number, can be 
ros ramea, For example, in the problem 
sidered in this section, with G(s) equal to 


K/[s(s + 1)], 
" Ket™(1 — e") 
G*(s) = — A 
(9) = Ge —1ye —e7 (9.87) 


quo zeros of G*(s) are located at the zeros of 
Sd entirely atinfinity. Thus, the open-loop rhone 
viae configuration is as shown in Fig. 9.22. 
es le gain is increased from zero, the à 
H s loci remain periodic, with period jo, Fic. 9.22. General shape of 
ence the shape of the loci in the period strip p part of s-plane root 
us. 


e 
entered around the c axis takes the general 
ate locus is derived in the following 


iscussion). The value of K at which the crossing into the right-half 
ly by consideration of only a few of 
the poles far from the o axis have 
s in this primary strip. 
cut as indicated by the pre- 
d by the fact that the 
1 the poles is 0° at the frequency (w./2) 
The zero factor e"* contributes 
truction of the locus requires the 


ae entire 180° phase shift. The cons' 
sideration of the effect of this multiplicative factor e™ at each point 


[n ; P 
sco locus. Addition of the gain and phase contribution from this 
hoe ee factor complicates the locus construction, already made 

€ difficult than in the case of the continuous system by the large 


ni punc 
eub ber of poles which must be considered (at least four in this example, 
n if the roughest sort of approximation is made). In addition, the 
i i t to study 


e . 

ee catnted nature of the root-locus plot m 
oom ects of added compensation, particularly, 
tan oo mation network, with a transfer functi 
dem with G(s), requires determination of GG,*(s), rather than the 


Sim; 
ple product of the starred transforms. 
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*(s) is approximated at the outset of the analysis by a few terai 
in ng ein jc [e.g., the two-term approximation | in the Bur 
struction of Fig. 9.19(b)], the root-locus plot is more = a E 
zeros are determined by collecting terms in the expression or at qe 
a common denominator. In this method, again, the comp e d d 
duced by both the number of poles and zeros and the complex = s es 
the coefficients in the numerator and denominator polynomials o wi 
approximate G*(s) discourages application of the technique in any 

implest problems. 
pos Methods in z Plane. If the ideas of the root-locus menn 
are applied in the z domain, the number of critical frequencies is reduc 


Imz 


(a) (b) 


Fr. 9.23. Loci of constant time constant 1/a. 


8-plane 


to approximatel 


y the number involved in G(s) alone. As pointed out in 
the preceding s 


ection, z and s are related by the transformation 


"s (9.88) 


form of the System output) lie inside the 


Zn n . S 
ility, also, can be studied in terms of the poles and zero! 


transform. The transformation [Eq. (9.88)] maps a line 4. 
units to the left of the jw axis i 


region shown shaded in F 
shaded region of Fig. 9.2 
spirals. The line segme 
spiral from 1 to z, i 
line from s, to infinity i 


corresponds to the interior of t! K 
4(b), a region bounded by parts of logarithm 


e 
a corresponds to the part of th 
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arbitraril : 

omine mad, In practice, the forward loop (represented by the 
f cneneis wi : output s transform) introduces attenuation at high 
: , with the result that the high-frequency, poles are of no 


importa; i i 
inthe E Figuen 9.24 is drawn for a system in which only the poles 
y period strip are considered important. Tf the first period 


Imz 


z-plane 


(a) (b) 


Fra. 9.24. Loci of constant relative damping ratio. 


Imz 


Path Corresponding to 
Constant — 6 Line in 
Upper Half of s- plane 


strips are significant. 


Stri ; 
P on either side of the primary strip were to be included, Fig. 9.24(b) 
d one-half revolutions 


of each One an 
each of the two logarithmic Spir each half revo- 
of the sloped constant-damping-ratio 


Fia. 9.25. Form of Fig. 9.24() if three s-plane 


method to the analysis is straight- 


for 
+ for relative stability are the zeros of 


Wi 
ard. The poles of interes 
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in the case of the simple single-loop system. The poles and 
"EE oe i ke are determined from the open-loop z transfer ers 
The root loci are plotted in the usual fashion, the only difference in th s 
analysis of pulsed and continuous systems arising from the difference 5 
the allowable pole locations. 'The gain constant is readily chosen r 
give any desired settling time or relative damping ratio once families 3 
curves similar to Figs. 9.23(b) and 9.24(b) are constructed. From the 
root loci it is also possible to study the effects of adding compensation 
networks. The only difficulty arises from interpreting the effects of the 
compensation networks on the z transfer function. 


Imz 


Pani. \, Rez 


Fra. 9.26. Pole-zero configuration for 
G(z). 


Fic. 9.27. Root-locus plot in z plane 


These concepts are illustrated b 
thissection. 'The simple single-lo 
with G(s) given as K/[s(s + 1)]. 
by Eq. (9.60), repeated below: 


y the simple example used throughout 
op unity-feedback system is considered, 
The corresponding z transform is given 


Kz(1— e-T) 


udi ce EY 


(9.89) 


The associated pole-zero configuration is shown in Fig. 9.26. The root- 
locus diagram, shown in Fig. 9.27, is drawn in the usual manner, describe 

in Chap. 4. Asa function of increasing K, the zeros of 1 + G(z) start 
from the poles at +1 and +e-7 and move along the real axis unti 
they ccalesce at 2 = e772. (The product of the two zeros has a value 
€7, independent of K.) Motion is then along the two semicircles to 


Z = —e 7^ on the negative rea] axis. The last part of the locus con- 
sists of the paths to z = — œ and z = Q. 


Several characteristics of the system are at once apparent: 


(1) Instability occurs only when the locus crosses the —1 point, 


corresponding to real frequencies of ./2, 30,/2, ete. At this time, the 
other zero is at 2 = i he 


sum of the zeros is given by th 
of z in numerator and denomin: 


Sum of zeros = 1 + er — K(1 — e2) (9.90) 
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Instability thus occurs for a value of K given by the equation 


—1—er7214e7—K(— £77) (9.91) 
g E 
K-2j7— e (9.92) 


This result was derived in the previous section in the discussion pre- 
ceding Eq. (9.66). 

(2) The corresponding root loci in the s plane are readily drawn, as 
shown in Fig. 9.28 for the primary period strip only. The entire root- 
locus plot, considering all poles in the s plane, takes the form shown in 
Fig. 9.29. The horizontal line segments directly connecting the poles in 
the s plane correspond to the segment of the positive real z axis; the 


Jw 


s- plane 


T 


pe 9.28. s-plane root locus for primary 
Strip, plot. 


Fia. 9.29. Complete s-plane root-locus 


Vertical part of the s-plane locus, to the z-domain circle; and the infinite 


horizontal lines in the s plane, to the negative real z axis. > 
(3) If a given transient settling time is specified, the zeros given by 
the root-locus plot must lie inside à circle determined by the allowable 
System time constants. Clearly, it is imperative that the circle compris- 
ing part of the root locus in the 2 domain lie inside this specified circle. 
In the s plane, the vertical part of the loci must lie to the left of the 
maximum-time-constant line.) The gain allowable under this specifica- 
tion can be determined either graphically or analytically in the usual 
Manner, , 
(4) If a minimum relative damping ratio is specified for the poles in 
he primary period strip of the s plane, the allowable gain can be deter- 
mined from the z-plane root locus. Seca 
(8) The effect of compensation networks can be determined in the 
2 plane, although in the present state of the art considerable trial and 
error is involved, just as in the case when the Nyquist diagram is used 
9r design. Simple cancellation compensation, involving cancellation of 
the pole of G(z) at z = €(7 and reinsertion of a pole nearer the origin, 
18 readily interpreted. The corresponding operation in the frequency 
omain is the introduction of & lead network to cancel the pole of G(s) 
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igin. In terms of the z-domain 
—1 and add a pole farther from the origin. Hithp 
sam m the increase in bandwidth has the effect shown in Fig. 9.30 


of the system and the nature of the specifications. More complit 
compensation techniques are considerably more difficult to evaluate, a 
marily as a consequence of the indirect relation between modifications 


Imz 


; the analysis and synthesis ME 
-loop z transfer function is then simp 


the root-locus diagram. 
A Logical Synthesis Procedure, 
with determining the effects of the int: 


ether sampled-data feedback control systems 
i Attempts to extend the con 

- 5) to sampled-data systems intro- 
duce several interesting Possibilities, 


(2) The corresponding C.(2) is found from the usual partial fraction CETUR 
(3) Since R(2) is 2/(2 — 1), the transform of a System function C.(z)/ R(z) can 
written, 


(4) The relations of Table 9.9 Permit di 


2 transfer functions, If the single-loop uni 
is evaluated. 
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c i : 
in See bee circumvents the difficulties presented by design 
Bons dox cot- ocus procedure or the Nyquist diagram. Attempts 
the firat ste six steps encounter one serious difficulty, however. In 
tons, Th i mE function is selected which meets the specifi- 
coincide with A put of the final sampled-data system is then forced to 
instants. But ae output of this continuous system at the sampling 
Canna vars T is similarity between sampled and continuous systems 
Gtiterion ndn 3a Lam At the present time, there is no simple 
tan be used e for determining the class of continuous systems which 
Physically cns a starting point in the design and which will lead to a 
A vem Re ope G(s) for the sampled-data system. 
Efites b a 2 e explanation of the difficulty here is apparent if the basic 
ration ae in considered. In the single-loop unity-feedback configu- 
, (s) network is driven by & sequence of impulses, an impulse 


arrivi 
ving each sampling instant. The output c(/) can be considered as 
the behavi es for the G(s) system. Thus, 
ior of the output during any sampling period is determined 
K/{s(s + a)) and 


from t A 
he behavior in the past. For example, if G(s) = 
interval displays an output 


lowing interval, this 
ulse from the 


res $ 
Ps also a constant plus à decaying expo ; 
not diffe m is second-order, the response during the second interval can- 

he € markedly from that during the first interval. y 
tinuous asic philosophy of Guillemin’s approach to the synthesis of con- 
manner systems is the idea of forcing the system to behave in the desired 
attempti The difficulty described above arises because the designer 1s 
system. ing to make the sampled-data system behave like a continuous 
respects In actuality, the design of sampled-data systems is in many 
if the simpler than the corresponding problem for a continuous system 
iin mption is made that the characteristics of the sampled-data 

m be described by the response at the sampling instants. 

advant, ple example illustrates one possible design procedure which takes 
mirage of this simplicity.t In the single-loop unity-feedback con- 
ion, C(z) (the z transform of the output) is given by the relation 


. ROO 9.93 
It (p i c 71-60) ped 
is a unit step function, ) 
z zZ 
(9.94) 


60) = panel 
If th 1+ G@z-1 
€ desired system is to be second-order, C(z) must take the form 
z (9.95) 


aiz + do 


D EAE e 
ETA €) = AH be + bez — l 
e author is indebted to Professor G. V. Lago for the discussion here. 
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(As z— œ, C(z)/R(z) must approach zero at least, as fast as 1/z if the 
corresponding output does not possess a discontinuity at pE 0.) . 

There are four parameters which can be selected arbitrarily in Eq. 
(9.95). With these four parameters, the response at any four sampling 
points can be fixed. Clearly, the simplest possible design procedure is 
to fix these four values. Appropriate values for a feedback control 
System might be 


cT) -1 c2T)=12 e387) =0.95  c(e)-1 (9.90 


From these values, the coefficients are determined. The steady-state 
value is established by the final-value theorem, which states that 


lim e(t) = lim [(2 — 1)C(z)] (9.97) 
mew zl 
Hence, 
Q1 + ao 
crea 9.08 
Itir | a 


The first three values are re 


alized by an expansion of C(z) in inverse 
powers of z: ‘ 


C(z) = 2 T ws bs 1 — H 


22 


g albi — bo) + (1 — bi)[ay — ay(b, — 1)] 
3 


de va (9.99) 
z 
Combination of Eqs. (9.96), (9.98), and (9.99) yields 
a4=1 bı = 0.25 0. 
a = 0.45 bb =02 eio) 


The corresponding ex 


S pansion of C(z), the transform of the step-function 
response, is 


1,12. 0.95 0.973 1. 
C(z) mcd cr ue we of Hom a and (9.101) 


Desi l i li : . 1 termined, 

esign a ong these lines 1S str aightfor ward. With C(z) e G(s 
C(z)/ R(z) 1s formed d G(z 1S evaluated The corresponding ( 
establishes the required : 


i a sequence of impulse response? 
shown in Fig. 9.31. 

G(s) system is of unit area, since at th 
€ output is zero and the input unity. Dut 


ing the first interval, the response is an exponential approach to a OD” 
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ee The output reaches unity at ¢ = T. In this simple case, 
Pun ore, the second impulse exciting the G(s) system is zero, and the 
ci during the second period is simply the continuation of the 
d ponse to the first impulse. By ¢ = 2T, the output is 1.2; during the 
p interval, the response to a unit impulse of area —0.2 is added to 
a, anve Continuation of this line of reasoning permits con- 
s ion of the c i y i 
Tanten). e complete output at all times (not only the sampling 
tis with the system designed by this approach, there is no possi- 
ility of high-frequency oscillations between the sampling instants. 


Total Response 


1 

! 

i 
2 


Components 


Component Resulting 


from e$ (1) - uo(£) 
Component from 
2T  e$(0-005 up(£—3T) ; 


3T 


Component from 
of (f) -02 uj(t-2T) 


ej (t), Sample at t=T, is Zero 
Fra. 9.31. Output components. 


There can be no oscillation at a frequency greater than w,/2 if, when 
(s) is determined from G(z), the system with the smallest possible band- 


mh is selected. (It is possible, of course, to select the poles of G(s) 
© be those of G*(s) in one of the complementary period. strips in the 
S plane, rather than in the primary period strip, if the high-frequency 
Oscillations are desired.) The response between sampling instants is not 


necessari] i i i d-order system, but, 
t in the simple secon system, j 
eei E lot of g(t) indieates the 


TR if the G(s) is moderately complicated, 2 p 
ure of the response between sampling instants. X 
Clearly, this concept of summing impulse responses to obtain the total 
Output can be used also as a design procedure for the adjustment of sys- 
tem parameters. For example, if G(s) is K/[s(s + a), the parameters 
peat K can be adjusted rapidly by plots of the step-function response 
a the system as a and K are varied. This viewpoint, considering the 
Ctual impulse nature of the input to G(s), is extremely useful as an aid 
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ers " s m 

in visualization of system characteristics, even if the design is effected 
i i = ts. 

uist diagrams or root locus plo . , 

ie i aa a brief description of a variety of —Q 

the graphical analysis of system stability and the ti of LI eme em 
f the several techniques describe ij t 

feedback control systems. Of : i bi age 
V t-diagram analysis, based on graphic 

most powerful are the Nyquis ue debuts 

ion of the series for G*(s) or on a determina i 1 : 

ee the z transform, and the root-locus tech EM in tes Te 

i 7S he best design of sa 

ny type of feedback control system, t st de 3 3 

dis Goes carried out with the designer drawing information ee 

all possible sources. At the present time, the theory of the Me 

sampled-data systems is by no means in as satisfactory a state as * 

for conventional continuous systems. Considerable work still 4 

simplifying and systematizing graphical analysis and design proce mdr 
9.7. Alternate Methods of Analysis. There are several other meth 


obtained by the z-transform a 
of the function at the sampli 

If the concept of the diffe: 
further, the sampled-data sy: 


S. 
. ] ysis of Sampled-data Systems, m a 
AIEE, Vol. 71, Part Il, Applications and Tndustry, pp. 229-230, 1952; and t i 
Zadeh, Frequency Analysis of Variable Networks, Proc. IRE, Vol. 38, pp. 291— 
March, 1950. 


ing 
Lawden, and A. E. Bailey, Characteristics of San 
and Manual Control,” Proceedings of Cranfield “ons 
ference 1951, edited by A. Tustin, pp. 377-404, Butterworths Scientific Publicati 
London, 1952. 
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Mum to illustrate this concept. The sampler monitors the error 
cn a ar intervals. This error 1s transmitted through the holding cir- 
for A a ipi to the conventional linear control equipment. Thetrans- 
J^ 2 ae of the forward loop, other than the sampler, is selected to 
rd; e following function: On the basis of the error samples in the 
iss "i e equipment described by G(s) must predict, as well as possible, 
This o of the input (or desired output) at the next sampling instant. 
of the ediction may be done on the basis of the last sample or & number 
previous samples. 


Control 
Circuits 
G(s) 


Fra. 9.32. Sampled-data system with holding circuit. 


The type of prediction used in a given system is readily determined 


f ^ ; 
ead the relation between the z transforms of input and output signals. 
erence to Table 9.2 indicates that the z transform of the controlled 


Variable for the system of Fig. 9.32 is 


G(z) 
C(z) = 
1+8 
er series in 


T : 
i 2 transfer function G(z)/[1 + G2 is expanded in & pow 
Verse powers of z: 


ce) = (a +24 a ) RQ) (9.103) 


ctions at the sampling instants, 


(9.102) 


) R(z) 


I 
3 terms of the values of the time fun 
- (9.103) can be written 


C*(nT) = agr(nT) + air[(. — 1)7] + arl@ — 2) Teta a (9.104) 


T : 
eo output at any given sampling instant depends upon the input at the 
me instant, at one sampling period earlier, at two sampling periods 


farlier, ete, 

ete normal feedback control system, with G(s) possessing at least a 

thi e zero at infinity, G(z) tends to zero as z tends to infinity. Under 

S 8 condition, the output c*(nT) at any sampling time depends on the 

i put at earlier sampling instants only- In other words, ao in Eq. (9.104) 

m ero. The feedback control system is a predictor, attempting to esti- 
ate the desired output on the basis of earlier samples of the input. The 


"ui The view of the design of sampled-data systems as & prediction problem empha- 
Clearly, if there are significant 

/2, prediction is impossible. 

t may be almost independent of the previous 
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type of prediction being employed can be controlled by the design of Mu 
and hence G(z). For example, if only the previous two Wu are TA 
i epi in Fi rai basis of the v 
ituation depicted in Fig. 9.33(a) prev ails. On the 1e VRA 
b d at i O and: = T, the System is to make the best predicnon 
of the value at ¢ = 27. During the interval from T to 2T, the contr 
ircui i is predie value. 
reuits bring the output to this predicted va e. 
" The power-series expansion of G(z)/[1 + G(z)] for the System utilizing 
only two samples as a basis for prediction has the form 


GG aa (9.105) 
1+6@ zT gt 


Only the two terms are present. The choice of a, and ds determines E. 
relative weighting of the two samples. If linear extrapolation is a 
equal weight is given to the last sample and the last first difference. 


-1 4 
T | Predicted an {Predicted 
i 
t t 
0 1 2 Ur (n-3) (n-2) (n-1) n tt 


(a) Linear Prediction (b) Quadratic Prediction 

Fia. 9.33, Sampled-data Systems viewed as predictors, 
other words, Passing a straight line throug 
T sec and extrapolating to 27 corresponds 


equal to the value at 7 plus the difference 
that at 0: 


h the sample values at 0 ing 
to making the output at T 
between the value at T an 


nt) = rin — 714 (stis — 1)T] — r[(n —2)7)] (9.100) 
This equation can be rewritten 


eT) = 2r(n — Tria — 2)T] (9.107) 
With this type of prediction, Eq. (9.105) becomes 
ee og Bd (9.108) 
1+G@) 2-43 


The design of the system is straightforward. Equation (9.108) !5 
Solved for G(z), and t 


he required G(s) function is determined. From 
Eq. (9.108), G(z) is firs 


t found: 
22— 1 9) 
Ls c 9.10 
Ge) 2 —22 1 ( 


At this point it is Convenient to consider the effect of the holding circuit 
(if it is to be included). The transfer function of a holding circuit à 
(1 — €7)/5. In terms of the z transfer function, the 1 — e~": factor 4 
equivalent to (z ~ 1)/z, us, a new G,(z) function ean be considered: 


G(z) = D bi . (9110) 
z= 3 


ALTERNATE METHODS OF ANALYSIS 545 
i the Gals) is found, the G(s) desired is (1 — e~**) multiplied by G,(s). 
he motivation for the removal of the (z — 1)/z factor at this point is 
merely a desire to simplify the transition froni the z to s domains. 
a The G,(s) transfer function is found by a partial-fraction expansion of 
a(z)/z followed by multiplication by z: 


z 2z 


Ge) = Goa + G— DE (9.111) 


Be corresponding G,(s) can be determined by identification of each term 
n turn. Reference to Table 9.1 simplifies the evaluation. Row f of 


Table 9.1 gives the transform pair: 


z 2/2 l 
uoo e E (9.112) 


Tf this relation is to be used, Eq. (9.111) is rewritten 


Galz) = [ = TNNT. 2 + | | dil 


The corresponding G(s) consists of two terms: 


jT: .3/QT 
Gals) = DT ST ven (9.114) 
G(s) is the product of this Ga(s) and the factor 1 — g t5 
—en[1/T 3/(QT 
G() =< [ ^ $ E | (9.115) 


the holding circuit; the 


The first factor in Eq. (9-115) is realized by 
trol equipment, the func- 


Second must be the transfer function of the con 


tion G,(s) of Fig. 9.32. d . 
n the above example, the prediction was done on the basis of passing 

a straight line through the last two samples of the input. A variety of 
s ternate methods are possible. For example, different weights given to 
e last sample amplitude and the first difference result in different values 
Or the coefficients in the power-series expansion of G(z)/I + G(z)]. 


Additional freedom is afforded by the possibility of using more than 
If three samples are used [see 


Wo samples as a basis for prediction. 
Le 9.33(b)], passing a parabola through these three values corresponds 
9 holding constant the second difference, 


Second dj 5} 5 "i -2T 
cond difference = (rm — DTI - d 27 cem (uuo 


trt — 27] 
The corresponding form of the power series for G(z)/[1 + G2] is 
digev- S SS LI (9.117) 


i 14:600) £2 # 

n nte d, but except in 
general, an infinite number of samples may be used, cep 

Special cases it is impossible to determine & closed-form expression for 
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G(z) and, hence, the required G(s) transfer function in a form suitable 
for synthesis. Consideration of the sampled-data system as a predictor 
is primarily useful, therefore, when the input can be adequately described 
by the first few differences; i.e., when the input is not changing rapidly 
and satisfactory prediction can be achieved on the basis of a few samples. 

9.8. Continuous Feedback Control Systems with Transportation Lags. 
This section contains a brief exposition of the basic analysis techniques 
used when a continuous feedback control system includes a transporta- 
tion, or distance-velocity, lag. Insertion of this material at this point 
results in a certain break in the continuity of the chapter. However, 
the analysis of systems with transportation lags is comparable in several 
ways to the study of sampled-data systems. In addition, as described 


Tr 


(a) Response of Lumped - para- 
EM (b) Response of Network with 


; Transportation Lag 
d 9.34. Difference between lags of lumped-parameter networks and transportation 


G(s)  G(ge 


Re) ^ T+ Gem (9.119) 
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Phe dhasanuapitins of the system are evident from Eq. (9.118). Asa 
Fh t of the numerator exponential, there is a direct lag of T'7 sec between 
ENS and output. In addition, the closed-loop performance of the sys- 
* = is i i oy the lag because of the factor e 77 in the denominator 
r example, the stabilit; of such a system i i f 
Eee y system is modified by the presence of 
2 ai Stability Analysis. In any analytical stability analysis, 
j e transcendental transfer function has classically been considered by 
pproximating the exponential by & rational algebraic function, after 


Fic. 9.35. Simple system with transportation lag. 


methods, etc., can be applied. 
d, with a few listed below: 


(1) The exponential function can be expressed by the limit 


Rush the usual Routh criterion, root-locus 
number of approximations have been use 


TAN MI 
et = lim (s Te i) (9.119) 


n= o 


unction is approximated by 


If a finite value of n is used, the exponential f 
tive real axis in the s plane. 


se of order n located at —n/T on the nega 
or example, an n of 3 yields 


1 3 
Tp c —— 5l 
ee ren) pm 


of the actual function and the 


The corresponding impulse response r 
36. The approximation 1s not 


approximation are sketched in Fig. 9. 


0 Tr 


(b) Response of Approximation 


(a) Ideal Response for 
Transportation Lag 
Fra. 9.36. Impulse responses. 


Particularly good, with the maximum value of the impulse response 


Occurring at 27/3. 
te The exponential function can be approximated by the first few 
rms of the Maclaurin series. The series for either the positive or the 


ned. f: 
€gative exponential may be used: 
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Tis _ Tis 
af 131 
1 
1+ Trs ThUMXTsJAMA--- 


FEE" : ; iently 
he approximation is valid when the product T;s is sufficient 
B dm it aie down far from the origin in the s plane or ee re 
time lags. If Routh’s test is applied to the open-loop transfer ig Fe 
consisting of the approximation derived for the transportation tae 
combination with the transfer function for the other components s of 
system, the validity of the approximation is determined by the va E 
s at which the zeros of the characteristic polynomial pass into the rig x 
half plane. Thus, one serious disadvantage of any analytical appro 3 
mation is that the number of terms required for satisfactory SPP 
mating accuracy cannot be fixed until the approximation has been use 
to determine the region of the s plane of interest. i 1 
(3) A somewhat better approximation can be achieved without a 
increase in the complexity of the analytical expression for the opëndocp 
transfer function by the use of a rational algebraic function with bot 
numerator and denominator different from unity. The Padé table to 
e-7™ furnishes a particularly simple algebraic function. The Pa x 
approximation is the rational algebraic function, with numerator po M 
nomial of degree n and denominator of degree m, such that the maximum 
numher of terms in the Maclaurin expansion of the approximating func 
tion agree with similar terms in the expansion of the exponential function. 
In other words, if e-77 is to be approximated by the ratio of cubic to 


quadratic polynomials, there are six coefficients which can be selected 
arbitrarily: 


Bin Trs + 


des (9.121) 


en = 


(9.122) 


etre œ~ l + ais + ass? + azs? (9.123) 
£x ro UP d 0»8 T aas 

bo + bis + bos? 

These six coefficients can 

are equal in the two Macl 

appropriate rational alge 


be chosen such that at least the first six terms 


3 i : Y e 
?urin expansions. In this specific example, th 
braie function is 


ete cul — 87 18 + FT 3s? — dps 
1+ $T zs T xoTis? 

The Maclaurin expansion of the fraction is 

1 — Tre + S730? — 27353 4 aiT hs! 


(9.124) 


Tua c MT. 


} of Padé approximants ry 
network synthesis was made by Dr. M. V. Cerrillo at the MIT Research Laborato 
of Electronics, 
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The first six terms are simply those of the expansion of e-77*; the last 
term given is the first one to differ. 

The Padé table, shown as Table 9.3, is simply the, collection of the 
approximating functions for numerator and denominator polynomials of 
various degrees. The rows of the table correspond to fixed degrees for 
the denominator polynomial; each column gives the approximations fora 
certain degree of the numerator. In a system such as that shown in 
Fig. 9.37, for example, in which there is unity feedback and the transpor- 
tation lag occurs in the forward path, the approximating function can be 


C(s) 


Fro. 9.37. Single-loop system with transportation lag. 


used to determine stability through Routh's criterion. The open-loop 
transfer function for this system is 


c), K z9 Oh 
E() 3(8 + 1) als) 
Here p(s)/g(s) represents the rational function selected for the approxi- 
mation. Since the Routh test involves the polynomial s(s + 1)q(s) + 
Kp(s), it is ordinarily desirable to choose p(s) two degrees higher than 
a(s) in order to meet the approximation requirements with the pce 
Dossible degree for the characteristic polynomial. If the degree of the 
denoniinator is selected as unity, the approximation 18 
aaiae Une ATE (9.127) 


E = 1 + Trs 


The resultin - ransfer function is the product of this approxi- 
mating rE ae +1)). The characteristic polynomial a 
Sum of the numerator and denominator polynomials of the open-loop 
transfer function. Routh's test indicates the allowable gain K for a 
Biven time lag. As an example, the maximum K with a Tr of ees is 
found to be 1.14. (The accurate value can be readily determine di 
t ie of open-loop gain and phase Versus frequency and is shown below 
9 be the s 

(4) Finally ae variety of other analytical methods have been 
Used for determining suitable rational algebraic functions to appro ag 
eTe, Any of the standard methods of network synthesis may be used— 


*4., the potential analog method.1 


TO. Perron, “Die Lehre von den Kettenbruchen," p. 424, Chelsea Publishing Com- 


Pany, New York 

y , 1950. 

^ 18. Darlington, The Potential Analogue Method of N 
ustem Tech, J., Vol. 30, pp. 315-365, April, 1951. 


etwork Synthesis, Bell 


IFGE IES, i22 L HST i£9 | zs, oe 
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UI ere ee -a ee r 
ee SUDO c NA eet AT; 
EZ, 129, 22 Wo, ior, 3g 
ZI ett iT] ar egr gri B+ PEE 
£08 _ i$ [2 ig Or 3. 
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"c are two primary disadvantages of an analytical approach as out- 
ned: 


(1) The required accuracy of approximation can be determined only after the 
approximate expression has been used in the analysis. 

(2) Any satisfactory approximation is ordinarily moderately complicated. The 
degree of the polynomials involved in the stability analysis rapidly becomes onerous, 
Particularly if the transfer function of the rest of the system is reasonably complex. 


Because of these disadvantages, a graphical procedure ordinarily pro- 
vides a much simpler attack on problems involving transportation lags. 
The transfer function e~#7r is readily interpreted in terms of either 
the Nyquist diagram or the Bode plots without the necessity of any 
approximation. 


€ (ju)—plane 


e 7r 


“Fra. 9.38. Nyquist diagrams for ae +1) 


In either the Nyquist diagram or the 


Ogarithmie pl iplication of a transfer function by e^/*"7 repre- 
Sents wa m i varying linearly with frequency. In terme of 
e Nyquist diagram, each point on the diagram is rotated through an 
angle of —w7', rad, where w is the angular frequency corresponding. to 

© point on the original locus. Figure 9.38(a) shows the Nyquist dia- 


gram of the simple system used in the previous example, with 


Graphical Stability Analysis. 


m K 
€ = 5G E D] 


sec) changes the 


sion of the e77 wi Tre ual to 0.5 and 1 

i € factor ( ith q s! E 

Eram to the f wn i ves (b and (c), respectively. The plot 
orms shown in cur ( ) ( ) , t L 


Spirals inward t he origin as the frequency 1 
Since the obs shift, —ufs rad, increases without bound. The 
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form of the diagram indicates that, as either the gain K or the transpor- 
tation lag is increased, more and more poles of the closed-loop system 
function move into the right-half plane, as evidenced by the increase in 


the number of encirclements of the —1 point in the S (jw) plane. 


The logarithmic gain and phase plots permit even simpler analysis of 
the closed-loop system with a transportation lag. The gain curve x: 
unchanged by the introduction of the lag factor, but the phase lag is 
increased proportional to frequency. Figure 9.39 presents the change 


30 nmm 


Fm 


20 


A H= 140° 
Phase with Tz. 0 


~20 -170° 

TER -180° 
E 

70) 02 03 04 d 


06 08 | ? 3 4 6 $0 
Angular Frequency (rad/sec) 
e Tr 


$51 


Tra factor in the K /[s(s + 1)] trans- 

The gain K allowable if the system 
The gain of the 1/[s(s + 1)] plog 
ift of the total open-loop transfe 


Fro. 9.39. Gain and Phase curves for open-loop transfer function 


+1.1 db, or 1.14, -1 db if Tris 1 sec. K can then be as high 25 
€ very desirable chara, teri se 
iino, eee q n s eristic of this approach through logarith 


loop transfer function i i 5 
H = : ho 
tially no more difficult than the lem with a transportation lag is e 


ena to apply root-locus techniques to systems with transpo"; 
EST generate very real difficulties similar to those experienc? 


t Y. Chu Feedback Control S; i i 
" 1 ystem with Dead-time Lag or Distributed La£ 
Root-Locus Method, Trang. AIEE, Vol. 70, Part II, pp. 1439-1445, 1951. 
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with sampled-data = y: wi an associ- 
1 ystems. The d-ord i i 
sys second-order system with 
ated lag illustrates the problems. The open-loop transfer function is 


C() _ Kete 
E() ss4D LS) 


Ther 2 
Heer ea ed at the origin and at —1. In the absence of the expo- 
Du. qun p^ the numerator, the root locus takes the form shown in 
liiis ak ta > 1 the exponential included, however, the essential singu- 
"pem nity acts as an infinite supply , 
jte db pee and more of which move 
fiin iu nite portion of the plane as the 
Lh enini With the increase of the 
2 enim zero, the first noticeable effect is 
Me v hel the locus of Fig. 9.40 toward 
fidus] ef. alf plane and a simultaneous 
the vides two more zeros in that region in 
Mee nity of the 0 and —1 points. The 

akes the form shown in Fig. 9.41. Fis. 9.40. Root locus for system 

with no transportation lag. 


u i .. 
dod Increases in gain move these two 
zeros over into the right-half plane at higher values of frequency 


a : 
eet as each crossing corresponds in the Nyquist diagram to an 
To¢t-loous encirclement of the —1 point. Accurate construction of the 
by the f S plots requires consideration of the gain and phase introduced 
ibimus er, As pointed out by Chu, ihe direct approach involves 
mi lon of the various phase-angle loci (180°, 170°, 160°, etc.) of 
ional algebraic part of the open-loop transfer function. The hori- 


zontal li Ped F 
al lines constituting the phase-angle loci of e77 are superimposed 
on the plot to obtain the loci along which 


the over-all transfer function possesses & 
phase of +180°. Clearly, the root-locus 
diagram is in general considerably more 
difficult to construct than the logarithmic 
gain and phase curves. 

9.9. Sampled-data Systems with Trans- 
portation Lags. The presence of a trans- 
Tro. 831. Berni portation lag in a continuous system limits 
ocus plot Wu ds of root- severely the usefulness of root-locus 
aB present, ansportation methods of design and increases slightly 
analys the degree of difficulty associated with 
Present, through logarithmic plots. When a transportation lag is 
much es sampled-data systems, the analysis is complicated in 
ences ; e same manner. There are, however, certain marked differ- 
sampled the effects of lags on the performance of continuous and 
the int Systems. For example, in a continuous closed-loop system, 

roduetion of a transportation lag in the forward path increases the 


tz 
eros of 1 + g (s), or poles of £ (s), the closed-loop system function. 
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he 
hrough the system and hence always tends to decrease th 
So ag ny The gain allowable if the system is to be aes E: 
decreased. Ina sampled-data system, on the other hand, a za 
a transportation lag may be primarily stabilizing. The cipi c em 
teristics of a sampled-data system with a transportation lag are ean 2 
in this section through the a of a simple example considere 
etail by Oldenbourgt an artorius. t 

bg series for Transportation Lags. The z transform of s me) 
with a transportation lag can be determined by physical reasoning. a 
a time function e~* is delayed by a time T'z, the ordinary Laplace trann 
form of the output is simply e*/(s +a). However, the z traitor 
of the signal output from the delay line is complicated by the fact tha 1 
unless Tz is exactly an integral number of sampling intervals, the firs 
nonzero sample has an amplitude less than unity. The difficulty is rea 
trayed in Fig. 9.42. If T, lies between the m — 1 and m sampling 


I 


L 
mT | mT | 
(m41)T (m=1) 7? T 
Š i o 
&) Original Time b) Delayed Time C) Function Equivalent 
(e) Function (0) Function ( Ai if Both are Samp! 
Fia. 9,42. Effect of transportation lag in sampled system. 


instants, 1.e., between (m — 1)T and mT on th 
are all zero until the one at mT sec. 


unction of Fig. 9420), i 
of amplitude A Starting at mT sec. Thus, t 
ayed exponential is 


G(z) = G.(z) I amrer (9.129) 


Here Tr is assumed to lie between (m — 1)T and mT ;G.(z) is the z trans- 
TR. C. Oldenbourg, D 


eviation Dependent Step-by-step Control as Means t° 
Achieve Optimum Control 
matic and Manual Control," Proceedings of Cranfield Conference 1951, edited py 
A. Tustin, PP. 435-447, Butterworths Scientific Publications, London, 1952. ar 
; Deviation Dependent Step-by-step Control Systems and B ce 
Stability, “Automatic and »” Proceedings of Cranfield Conferen 


i i n 
1031, edited by A. Tustin, pp, 421-434, Butterworths Scientific Publications, Londo™ 
952. 
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um A = original, undelayed exponential; the 1/2" factor represents 

SM a 2s everything by mT sec; and the bracketed exponential con- 
The e amplitude reduction factor A of Fig. 9.42. 

z transform of a step function delayed in the same manner is simply 


Gle) = G2) 5 (9.130) 


Sp po reduction factor is unity. In general, there seems to be 
alien. : way to determine the z transfer function of a tandem combi- 
Q,(5) F m delay line and a group of lumped elements represented by 
differ ; e diffieulty arises because the amplitude reduction factors 
partial I term to term. The only general procedure is to make a 
$T LY raction expansion of Gi(s), multiply each term individually by 

y Sad find the corresponding z transfer functions. 
a ana System. The analysis of a simple system illustrates the 
PW of the effects of a transportation lag on the stability of a sampled- 
fum system. The system to be considered is shown in block diagram 
in Fig. 9.48. The conventional part of the system is assumed 


transportation lag. 


aken less than the sampling 
lity is desired as a function 
locity constant of this sys- 
us system with the same 


Fra. 9.43, Sampled-data system with 


wed ee and the transportation lag is ti 

ofthe’ The maximum gain for system stabi 

cae à transportation lag. The realizable ve 

an to be compared with a similar continuo 
portation lag. 

fer he analysis is initiated with a determination of the open-loop z trans- 
unction G(z), since stability depends on the location of the zeros of 

) in the s domain is 


1 
+ G(z). The open-loop transfer function 1 
Ka 
— p-r ——— 
G(s) = € 77 ss 4-2) (9.131) 
is G(z) is found by first considering only the part of the transfer func- 
n associated with the lumped elements. 
Kore Re E (9.132) 


G(s) = +a) s sca 


T 
he corresponding G, (z) can be read directly from Table 9.1. 


z z 
Gi(z) =K (45 = — a) (9.133) 
and (9.130). In this example, 


G(5 ; 
(2) is related to G,(z) by Eqs. (9-129) 
d less than a sampling period. 


7 lsince the transportation lag is assume 
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—a(T—T7) 
G(z) = x anf ) (9.134) 


l z—e-7 


Combining terms gives the open-loop z transfer function: 


z(1 s gamni + e™lT-Tr) — gT 


aede € -1)( - em) 


(9.135) 


The stability is determined by the zeros of 1 +G(z). The M. 
istic polynomial, placing these zeros in evidence, is formed from pe 
of the numerator and the denominator of G(z) as given by Eq. (9. 

If this polynomial is denoted p(z), 


Teit- -(1 — K) 
ple) = 2 + [K0 — eataa) "1 + eere 4 Keat 4g "a d 
The system is stable if both zeros of p(z) lie inside the unit circle in the 


: itions 
zplane. In terms of the coefficients of the polynomial, these condition 
are given by Eq. (9.63), repeated here: 


POl<1 p)»0 penso (9.137) 
In the present example, these conditions yield the three equations 
K(e-*(-79 — gaT) 4 gor <1 (9.138) 


K(1 — e7) > 9 Gis" 
—K + e) 4 20 4 eor) 4 oes) >o (9 
The second equation, (9.139), 


s H , a 
is obviously satisfied as long as K, % 
and T are positive, The first eq 


uation, (9.138), can be rewritten 


ery (9.141) 
K « gi] 
: : ; in 
After algebraic manipulation, the third equation, (9.140), can be put ! 
the form 


2 (9.142) 
BATE 2er (er + T) 
The two equations (9.141) and (9.142) dete 


f 
rmine the allowable value ° 
If the two limits on 


K are plotted as a func 
sketched in Fig. 9.44. ple 
, the inequality of Eq. (9.142) controls the ley 
n a fixed fraction of T, the gain is limite ali- 
€ and ais 10/sec, for example, the two inequ 
T 


" a h 
- u 
enever the transportation lag is small enoU£ 
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tha: r ie 
an iy peces is governed by Eq. (9.142). With a larger transpor- 
cn as, eee 0.24T for the system characterized in Fig. 9.44, the 
les ane oe primarily because of the phase shift introduced in the 
e SIE , and the frequency of instability decreases with delay. 

So tt resting to compare this sampled-data system with a similar 
E ep ane with the same transportation lag and the same second- 
able m r function for the linear elements. The two curves of allow- 

gain versus transportation lag are shown in Fig. 9.45 for the specific 


DER example used previously 
Rim M eh a= 10/sec). Overan 
" à le portion of the range of 
4 i gus, aug us system permits 
mas Nes of gain. The gain 
spes or the continuous system is 
AREN constant, while for the 
he -data system the ordinate is 
p used previously. Actually, 
ed are must be taken in inter- 
Hs ng the term “velocity constant" 
dines pl ee with sampled-data 
ibis th systems because of the fact 
VT A e sampler introduces a gain of 
dd m this example, 10). 

pler as described in Sec. 9.1. 


0.1 y 
Qi the velocity-constant curve for 
urve for the continuous system 


la, 
& larger than a small fraction of the sampling p 


The results described here must be interprete 
the sampled-data syste 
to a continuous system, 
system contains à 
or not. 
pled-data system 
smoot 
syst 
able velocity 
on the border line 
and instability is 
figure of merit 
any practical s 
not only absolute stability, but also 
relative stability; 


Cons 
i "eg measures only the steady-state 
e either the smoothness or the spee 


ith 1 d 
normal specifications, 


2T 


BT BT T 


Firg 

. 9. 

continas, Allowable K for stability in 
us and sampled-data systems. 

ind 

response, 


9. 
syni ©, Conclusions. Although the development 
sis of sampled-data feedback control 


This is ¢ 
Fi € The 1/T 

1g. 9.45; with the additional 20 db introduced by 
the sampled-data system lies above 
for all values of the transportation 


| 
/Limit Imposed by 
Eq. (9.142) 


Limit Imposed by 
Eq. (9.141) 


Fia. 9.44. Maximum K for stability in 
system of Fig. 9.43 with 7 = 0.1 sec 
and a = 10/sec. 


lear from the characteristics of the 
factor has been omitted in 
; the sampler (when T is 


eriod. 

d with some cauiion. 
m is never preferable 
whether the 
transportation lag 
The response of the sam- 
is always less 
h than that of a continuous 
em. In other words, the allow- 
constant for a system 
between stability 
here a misleading 
for two reasons: (1) 
ystem must possess 


and (2) the velocity 
characteristics but does not 
d of the initial part of the 


of techniques for the 
systems has lagged far behind 
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analogous developments for continuous systems, many of the analysts 
and design methods originally developed for continuous systems can be 
carried over to the study of sampled-data systems with only slight modi- 
fications. The simplest analysis of sampled-data systems is performed 
in terms of the Nyquist diagram or the z-domain root-locus plots. These 
methods permit both the ready evaluation of the gain to obtain desired 
relative stability and the study of the effect of the introduction of com- 
pensation networks to change the characteristics of the fixed components 
of the system. 

The introduction of a transportation lag in either continuous Or 
sampled-data systems does not present any startlingly new problems, 
although in each case the root-locus methods lose many of the advantages 
present in the study of systems without delays. The effects of the delay 
are most readily interpreted in terms of either the Nyquist diagrams oF 
the logarithmic gain and phase plots. 


CHAPTER 10 


NONLINEAR SYSTEMS AND 
DESCRIBING-FUNCTION ANALYSIS 


One i -— 
Diesen M restriction underlies the theory of feedback systems as 
c tet e previous chapters: the theory is restricted to the study 
sidered Ju ems. Particular types of nonlinearities have been con- 
Newton on (n as in Sec. 8.6, which was devoted to the work of 
owever. the e genien of systems subject to saturation. Even there, 
ation: eat dits em design focuses attention on the linear mode of oper- 
avoided durin on ^, viewed as an undesirable characteristic which is to be 
. During ha E except a minor, controlled percentage of the time. 
ingly aware > paan few years, feedback engineers have become increas- 
Wnheceesary b ri restriction of thinking to linear systems may impose 
used in thet Es ens on the design in two ways: first, the components 
Pos ure = back control system must be of unnecessarily high quality 
quency of s operate in a linear fashion when the amplitude and fre- 
are driven j e input signal vary over wide ranges. If the components 
Character into nonlinear regions of operation, linear design predicts the 
istics only approximately and occasionally omits entirely any 


escripti P 
ption of important features of system performance. Second, the 
; limits narrowly the realizable system 


Testricti . 
c ieee to linearity immediately 

System ao the type of control systems, and the tasks the control 
eee be designed to accomplish. Wis 
ental a Eee the control system are of two general types: inci- 
inearities | intentional. Incidental nonlinearities, OT unintentional non- 
equipme s inherent in the system as & result of the limitations of physical 
Or varia Fd include such phenomena 8$ backlash, saturation, dead zone, 
Perature lon of system characteristics with temperature where the tem- 
Only a depends on the control action. e nonlinearity may have 
if the minor effect on system performance, as the effect of saturation 
benna p bility of saturation is held low; in other cases, the charac- 
input si of system components change radically with variations m the 

vm Signal, 
asa m “nonlinearity” or *tgonlinei 
menon described by & nonlinear diffe 


18 one į A 
With + ese one or more components exhibiting nO: 
moment of inertia changing during flight as & result of the consumption of 


fuel 

n z 

zer not be considered a nonlinear system if the fuel consumption can be pro- 

Case, th approximately and the inertia considered & function of time alone. In this 
€ system is described by a linear differential equation with the coefficients 


functi 
i A 
ons of time but not of the dependent variables. 


rpreted in this book 
rential equation. A nonlinear system 
nlinear phenomena. A missile, 


ar phenomenon’ ? js inte 
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Intentional nonlinearities are introduced in order to modify system 
characteristics. Examples include the nonlinear pitch or yaw demor 
so often used in aircraft control systems and the nonlinear contro. em 
designed to realize a relative damping ratio varying with the magnitude 
of the actuating signal. An extreme case of an intentionally nonnes 
system is the on-off or contactor servo, with the control elements ee 
to apply full torque as soon as the actuating signal exceeds a specifie 

nt. 

poo can also be classified according to the rate of change 
of the characteristics of the nonlinear element. Slow nonlinearities are 
those in which the system remains linear over a time interval which 18 
long compared to the response time of the System. Fast ims 
on the other hand, are those such as saturation, in which the mode o 

operation of the system changes rapidly compared to the response time. 
For example, if a step function is applied, part of the system may satu- 
rate until the output is one half the steady-state value, and then the 
entire system operates in a linear mode during the remainder of the 
response time. The difficulties associated with the analysis of the M 
types of systems (with slow and fast nonlinearities) are a magnitude 0 

complexity apart. In the case of a system w J 
transfer-function concept is valid and system behavior can be describe 

in terms of poles and zeros which wander slowly around the complex 
plane. In the case of a System with a fast 
ration, the conventional pole 


de de de 10.1) 
Tae BC) =T ( 
where T = restoring torque 
e = angular error 
J = moment of inertia 
B, B, = constants 


tN. Minorsky, Non-linear Control $ 


Proceedings of the Cranfield Conference 1951, edited by A. Tustin, pp- 309-318 


;ample 
Minorsky discusses the examP 
ic steering of a ship. 
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If the over-a system is to behave linearly, it is clear that the contro! sys- 
s must e sig ed p ield ip z db 
Inus igr /l a T containi o €, 

v: : i "t containing a term equal t By(de /dt)*. 


de\* 
T-B (5) — Ke (10.2) 


The ov. ‘ 
over-all system is then described by the linear differential equation 
de de = 
Jog t Ba t Ke =0 (10.3) 


eka illustrates one special technique for handling nonlinear 

Glee a A se from the fact that such an attack is appropriate only 

AT ean imple analytic form exists for describing the nonlinearity, there 
rtain basic objections to a generalization of this approach: 3 


1 ; n 
S len rage of the over-all system means that the components used must 
FHBERLRU T if the system operated in a nonlinear fashion. If the output motor ofa 
socle um saturates when the output is driven at the maximum velocity and 
velocity is i the only way to avoid such saturation and still realize the required 
coupling AEE the size of the motor or modify the gear train or mechanical 
tions becom motor to load. (The latter approach eventually fails if the specifica- 
solution ie ina and more stringent, however, anda better motor is the only general 
at a faii nless all components are to be used an excessive percentage of the time 
effects of S of the ratings, it is essential that the engineer be able to analyze the 
Q) T nonlinear elements on system performance. 
ibia certainly not apparent that linearization of the system results in improved 
there is pik E s the characteristics of the nonlinear system can be determined, 
desirable s ication that the effort expended in linearization is either necessary or 
s e only obvious characteristic achieved by linearization is & tremendous 


8i i i 
'mplification in analysis. 


sus Me purpose of this and the following chapter to present the broad 
n Mani of the two general methods which have proved most useful in 
method y and design of nonlinear feedback control systems. The first 
feedh is based on describing functions, first applied to the analysis of 

ack control systems in thi ;t the second 


method į s country by Kochenburger;! 

as su is based on the phase-plane description of the nonlinear system 

Wa eted first by MacColl.t Regardless of the method used, the ulti- 
Goals are the analysis of the 


es a effects of incidental nonlinearities and 
ynthesis of systems with inten 


10.1. Ch y tional nonlinearities. - 
design. aracteristics of Nonlinear Systems. The highly developed 
inade and analysis theories for linear systems, 1n contrast to the rather 
resi d o state of the art of analysis of nonlinear systems, 18 & natural 
em of the well-behaved characteristics of a linear system. Perhaps 
ost fundamental characteristic of a linear system is 


vs the validity of 
J. Kochenburger, A Frequency Response Method fi 


sizing C or Analyzing and Synthe- 
ontactor Servomechanisms, Trans. AIEE, Vol. 69, Part I, pp. 270-284, 1950. 


L. : 
Nostrand MacColl, “Fundamental Theory of Servomechanisms,” Appendix, D. Van 
Company, Inc., New York, 1945. 
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rinciple of superposition: if c(t) is the response to ri(1) and cxt) to 
s the po to r(t) + ra(t) is e(t) + ext). The superposition 
principle is, of course, simply another way of describing the concep a 
linearity. As a consequence of the validity of superposition, certain M. 
signals (e.g., the step function, the impulse function, or the sinusoidal 
function with variable frequency) can be used to measure system charac- 
teristics. The amplitude of the test signal is immaterial. i 
The significance of linearity goes even further, however. Ifa EL. 
system is excited by a sinusoidal signal, the output is a sinusoidal signa 
of different phase and amplitude, but of the same frequency. The out- 


the important features of nonlinear systems considered in detail in this 
chapter and the following, it is appropriate at this point to describe the 


tem is one which may behave quite differently with different input func- 
tions, Consequently, the logica] design of a nonlinear system requires 8 
complete description of the input signals, For example, it is demon- 


the second probability distribution functions of the signal and noise 
components of the input. In contrast, the 


filter which is Optimum on the basis of the mean-square-error criterion 
theoretically requires knowledge of aij probability distributions. ; 
is dependence of System behavior on the actual input functions 18 

e jump-resonance phenomenon observed in certain 


closed-loop systems with saturation, If £ (jw) | is plotted as a function 


of frequency, the curve of Fig. 10.1 results if R, the amplitude of the 
mput, is held constant. As the frequency is increased from zero, the 
measured response follows the curve through points A, B, and C, but at 
C an incremental increase in frequency results in a discontinuous jump 


TA similar discussion of certain 


- characteristics of nonlinear systems is given bY 
N. Minorsky, op. cit. 
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in the respon i 
Ratton se to point D, after which further i i 
myé m - o bes DEF. If the hence. Fue s 
Falis cont ollowed, a jump occurs from B’ to B Yom 
i à d the gai 
ese cda inue along the BA curve. The over-al dle i 
i at a à ver-all curve exhibits th 
the jum ys , or jump resonance. Certain conditi j 
ump resonance occ x i i pondifions under which 
sufficient t curs are described in Sec. 10.5; at thi int, it i 
depends s S thet in this case the response of the omina 
history. y on the present value of the input, but also on ihe en 
Limit C 
ycles. O c 
bring, err ne of the phe- Ei 
E ayt ved earliest in physi- (db 
ear m and unexplained by 
Bi c eory is the existence of 
amplit ias oscillations of fixed 
d m, n and period. Although 
Men able linear system always 
put of s EA output, the out- 
; ysical system is al 
nite, al sy: is always ; 
tes M oscillations of an elece Rios iE Closed-loop gain characteristic 
UD ver uit, for example, may buil a ia 
y nearly exponentially until the amplitude reaches a certain level, 
d eventually the amplitude 


at whi A 
sta red time the rate of growth decreases an 
. Van der Pol showed in 1920 that the behavior of an electronic 


Oscillat, 
form or could be described by a nonlinear differential equation of the 


log w 


Alth d—«1—92)àdta— 0 (10.4) 

ou : S 
Eh the discussion of Sec. 11.5 demonstrates that a system charac- 
purely 


limit cycle if e is positive, 


terize, E 
d by this equation exhibits a 
dicate the plausibility of this result. 


Physi 
jii reasoning can be used to in 
With a pete describes the circuit of Fig. 10.2 if R represents an element 
sistance varying as —e(1 — 9°). Tf the amplitude of q is small, 
the resistance is approximately —é 
and negative. The amplitude of 
oscillations starts to build up with 
an exponential envelope. As lal 
increases, the resistance varies signif- 
icantly during & period, until, with 
the resistance is posi- 


Fy L 

S- 10.2. Circuit for Eq. (10.4). |q| very large, 

eral tend, . tive at almost all times. The gen- 

th ency is for the oscillations to die out. An intermediate value of 
tions are stable. (The wave- 


© am 
form a atide of q exists at which the oscilla 
Bee um of course, not sinusoidal. 
Ystems į portant aim of any analysis method for the study of nonlinear 
th the pe determination of the existence and location of limit cycles. 
iny Pla escribing-function approach presented in this chapter and the 
Vestigatic analysis developed in Chap. 11 provide techniques for the 
lon of limit cycles. In general, in the analysis of feedback 
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control systems, knowledge concerning the existence of a limit cycle is 
more important than the waveform or exact period of the constant- 
amplitude oscillation. If the performance of multivibrators, pulse- 
shaping circuits, etc., is being considered, shaping of the waveform 
associated with the limit cycle may be the primary purpose of analysis. 

Soft and Hard Self-excitations. A third important characteristic of 
nonlinear systems is the dependence of system stability on the excitation 
and the initial conditions. The simplest example of this phenomenon 18 
furnished by a system with a dead zone; Fig. 10.3(a) is the correspond- 
ing block diagram. The input-output characterisuc of n is shown in 
part (b) of the figure. Clearly, if the system is driven by a signal 80 
small that the input to n never exceeds the dead-zone amplitude, the 


(a) Block Diagram 


ma 


0 My 


Dead Zone 
Amplitude 


puts 


Subharmoni ; S 
lcs gubhá d ee The output of a nonlinear device may e 
Ne te ot the input signal. For example, if sinusoidal S£ 5 
ndlinest dedi equencies o, and w, are added and the sum applie 

nlini evice, the output contains, in general, components at 7 
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integer values and zero. This 
f converters and mixers in com- 
cation circuits used to obtain 
bilized by à erystal-controlled 


fe Phere m and n assume all possible 
coim the basis for the operation of c 
ow-frequer TACOS, frequeney-demultipli 
Slant ncy signals with the frequency stal 

Th 2 et S 
culties ped of the generation of subharm 
ooi Ts analysis of nonlinear circuits. 3 ^ 
1e question as to whether subharmonic components are possi- 


e. : 
In a simple example, if the input signal to a feedback control sys- 


m is si : nput pack 
8 sinusoidal, the presence of significant subharmonies in the output 


ordinari 
a omi ly results in poor performance characteristics. The analysis of 
Mea nionl circuit containing linear ‘springs and nonlinear dampers 
or the es another aspect of the problem. If an analytic form is assumed 
eon between damper force and velocity (for example, force 
aaeoa to the square of the velocity), the response of complicated 
E iss o sinusoidal excitation can be determined point by point with 
rmi of a digital computer. Clearly, it 1s desirable to be able to 
nate the calculations as soon as à steady-state output is reached. 


arge number of cycles must be evaluated after an apparently steady 


Out; 5 > A 
Put is obtained, in order to determine the presence and magnitude of 


an; 
Paubharmonic components. 
at an ametric Excitation. If a parameter of a nonl 
01/9 owe frequency vi, the system may oscil 
in eas db Ithough this direct parametric excitation 1s not commonly found 
eserib ack control systems, an inverse parametric effect is utilized, as 
chan, ed in Sec. 11.8, to vary the relative stability of the system with 
Bed te s in the error voltage. The variation in & sys 
imetior absorb the energy of the overshooting osc 
Oth n response. ; 
o Hen: Phenomena. ‘There are a great many other phenomena peculiar 
Cant f inear systems, but the above characteristics are the most signifi- 
"pud or the control-system engineer. Such phenomena as the synchro- 
Secondi of oscillators and the quenching of oscillations are of only 
bi ary interest in the analysis of these chapters. 
jeclives of the Analysis. Thus, the analysis of nonlinear systems 


ri à z 
Presents a twofold problem. First, the analysis must discover such 
ects as limit cycles, jump resonance, and subharmonic generation. 

nature of the system response to 


und, the analysis must indicate the à ise t 
Ben; actual input functions. There is no single method of attack which is 
Fd applieable. The gescribing-function approach simplifies the 
and lem by assuming that the input to the nonlinear device 18 sinusoidal 
cont that the only significant frequency component of the output is that 
ap ponent at the input frequency- The describing-function analysis is 
ane icable to systems of any order; indeed, it usually tends to be more 
trea the higher the order of the system. The second approach, 
e ed in Chap. 11, is based on the phase-plane representation of sys- 

m characteristics. The method is applicable only to second-order sys- 


ems or to the approximate investigation of higher-order systems by 


onics presents certain diffi- 
Usually the trouble arises 


inear system is varied 
late at the frequency 
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assuming that the general effects of the nonlinearity can be studied by 
an approximation of the actual system by a second-order configuration. 
10.2. Describing-function Analysis. The fundamental elements of the 
describing-function approachf to the analysis of nonlinear systems are 
presented in this section. 
Assumplions. 'The describing-function analysis of nonlinear systems 
is based on three assumptions: 


(1) There is only one nonlinear element in the system. If there are more than 
one, the part of the system including all nonlinearities is considered as a single non- 
linear component. It is theoretically possible to consider systems with more than 
one isolated nonlinearity, but the analysis becomes unduly complicated except in 
very special cases (cf. Sec, 10.7). 


(2) The output of the nonlinear element depends only on the present value and 


past history of theinput. In other words, no time-varying characteristics are included 
in n, the nonlinear element, 


(3) If the input of n is a sinusoidal signal, only the 
output of n contributes to the input. 


fundamental component of the 
The last 

The significance of this assump 

block diagram of a single-] 


having the linear elements represented by the block g with a transfer 
function G(s). The input of n is assumed to be sinusoidal, The result- 


sis of R. J. Kochenburger, which was concerned with the 
The work was summarized in 


Servomechanisms, Trans. AIEE, Vol. 69, Part I, pp. 


mation involved is similar to that used by N. Kryl, iuboff, *Intro- 
duction to Non-linear Mechanics, , dig foe og 


. ds Rept. 1691, M iginal 
papers are: L, C. Goldfarb, On Some Non. y 29, 1952. The three orig 


is generated by n. 
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the fundamental is the only signi e i 
beck [C e mite d ignifieant component of the primary feed- 
Ed — is justified on two grounds: first, the harmonies of the 
oh got : are ordinarily of smaller amplitude than the fundamental; 
the fa : nd hee wien feedback control systems, the gain of g decreases as 
the te eid increases, with the result that in transmission through g 
E er harmonies are attenuated compared to the fundamental. The 
ption is of questionable validity in cases in which the harmonic 


20 log 19 |G (jw) | 


Primary 


Feedback 
log w 


Fio, A 
ine 10.4. Single-loop system with non- Fic. 10.5. Gain characteristic for the 
ar element n. block g. 


hich |G(jw)|, the magnitude of 


Co 
ntent of the output of n is high or in w 
has a pronounced peak, 


= Aer function of the linear components, ] 
may ne in Fig. 10.5. If this peak occurs at à frequency e the gain 
PORS larger at c, than at «1/2. Consequently, if the fundamental 
arger t is «1/2, the second harmonie of the primary feedback may be 
p han the fundamental. 
ethod of Analysis. If the three basic assumptions listed at the 


eginni ; a ae x : 
eginning of this section are satisfied, the sinusoidal response character- 
xpressed in terms of a describing 


lstie. Á 
iud the nonlinear element can be e 
ion, defined as the ratio of the fundamental component of the out- 


pu 
(a the amplitude of the input. In the 
inology of Fig. 10.6, r c 


Mies (10.5) yra. 10.6. Nonlinear element. 


R is the amplitude of the sinusoidal 


He : 
ere N is the describing function, 
utput fundamental 


in : 

n Signal R sin wt, and Ci is the amplitude of the o 
Ponent C; sin wt. 

ap general case, N is a functio 
; N necessarily depends on E. 


nof Rande. If the device is non- 
In addition, if the nonlinear system 


co 

‘tame any energy-storage elements, N depends on the frequency. 

only ice d saturation clearly is described by an N varying with 

Or a e amplitude of the input. In contrast, the describing function 
Motor with velocity saturation and a load consisting of inertia and 


am) 
of a ng depends not only on input amplitude, but also on the frequency 
input signal, as a result of the variation of the inertial effect with 


requency, 


Th an 
Shi i describing function N may be pur 


N is real if the response character 


lin 


ely real or may contain a phase 
istic of the nonlinear system is 
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single-valued (i.e., if the output depends only on the present value of 
the input, not on the past history or the derivatives of the input). Satu- 
ration again serves as a particularly simple example. In this case, the 
fundamental component of the output is always in phase with the input. 
Backlash and velocity saturation are two examples of simple nonlineari- 
ties for which N is complex, as indicated in detail later in this chapter. 
The analysis of a nonlinear System is initiated with a determination 
of the variation of the describing function with the amplitude and fre- 
quency of the input of n. Thereafter, the nonlinear element is treated 
as an element with a gain and phase shift varying with signal level and 


absolute and relative 


quency-response methods can be applied in the ar 
the over-all feedback control system. 

The deseribing-function method of analysis accordingly bears certain 
sharp distinctions from other conventional approaches to the analysis of 
nonlinear circuits. For example, vacuum-tube amplifiers, including reac- 


sinusoidal, The b. 5 
device is also sinusoidal, a gU thy Output of the nonlinsaj 


linearities, Trans ys we 
; i ue 
1953, » Part IT, Applications and Industry, Vol. 72, pp. 243-245 
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tion N is the ratio of the fundamental component of y to the amplitude 
of the sinusoidal zx: 
Yi 


=> when x = X sin wt (10.6) 


N 

Calculation of the describing function involves a conventional Fourier 
analysis to obtain the fundamental component of the output. The pro- 
cedure is illustrated with the nonlinear characteristic of Fig. 10.8. The 
System possesses a dead zone for inputs from — D to +D, has a linear 


Fic. 10.7. Nonlinear feedback control system. 


em of operation for inputs between D and S or —D and —S, and 
Eom saturation for input magnitudes larger than S. 
m ith a sinusoidal input, the waveform of the output may take any of 
t ee forms, as indicated in Fig. 10.9. With the input amplitude less 
eni no output results; with X between D and S, the output is similar 
t e output of a slicer circuit; and, with X larger than S, the peaks of 
ti © output are clipped. Since the output is a single-valued odd func- 
ton of the input, an input signal X sin et results in an output of the form 


y(t) = Y; sin wt + Ys sin 3o£ + Ys sin Sot + * ^ 7 (10.7) 


no energy storage, the 


F 2 H . H 
urthermore, since the nonlinear circuit involves 4 
d w can be considered 


escribi PR: 
unity, ng function is independent of frequency an 


Fra. 10.8. Nonlinear characteristic with dead zone and saturation. 


iS learly , the situation shown in Fig. 10.9(b) can be considered at once: 
unction equal to zero, N is zero for all X less than D. The describing 
deg, o> With X larger than D is convenien 


ned as shown in Fi 1 i j 
wn in Fig. 10.10: 4 is the time w À 
Mazon amplitude "em the system starts conducting (the output 
eases from zero); t», the instant when the system starts to saturate. 
lies between D and S, the output is not limited and the value of 
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(a) Input Functions for Parts (5), (c), and (d) 


y 
| T 2r € 


(b) x«p 
y 
h T 2r t 
(c) D«x«s 


7/2is used fort, W 1 and t, the output during 
the first quarter period can be written 


0 0<t<4, 
y(t) = 4 kıX (sint — sin tı) 


h«t«t (10.8) 
kX (sint snnt) (e, 3 
Here kı is the incremental gain in the linear region of operation, 
d 
kı = F when D<zcg (10.9) 


Each component of the output is given by the formula for the Fourier 
coefficients: 


/2 
Y,- i Í W)sinktdt k=135 — (10.10) 
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Substitution of Eq. (10.8) in (10.10) yields 
y, = 2X [e wi — Dig — sin [(k — 24] 


vk k—1 
" sin [(k + 1)44] — sin [(k + DaN 


I k=1,3,5,... (1011) 


The relative magnitude of the fundamental and higher-harmonic com- 
ponents, ns found from Eq. (10.11), gives an initial indication as to the 
applicability of the describing-function approach. The smaller the har- 
monies at the output of the nonlinear elements, the more easily the basic 
assumption underlying the use of the describing function is satisfied. In 


Fro. 10.10. Definition of tı and tz. 
this case, the amplitude of Y, drops off roughly as 1/k, although the 
braced term does vary with k. With the most troublesome harmonic 
ordinarily the third, the relative magnitudes of Y; and Y; are of interest: 


2kiX sin 2t — sin 2) (10.12) 


Y, = — (h -tı 3E 2 
7T . 
.. 2kıX (sin 2l — sin 2h, , sint, — sin 45 (10.13) 
a 3r 2 4 


Y;/X is the describing function, and |Y;/Y:| measures the accuracy of 
€ describing-function analysis. : ' 
System with Dead Zone, No Saturation. The nonlinear system without 

Saturation is analyzed by substitution of 7/2 for tz in Eqs. (10.12) and 


(10.13): 
2kıX (x | sin 24 TE 
SE (gS aos 
2k,X /sin 2t, , sin 4t; 1015 
Ya = — "Sy ( gae (10.15) 


The describing function is Y;/X: 


0 


Na 2k (x _ ‘sin 2t; 
Be) a) 


(10.16) 


olds ol» 
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In Eq. (10.16), 4, the instant during the first quarter cycle at which 
conduction starts, is given by the relation 


D 
= arcsin + (10.17) 


Figure 10.11 is a plot of N as a function of the ratio X/D. The deeds 
ing function is zero for inputs too small to drive the system into co 


zx 


5| 
Y, 


0 2 4 6 8 m 
x 


D 
Fre. 10.11, Describing function and third-harmonic distortion for dead zone. 


The third-harmonic distortion of the output waveform is measured by 
the ratio of Eq. (10.15) to (10.14); 


¥a_ _ 12sin 20, + gin 4t (10.18) 
EU wUrtIonk cs 


On 2h Kim 21 


The magnitude of the rati 


Increases above D, the relativ 
falls rapidly, with |Y;/Y | less th 


nost Y stable and the third-harmonic distortion is not 
significant. When the gain is high and a greater tendency for oscillatio® 
exists, the relative amplitude of the third harmonic is small and the 
describing-function analysis depicts more accurately the behavior of the 
nonlinear element, 

System with Saturation, No Dead Zone. Jf there is no dead zon? 
(à = 0), Eqs. (10.12) and (10.13) become 
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2k,X sin 244 
Yi- E (i: + 2 ) (10.19) 
2kiX (sin 2i; , sin 4t 
Y. Ec ( = „ji á ) (10.20) 
The describing function and relative third harmonic are 
c in 2€. 
y = 2h (i € ) (10.21) 
T 
= áh 
Ys _ 12sin 2i, + sin 4t; (10.22) 


Yi 6 2t sin25 


Tn these equations, 1; is defined in terms of X and the saturation level S: 
i, = arcsin : (10.23) 
g X 


The variation of N and |Y;/Y;| with X/S is shown in Fig. 10.12. The 
escribing function is 4, for all signal inputs less than the saturation 


S H 
Fro. 10.12, Describing function and third-harmonic distortion for saturation. 


EX el and then falls off rapidly as the amplitude increases further. NV 
Pas Shas zero as X tends to infinity because the output becomes a 
unas Wave of a peak-to-peak amplitude 2/8. The amplitude of the 
in &mental component of the square wave 1s finite (4k:S/),. but the 
t but is infinite. The relative amplitude of the third harmonic Increases 
that Maximum value of 3 for small t (when the input is large enough 
the output is essentially a square wave). i E 
m with Saturation and Dead Zone. If both saturation and dea 
sime p resent, the variation of N with X is a combination of the 
S/ es of Figs, 10.11 and 10.12. The actual curve depends on the ratio 
: Dut, in general, N is zero for X less than D, increases with X toa 
m value occurring when X is slightly larger than S, then falls 
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again toward zero because of the saturation. Figure 10.13 indicates the 
variation of N with the ratio X /D for various values of S/D. 

Thus, calculation of the describing function entails a straightforward 
determination of the fundamental component of the output of the non- 
linear device. If desired, the amplitude of the third harmonic can also 
be determined in order to estimate the accuracy of the describing-function 
analysis. In any but the simplest cases, however, the calculation of N 


10 


[ || 


EIE: 
H 
ji 
ieee 


| 


Fro. 10.13. Describing function for saturation and deud zone. 


MeL wi is tedious, particularly if the nonlinear characteristic is not 


-valued. Machine computation of th ibi ion is essen- 
ee e desc essen: 
tial in more complicated situations, Penna funonons 


10.4. Stability Analysis. The describi 
known nonlinearity either b kde 


G (4)-G,(s) G;(s) 


Fro. 10,14, Single-loop System to illustrate stability analysis. 


where N generally depends on both frequency 

«input of n. Thus, the study of stability 
of the zeros of 1 + NG(ja), or the values of 
e equation 
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1 
-N = aR 1 
GGa) (10.24) 
Nonlinear systems for which N is independent of frequency are considered 
in this section. 
" N ygquist-diagram Analysis. The stability, as a function of the signal 
mplitude at the input of n, is investigated by a modification of the 


RNE 


ide AA 
us 


alues of x Indicated 


along Amplitude Locus 


Fie. 10.15. Amplitude and frequency loci. 
N: 


Ny quist diagram. Two loci are drawn in the complex plane: the inverse 
1 jor diagram [the plot of the imaginary versus the real part of 
of 4:79)], and the variation of —N with the amplitude of the input signal 
ampli nonlinear device. The former is the frequency locus, the Jatter the 

ttude locus, Figure 10.15 shows the nature of the frequency locus for 


16 
69 = GG 5 PN 
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The figure also includes the amplitude locus for the nonlinearity gend 
in the preceding section: the system with dead zone and satura va da 
here with S/D equal to 4. The two loci of Fig. 10.15 show in ap aa 
ently the variation of the characteristics of the frequency-depende d 
amplitude-dependent parts of the System. Along the frequency n 


Imaginary 
Axis 


Real Axis 


Amplitude 


(a) Stable System 


Imaginary 
Axis 


Real Axis 


(6) Unstable System 


Imaginary 
Axis 


Real Axis 


Xa — Amplitude 
Locus 
Frequency -N 


1 
Locus Gia) 


(c) System on Verge of Instability 
6. Stability analysis of nonlinear system. 


are marked, and, along the amplitude locus, the 
values of X / D, the ratio of thi 


e amplitude of the input and the de& 
zone amplitude, are shown. 
The stability o 
two loci. The th 


Fie. 10.1 


-sinde N! 
ntirely on the negative real axis since 
ghtly off the axis, 
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of increasing amplitude. In part (a) of the figure, the loci correspond 
to a system which is stable regardless of signal amplitude. The gain of 
the nonlinear device is never large enough to result in a loop gain of unity 
when the phase shift is 180°. 

The two loci of Fig. 10.16(b), however, depict the characteristics of a 
System which is unstable for all values of X between X, and Xx. With 
values of X less than Xa or larger than X», the system is stable. If the 
system is at rest, slight disturbances do not lead to instability. If the 
disturbance or input is sufficiently large to cause a signal at the input of 
^ with the frequency wo and the amplitude Xa sustained oscillations 
occur, A slightly larger signal results in a loop gain greater than unity, 
and the oscillations increase until X; is reached, at which time equilibrium 
again exists and sustained oscillations of amplitude X; and frequency wo 
are observed. A still larger signal results in a stable system, with a 
decay of the oscillation amplitude back to X;. Thus, the two inter- 
Sections, at amplitudes of X, and Xz, represent unstable and stable eaui- 
librium conditions, respectively. 

_ In Fig. 10.16(c), the two loci touch at only one point, and the system 
is om the border line between stability and instability. The system 
Dossesses an unstable equilibrium point for sustained oscillations with 
the frequency wp and amplitude Xa. Any amplitude decrease (e.g., aS a 
result of random noise) results in the oscillations dying out and the sys- 
tem coming to rest. The condition depicted in Fig. 10.16(c) is of more 
academic than practical interest, however, since physically the param- 
eters of the system are never known accurately and vary slightly with 
changes in ambient temperature, drift in supply voltages, tube aging, 
and so forth. In addition, the describing-function analysis involves an 
approximation of the actual characteristics of the nonlinear elements. 

, In the study of feedback control systems, the engineer is as interested 
in relative stability as in absolute stability. A system exhibiting the 
characteristics shown in Fig. 10.16(c) is ordinarily as unsatisfactory for 
Control purposes as one described by part (b) of the figure. Whether 
the stable system represented by part (a) of the figure possesses satis- 
factory relative stability is determined by the relative position of the 

Tequency and amplitude loci. The constant-M circles (loci of constant 
closed-loop gain) can be constructed in the plane of the open-loop trans- 

er function in the usual way,t with the exception that the = point of 

€ conventional analysis is replaced by the appropriate point on the 


quaplitude locus. sed-loop system possesses an M vt which is a 
unction of bus Side Milite of the signal at the input of the 
eonlinear device. Actually, the value of M, for a constant X does not 
Prrespond to the conventional maximum of the closed-loop system cae 
‘on, but, rather, the M, determined by the graphical construction is the 
1 function of frequency, where 


aàximum value coins 
; of the closed-loop gain U 1 ; j 
"ie gtin curve is determined by varying the input amplitude R with fre 

i i ” pp. 176-182, 
k S. Brown and D. P. Cambell, “Principles of Servomechanisms, pP 3 


Wi 
inte wal AN York, 9 in as a funetion of frequency. 


8. 
» is the maximum value of the closed-loop £t 
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The entire open-loop transfer function, evaluated at real frequencies, is 


-KN 
Ja(jo + 1)(jw + 4) 


ehavior along the jw axis is identical with that of a system without 
Pe sea aid with a gain of KN. Accordingly, the real-frequency 
behavior of the system for any given amplitude of the input of n can be 
determined by locating the poles of the closed-loop system function at 
the appropriate point on the root loci.} 3 
In the nonlinear system with dead zone and saturation, as the ampli- 
tude of the signal at the input of n increases beyond the dead-zone 
magnitude, the system behaves at real frequencies as a linear system, 
with the poles of the closed-loop system functi i 
—1, and —4 in the directions of the arrows (Fig. 10.18). Motion con- 
tinues in these directions until the maximum value of N is reached, at 


which point the motion reverses. Clearly, the system is unstable only if 
KN is sufficiently large to cause the maxi 


—NG(jo) = (10.27) 


; the loci indicate that the nonlinear system is 


2 (10.28) 
20 (10.29) 
If the maximum value of KN ig larger than 20, the s 


ystem possesses 
stable and unstable equilibrium conditions, 


function. Unfortunately, however, th 
simple correlation between 


y the loci for a 180° angle of G(s); 


; Cte., must be plotted, since the 
condition 


NG(s) = —1 (10.30) 


Ssentially the same limited informa- 
gain-phase plot, but, if N is complex, 


of construction discourages the use of root-locus 
methods, 


T The root-locus diagram of Fig. 10.18 might be considered as plots with the gain 
KN as à parameter, Rigorously, owever, the describing function has no significance 
at points in the s plane off the jw cric Thus, the figure should be interpreted as ? 


system only when the input of n i 
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10.6. Closed-loop Describing Functions. The describing function 
measures the sinusoidal gain of the nonlinear components as a function 
of the amplitude of the input of the nonlinear part of the system. Fre- 
quently, it is desirable to obtain the correlation between this describing 
function and the frequency characteristics of the closed-loop system with 
a constant amplitude of the input of the over-all system. A typical 
problem is depicted in Fig. 10.19: with the describing function (N) and 


Ro 
the conventional transfer function [G(s)] known, the ratio R (jw) is to be 


obtained as a function of w and with the input amplitude R fixed. 

The difficulties arise because for a given R and w the amplitude of the 
actuating signal E depends on N, but N is in turn determined by E 
As a result of this interdependence 
of N and E, the calculation of the 
closed-loop frequency response for a 
fixed R may be a complicated pro- 
cedure. Indeed, in certain cases 
iani when saturation is present) G(s)= in 

e closed-loop response may be @ a : 
multivalued undtion of fron haha: E 10.19. Nonlinear single-loop sys- 
This phenomenon is illustrated in "i 
detail by the following example, in which the parameter values are 
Purposely chosen to yield the multivalued response. 


Regardless of the nature of £ (jw) for constant R, the characteristic 


can be determined by a graphical calculation yielding both N and E. 
From the known describing function, the amplitude of the output of the 
nonlinear component is plotted as a function of E; superimposed on the 
Same graph is a plot of that amplitude of the output of n which satisfies 
the closed-loop equation of the system [the relation between E and R 
established by N and G(je) and the closing of the loop]. The inter- 
Sections of the two curves give the appropriate E and N. > 
The method is illustrated with the analysis of the system shown in 
Fig. 10.19,; a system which also exhibits the unusual phenomenon of a 
multivalued closed-loop frequency characteristic. (The primary signifi- 
Cance of the example lies in the general approach, however, rather than 
the specific results.) The nonlinear device is assumed to possess only 
Saturation, with the result that the describing function is as shown in Fig. 
10.12, The equation describing the closed-loop nature of the system is 


R(s) (10.31) 


1 
E) = KN 
i+ s(s + 1) 


The use of the describing function N is only valid when s = jo. 


T The analysis presented here is identical in approach to that of E. Levinson, Some 


Saturation Phenomena in Servomechanisms with Emphasis on the Tachometer 


Stabilized System, Trans. ATEE, Vol. 72, Part Il, Applications and Industry, PP- 2 
arch, 1953, 
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In terms of the real-frequency variable and E and R (the p mem Qe 
of the sinusoidal actuating signal and input), Eq. (10.31) can be writ 


Joll + jw) 


= | jo(1 + jo) + KN 


R (10.32) 


Here R, w, and K are known constants, and N and E => ge 
mined. The equation is manipulated into a form in whic * Ne 
output of the nonlinear components Gf. the validity of the is Ber 
function is assumed), is given as a function of E. Clearing of frac 


and squaring in Eq. (10.32) yields 


[XN — w)? + «E? = wl + w’) R? 


(10.33) 


Algebraic manipulation of the expression gives 


wE 


NE = -¢ 4% VUF E 


(10.34) 


Plots of the left and right sides of Eq. (10.34) are shown in Fig. 10.20.t 


16 20 E 


H 18 
34 69 


Fic. 10.20. Determination of closed- 


(From E. Levinson, Some 


» Trans. AIEE, Vol, 
cations and Industry, 
) 


stitute approximate solutions of 


E-2 NE 


The left side, NE, is simply the am- 
plitude of m as determined from the 
describing function; the right side, a 
function of the specified variables 
K, o, and R and the independent 
variable E, expresses the amplitude 
of m required by the closed-loop 
nature of the system. The inter- 
sections of the two curves give the 
values of N and E satisfying the 
equation with the known character- 
istics of the nonlinear componen 

The possibility of three pairs o 
values for E and N, each pair satis- 
fying Eq. (10.34), is presented by 
the curves of Fig. 10.20. For ex 
ample, at a frequency of 10 rad/sec 
and with the given input amplitude 
of 2, the following three sets con- 
the equation: 


=<) Wud 
Bese NBex4 Wo or (10.35) 
Hees NE-25 Wioge 


T The curves for the expression on the ri 
inson, op. cit., p. 5. 


Fig. 10.12 and is plotted for 


ght side of Eq. (10.34) are taken directly 
The curve of NE versus E is derived fro 


; f 
a maximum value of N equal to unity (that is, k: o! 
Any flat gain pres 

In the specific case shown K is 200 and § 


ent in n is included in the value used for &- 
; the saturation level, is 2. 
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The feasibility of several solutions is readily substantiated by a quali- 
tative consideration of the system. The gain of the nonlinear device is 
high when the actuating signal is small; this high gain, itself, tends to 
cause a high loop gain and a small actuating signal. When the actuating 
signal is large, on the other hand, N is small (the output limited by the 
saturation), and the loop gain is low. 

The multivalued response is expressed in terms of the curves of closed- 
loop gain versus frequency, as shown in Fig. 10.21. The phenomenon 
exhibited by the curves is termed jump resonance or bending resonance 
and is similar to a hysteresis effect. As the frequency is increased with 
the input to the closed-loop system held constant, the output gain and 
phase vary along the curve shown from A to BtoC. At very low fre- 
quencies, the actuating signal is small as a result of the high gain of the 


20 og, | Siw)| 


Phase (degrees) 


Fro. 10.21. Closed-loop gain and phase curves. 


linear components, described by G(Je). If the frequency is slowly 
Mereased, the actuating signal never builds up appreciably, and, within 

e region of w yielding multiple solutions for E, the smallest value is 
realized. As the frequency is increased just beyond oc, the output jumps 
e actuating signal is now single- 


Valued and large. Further increases in frequency correspond to output 


*xperimenta]ly, 
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The multivalued nature of the closed-loop system function is also 
readily deduced from the root-locus plot. Figure 10.22 is a sketch indi- 
cating the nature of the root-locus plot for the same example, with 

je BEN. 
NG(s) — ee Hj 


Along the locus the appropriate 
values of KN are indicated, as well 
as the value of E required with K 
equal to 200 to give the correspond- 
ing N (the relation between N and 
E is shown in Fig. 10.12 with S — 2, 
kı = 1, and X equivalent to E). 

E may be readily determined at 
any given frequency from therelation 


(10.36)f 


KN=2007E<2 AA, 


E-|- jeje T1) R 
Je(jo + 1) + KN 
(10.37)1 


Equation (10.37) states that, if & 
frequency c, is selected, the corre- 
sponding E can be determined from 
the relation 


Re ei VIF wi R 
[jox(joor + 1) + KN] 


Here the numerator, a constant for 
any given frequency, is the product 
of R and the magnitudes of the vec- 
tors A and B of Fig. 10.22. The 
denominator is the product of the 
lengths of the vectors from the two 
poles of the closed-loop system func- 
tion to the point on the jo axis under 
: Weird ES? roade GO, In order to find er 
1G. 10.22, Root-locus plot for poles, a short trial-and-error proc 
(Not drawn to seale.) p a dure is required, ede two conjugate 
Points on the root locus must be 
(10.38) corresponds to the Æ marked 


(10.38) 


8-plane 


KN=100 


located such that the E given by Eq. 
uma Sage ad these points. In this manner, it can be demonstrate 
A e system used here as an example and with an input amplitude 
Again, use of the describin, ion i; issi 
E function is permissible onl h jw. ‘Thus, the 
root-locus plot ch i rep cape s ; 
2E pi ‘aracterizes the system only along the jo axis, not throughout id 


1 Here, as through i i 3 : 
signals e(l) and (D. Out this section, E and R are the amplitudes of the sinusoidel 
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No response is multivalued in the frequency range from 
co : ; ns 1 rad /sec. For example, ata frequency of 10 rad/sec, one 
ES a pug signal (an E of 2) is determined by the linear system, 
ES qua 4 to unity and E small enough that the system does not 
E Two additional values occur when N is less than unity. 
El pe of jump resonance is well known in nonlinear 
E "ux am is frequently observed experimentally in high-gain servo- 
DTA 1 a _In this example, the equation involved is similar to the 
ee oes and the phenomenon can be predicted. The general 
Am redo which jump resonance occurs, particularly in higher- 
he : Jue are not clear at the present time. Even the examination 
which gle system is difficult because of the complexity of the expressions 
ih dae be plotted. 
Ties : ba RAE a Describing Functions. The nonlinearities 
4 emm amie dead zone) considered in the preceding sections result in 
Siler, : di y simple analysis as a consequence of the real and frequency- 
(B m (oe nature of the describing function. Asa result of this simpli- 
E . ri describing function can be determined analytically and 
litas M simply in terms of the root-locus plots. The analysis of sys- 
TARDA more complex nonlinearities is illustrated in this section by the 
eration of velocity saturation 1n & single-loop system. İ 


— TABLE 10.1 
Para Ar NT " TAS 

rameter mature-controlled Two-phase Hydraulic motor 

d-c motor motor 
-— š — — = 
L n 
"n Armature voltage Control-phase Control-valve position or pump 
voltage displacement ratio 


c "n 
Output velocity Output velocity 


Leakage and hydraulic flow 
resistance 
Viscous mechanical damping 


R Output velocity 
£ Armature resistance | Series resistance 


1 s 
/Rs Viscous mechanical | Viscous mechan- 
C damping ical damping . 
i Output inertia Output inertia Output inertia 
T 1 t B H 
nid block diagram of the system 1s shown in Fig. 10.23(a).§ The 
inea alent circuit of part (b) of the figure is used to represent the non- 
ar element, which may be an armature-controlled d-c motor, a two- 
thang ' à 
Sci J. Stoker, ‘Non-linear Vibrations in Mechanical and Electric Systems,” Inter- 


len à 

pr Publishers, Ine., New York, 1950. gut 
Feedba, discussion in this section follows that of R. J. Kochenburger, Limiting in 
Pp. m Control Systems, Trans. AI EE, Vol. 72, Part II, Applications and Industry, 
limiting. 12^ 1953. Kochenburger also discusses the characteristics of acceleration 


5a de figures of this section, the nonlinearity drives the output directly. If out- 
Into 4 sep rather than velocity is of interest, the block g can be separated 
and the ock g, preceding n and & block gs, with & transfer function 1/s, between n 
Output. For stability analysis, it is immaterial whether g appears in one or 
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phase motor, or a hydraulic motor. _The significance of Dp 
in the equivalent circuit is indicated in Table 10.1. The limiting i ds 
enclosed by the dashed lines represents the effect of rra a de 
limiting characteristic is sharp (the output & linear function o "He 
up to a critical value, beyond which the output is constant an m 
pendent of the input), R; is zero. Although physical eye ; pa 
involves a small but nonzero Ra, the customary assumption ond be 
zerois made here. The limiting circuit is effective whenever |e| is g 

a of the circuit arises because the puting duds que 
simply clip the top and bottom of the waveform of the velocity w 


L inti ore | 


(b) Equivalent Circuit 
Fic. 10.23, Velocity limiting. 


^ l 
: ergy storage in the inertia. The actus 
waveforms are those of Fig. 10.25, where Cols again the voltage equivalen 
of the output velocity in ihe abs imiti 


, the capacitor voltage (the vel 
constant at the value CL. 
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Buffer 
Amplifier 


Gain=1 


Amplifier 
and 
Limiter 


Linear 
Circuit 


(c) Input and 
Unlimited 


rms in velocity limiting. 


Fig. 10.25. Wavefo 
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the current from the source m (the applied torque in the mechanical sys- 
tem) divides between the viscous-damping resistance R, and the limiting 
circuit. Limiting stops as soon as the current from m into the limiting 
circuit tends to reverse, since the limiting circuit cannot provide current 
(torque). The value of m at which this reversal of current tries to take 
place is apparent from Fig. 10.26, showing the Thévenin equivalent cir- 
cuit for the section to the left of ab in Fig. 10.23(b). Limiting stops 
when mR2/(R: + Rs) drops below the limiting level C;. After limiting 
stops, a transient ensues which brings the output voltage (velocity) ¢ 
back to the value which would exist with ne limiting. The transient, & 
redistribution of energy in the RC circuit, is a simple exponential with 
the time constant CsR,R2/(R, + R:). 

The describing function for the system of Fig. 10.23 is the ratio of the 
fundamental component of c to the amplitude of the sinusoidal input 
signal m. As a result of the dependence of the time at which limiting 


£ level as a parameter. If M, the amplitude of the sinusoidal 


input, is n0 limitin iy d 
1 & occurs and the output velocity 
related to the Input by the transfer function TET 


C(s) = R: 1 39) 
M) Rit Re Tet ae 


Here T is the 


time constant 
ass 
of Cy, or 9 


ciated with the charging and dischargin£ 
T — BB. 


0.40) 
Ri+R, a 
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With M/C, equal to 2 (6 db), the describing function is reduced for all 
frequencies below the value at which M is 6 db greater than Co, the 
amplitude of the sinusoidal co. Beyond this frequency, co never exceeds 
the limiting value and the describing function is identical with the real- 
frequency value of the transfer function of the linear circuit. For fre- 
quencies at which the system is limiting, the phase lag of the describing 
function is less than that of the linear circuit. This phase-lead effect of 


02 04 06 10 2.0 4.0 60 10 20 
F Frequency, wT 

IG. 10.97. Describing function for velocity limiting. (From R. J. Kochenburger,: 
Limiting in Feedback LENS. Systems, Trans. AIEE, Vol. 72, Part II, Applications and 
ndustry, p. 186, 1953.) 


Velocity saturation is clear from Fig. 10.25, where it is apparent that the 
fundamental component of c leads co. i y 

The curves of Fig. 10.27 characterize the nonlinearity of velocity satu- 
ration and, when combined with the transfer function of the linear com- 
Ponents, suffice to determine the stability of the system. The stability 


versus phase. The Nyquist-diagram approach involves a frequency locus 
for 1/G(jw) [where G(s) is the conventional transfer function of the linear 
Components in tandem with n] and an amplitude locus of m This 
amplitude locus varies with frequency as shown in Fig. 10.28, which also 
includes a possible frequency locus. Sustained oscillations are indicated 

Y the intersection of the loci at point A, for at this intersection the fre- 
Queney parameter along the frequency locus has the same value as the 
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frequency for the intersecting amplitude locus. The sustained oscil- 
lations are stable in this case, since a decrease in amplitude (correspond- 
ing to motion toward point B) makes the system unstable and oscillations 
build up; an increase in amplitude (motion toward point C) results in a 
stable system, the oscillations dying down. 


Imaginary 
Axis 


Frequency Locus Pa 
1 ZA Se 


Real Axis 


4452 042 647 (57 Oh 

Arrows in Direction of 

Increasing Amplitude 
or Frequency 


Fia. 10.28. Amplitude and frequency loci for system with velocity limiting. (Not 


drawn to scale.) 


„The same information is presented by the gain-phase curves shown in 
Fig. 10.29. Again, 2 family of amplitude loci is drawn for a number of 
different, frequencies. In this case, the gain and phase of —1/N and 
G(jw) are plotted. The intersection at A again demonstrates the exist- 


n Amplitude 
Gain Loci 


trated by Fig. 10.3 , sh 
but a more complex freque: 
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corresponds to stable equilibrium, while that at B represents unstable 
equilibrium. 

Closed-loop Characteristics. The amplitude loci for a fixed value of the 
reference input amplitude R can be obtained in the manner described in 
Sec. 10.5. The general characteristics of these loci can be deduced 
directly from qualitative considerations. In particular, it is informative 


Amplitude 


Gain loc h 


Frequency 
Locus G (jw) ee j 
Fro, 10.30, Amplitude and frequency loci with stable and unstable equilibrium points. 


2 determine approximately the open-loop gain-phase curve for a con- 
sant input amplitude. With a given R there is no limiting at very low 
"quencies (because of the high loop gain) or at very high frequencies 
a cause of the attenuation in the nonlinear system). The frequencies 
of Which limiting starts and stops can be determined from an analysis 

the linear system. For example, in the system of Fig. 10.31, at very 


river e duencies, E, the amplitude of the sinusoidal actuating signal, is 


2s eco 41 
rira 59 
If Velocit; 


y limiting is again consid- Fic. 10.31. System with velocity limiting. 

ip wad the equivalent circuit of Nery UP ee 

and 10.23(b) is used, N, in the absence of limiting, 1s given by Eqs. (10. 
(10.40): yy 


ered 


NE eee ee (10.42) 
| Ri + Re RiR2Cs 25 3-1 
Ri + Rs 


Thus, Æ is related to R by the known values of G(jo), Ru Ra, and Cs. 
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The transitions between linear operation and limiting occur when the 
amplitude of output velocity equals Cz, the limiting value: 


C, = |NG(jw)|E (10.43) 


The three equations above give two frequencies, e; and w between 
which the system is limiting with the specified input amplitude. For all 
frequencies in this band, a positive phase shift and an attenuation are 
introduced in the open-loop gain function as a result of the limiting. The 
gain-phase characteristic with the form of curve (a) of Fig. 10.32 for the 
linear system then takes the shape indicated by curve (b). A larger 
input signal results in limiting over 
(a,b,c) a wider range of frequencies (oi, to 
c») and a larger maximum positive 
‘phase shift resulting from the lim- 
iting. The two effects are demon- 
strated in curve (c) of Fig. 10.32. 

Thus, velocity limiting bends the 
gain-frequency locus around the 
constant-M contours, shown as the 
dashed lines of Fig. 10.32. Al 
though for very small amplitudes 
of input the system may have very 
poor relative stability, as the sign® 
amplitude increases, the relative 
stability improves. If the input 
signals are adequately approxi- 
mated by sinusoidal functions, the 
characteristics are favorable if, wit 
small input signals, a given pe! 
rca error is less significant. 

n 4 0.7. Describing Functions 
velocity limiting pA EM rien Design. One of ‘the most impor 
in direction of tant aspects of describing-functio? 


Phase 


The Preceding sections demonst: 
describing-function methods in th 


t functions. The simplest extension © 
En 1s considered in Secs. 10.5 and 10- o 
m or the gain-phase plots, the relativ 
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xen of the system can be determined as a function of the signal level 
: E er the input of the nonlinear device or the input of the closed-loop 
a The familiar problem of the adjustment of loop gain to obtain 
ce e relative stability can be solved in terms of the graphical presen- 
^ n In addition, conventional techniques can be used to shape the 
a locus in such a way as to improve relative stability and dynamic 
oat The only difference between the conventional Nyquist- 
S n analysis and the describing-function analysis is that, in the latter 
a € —1 point moves with changes in the signal level. 

oes, do elegant design problem involves the determination of nonlinear 
toi E 3 appropriate for insertion in either a linear or a nonlinear system 
in E over-all dynamic performance. Perhaps the major difficulty 
Pires a design lies in the problem of phrasing the specifications in a 
tne he ae to analytical design techniques. The marked depend- 
iulat e performance characteristics of nonlinear systems on the par- 
Precise oe signals means that, in general, the specifications must include 

escriptions of input and desired output. The usefulness of the 


Fic. 10.33. System with two nonlinearities. 


describi x 
h c mibing-function approach depends, in the present state of the art, on 
i ility of the designer to reinterpret these specifications in terms of 


& t: 
gn oldal response characteristics. s 
tga MH simple problem, and yet one of considerable practical 
Sired no is the design of nonlinear networks to compensate for unde- 
descripelinearities in the system. The procedure for determining the 
number 5. function of the required nonlinearity 1s straightforward in a 
illustrat of important cases. The system of Fig. 10.33 can be used to 
1 to ¢ € one possible sequence of steps in the design of the nonlinearity 
Compo Ompensate for the nonlinearity n; in the presence of the linear 
d nents g; and gz. The Nyquist-diagram approach is used in the 


eserinis S 
cription which follows, although the gain-phase plot is equally 


i 
The first Step entails & determination of N+, the describing func- 
general depends on the 


tion : 
frequa, the given nonlinear element n» N2 in l 
(2 ncy as well as the amplitude of the signal at the input of ns. 
an evaluation of the 


he E A B 
escribi second step in the design requires | 1 t 
b ime function N, representing all elements in the block including 
* and ge. N depends on both the frequency and the amplitude of 
to that of the following 
Feedback Control Sys- 
pp. 119-126, 1953. 


TH, 3 
2 e describes the broad outlines of a procedure similar 
tems, Tre Taphs. See V. G. Haas, Jr., Coulomb Friction in 
ns. AIEE, Vol. 72, Part II, Applications and Industry, 
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i i is not 
the fundamental component of the signal ma. The signal pm 
sinusoidal, since it is the output of the nonlinearity tis = w-—— 
below, the analysis here rae Ee os a provides adequa 

i ake m» essentially sinusoidal. ' h 
E owe worm cerca is plotted, each curve representing the NM 
ation of —1/N with ape. d g elven amplitude of mı. 

i the form shown in Fig. 10.34. Pe. 
ee bo the known part of the system now analyzed, the desig 
characteristics of n; can be determined. If the over-all n ion 
linear, nı must have a describing function Ni with an amp g^ (€ 
which essentially counteracts the amplitude variation of the re " the 
loci. In other words, if relative stability is of paramount intere EN. 
amplitude locus for M, must be such that the *—1 point vir. 
the curves of Fig. 10.34 lies in the same position relative to tj $ the 

(e.g., the M, values should b is 

Imaginary same for all amplitudes, where n 
AS the maximum value of the ks i 
' loop gain-frequency curve). I the 
loci of Fig. 10.34 are all roughly af 

same shape and represent mae a 

fications of a single locus, the de ^d 

mination of a real N, which s t 
: this equalization is not di pur 

but, if the loci differ widely not S 

in gain but also in shape, N1 Be A 

involve a frequency dependan oaa 
Fig. 10.34. Frequency loci for various Order to compensate for hos 
amplitudes of m;. (Plots of —1/N.) linearity of ns. The determin: 
of N, then becomes difficult. DS 
les associated with this approxim 


Real Axis 


(O4), (My, (Mj), 


ing function (in this case, Ni) ere 


4 4 Vise age ke 
i i Sinusoidal, g» provides the filtering to man” 
sinusoidal. In other words, both gı 


of low-pass filters. The problem h 


arises in sampled-data feedback c 
function of two 


z transfer functions unless the two 


Output of n»; Thus, in general, 


a 
s har 
Z r must involve consideration of Dx in 
monic content of the output of az and the allowable harmonie con 
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Mı if m» is to be essentially sinusoidal or must be carri 

poe the actual waveforms throughout the system. i o ch 
an ce aig justification for a linearization as described above lies in 
Ebene ng simplification in the analysis. A much more significant 
with eM the selection of n; to give an over-all nonlinear system 
(pm a : e characteristics. In the present state of the art, very little 
Buts i a the design of systems intentionally nonlinear, and the 
dog eem individual problems depends largely upon the ingenuity of 
lytical E P The describing-function approach provides a useful ana- 

The d olina wide variety of situations. 

vio el ie ie cies for a conditionally stable system 
design pbi pects of the application of describing functions in 


Fic. 10.35. Block diagram of tandem system. 


Th : 
(ja) plage diagram of the basic system is shown in Fig. 10.35: here 
S the transfer function for the controlled system, G;(je) repre- 


Sents "hem í 
iu integral-compensation network, and N is the describing 
n for the nonlinear system. The two transfer functions arei 


Gids jo + 50 
Ge) = Ke (10.44) 
ju $16 (10.45) 


y= ee ee Ia 
ajo) je(je + A)(je + 200)(je + 400) 


include saturation and possess à 
n the amplitude of the sinusoidal 
0.12, with kı equal 


Th à 
B aliia system is assumed to 
input e gain of unity (N — 1) whe 
9 unity n is less than the saturation level. Figure 1 
^ s a plot of the describing function. j 
Phase ve ects of the nonlinearity are illustrated by the plots of gain and 
takes agis frequency as shown in Fig. 10.36, or by the root locus, which 
etween 6 form indicated by Fig. 10.37.§ With the velocity constant 
e sy, 4 and 95 db, the system is stable, but, as the gain 1s decreased, 
stem becomes unstable. If, for example, the velocity constant is 


tTh 
nol e EID follows that described by R. J. Kochenburger, Limiting in Feedback 
194, 19,7 tems, Trans. AIEE, Vol. 72, Y art IL, Applications and Industry, pp. 180- 


Tien 

any a oe here are chosen to simplify the explanation and do not correspond 

Physical system. For example, the poles and zeros of Gi(jw) and Galjw) are 
alization of the form of the gain 


Bur, 
Pose] 5 
e ly selected widely separated to facilitate visu 


" [xs nd root locus. 

The RT determination of Fig. 10.37, jw in Eqs. (10.44) and (10.45) is replaced by s. 

behaviors Positions of Fig. 10.37 are only significant in that they yield the correct 
ong the jw axis, since N is defined for s = jw only. 
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made 80 db for small signals (with N equal to unity), the gain falls as 
the signal level increases as a result of the decrease in N. When N has 
decreased by 16 db, the System is unstable, the amplitude of ape 
grows, and N continues to fall. The intersection of the jw axis and tl id 
root locus (at point A) is an unstable equilibrium point, with the stalia 
equilibrium point B corresponding to an oscillatory amplitude sufficien! 
to make the value of N 60 db below unity. 


20 D 
-140* 
Phase || 
A r Phase -160* 
Gains — 180° 
T — 180° 
3 É PTT ee d 
hs i LLH 200° 
—20db H 220° 
Ed 1 —240* 
g^ i " 
£ N H & 
3 -60 ' 
Asymptotic _|N getah 
= Gain Curve N Gain 
UN 2-95 db 
M 
—120 
01 1 10 100 1009 
w (rad/sec) 
Fro. 10.36. Gain 2nd phase curves for 
NG: (6.5) = KN(s + 15)(s + 50) 


sls + DG +4)6 +2006 + 400) 
(Plottea for Ks = 1, where K, = KN X 15 X 50 


A variety of values might be used fo; j Th p 

E T Hi(j«), Ky, and Ka. EA 

all transfer function of the subsidi Svat he amplifier 
ith gai Ket Subsidiary closed-loop system and the amp 


K,K,N (10.40) 


"E Go) 
EUUTULTINmGS 
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If this transfer function is to realize the integral compensation 
(jw + 50) 
(jw + 1) 


when N is unity, the denominator of Hi(jw) must be je +50. Of the 
variety of numerators which can be chosen, the simplest is joKz. Then 


-200 


s-plane 


Fig. 10.37. Root-locus plot for conditionally stable system. (Not drawn to scale.) 


ag 10.38. Integral compensation iatroduced by minor loop around the nonlinearity. 
fo Ks, and Ky are determined by equating the transfer function M2/E 


T the system of Fig. 10.35 with the expression of Eq. (10.46), describing 
€ system of Fig. 10.38: 
KKN A Li nn A d. COO 
j a 
1+ KN Eme J 


jo + 50 
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At zero frequency, Eq. (10.47) reduces to the relation 
KK, = 50K (10.48) 


Substitution of Eq. (10.48) into (10.47) and cancellation of common 
factors yield the additional condition 


KK = 49 


Any values of Ki, Kz, and Ky satisfying these two equations por 
in the desired integral compensation at low signal levels (where 
unity). d : ) 

The resulting transfer function relating M; to E is 


M: 50KN jw + 50 49) 
= (jw) = — (10. 
EM l4 49N. 50 

Je t 1-3 49N 


mes unstable), the ratio is approxi- 
phase lag is reduced and the system 


The resulting nonlinear System, with the compensation around the 
nonlinear element, is still conditional 


lystable. Reduction of the tandem 
gain, K, in Fig. 10.38, leaves the va i 


integral-compensation network at 50 for small signals and, hence, d 
the system to become unstable. The introduction of the subsidiary feed- 
back loop stabilizes the system for all signal levels, but does not remove 
the conditional stability. 


This example is not intended to 
rather to illustrate the 


i ion, since the open-loop transfer 
function actually is that of i 


a high-pass filter. The basic assumption 
underlying the describing-fun i i 


l methods for minimizing the delete 
effects of nonlinearities or for actually utilizing the nonlinearity 
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Problems Amenable to Analysis. The describing-function analysis is 
often termed sinusoidal analysis. As a consequence of the restriction of 
consideration to sinusoidal signals for the characterization of the non- 
linear components, there are certain classes of problems amenable to 
analysis and other classes for which this approach gives incomplete or 
unsatisfactory resuits. For example, the describing-function method is 
appropriate for the determination of both the existence of sustained oscil- 
lations and the approximate amplitude and period (or frequency), but 
not the waveform. 

Although the greater part of the mathematical work in nonlinear 
mechanics has been concerned with the establishment of the existence or 
nonexistence of limit cycles (i.e, the possibility of sustained oscillations), 
the engineer is perhaps more often interested in the performance of a 
Nonlinear system which is known to be stable. In so far as a describing- 
function analysis indicates the sinusoidal response characteristics of the 
sy stem, the available information about system performance is roughly 
Similar to that present in the Nyquist diagram or gain and phase plots 
of a linear system. The relative stability of the system is indicated as a 
function of the level of the signal input of the nonlinear device. Suf- 
ficient information is presented to permit evaluation of the effects of the 
introduction of compensation networks in closed-loop systems. 

Although in many simple cases the Nyquist diagram of a linear system 
defines the nature of the system transient response, the describing- 
funetion analysis does little more than indicate the general charac- 
teristics of the transient response of a nonlinear system. The weak 
Correlation between frequency and time domains in the study of linear 
Systems is made even more unsatisfactory by the variation of the sinus- 
oidal characteristics with signal level and the difficulty of determining 
the appropriate variation of sinusoidal amplitude to correspond to a 
&lven transient input. In special cases where the describing function 1s 
Purely real and independent of frequency, the gain of the nonlinear device 
varies only with the amplitude of the input and this variation can be 
interpreted as motion of the poles of the closed-loop system function 
along the root loci. This interpretation, discussed in Sec. 10.4, may 1n 
certain cases indicate the nature of the step-function response of the non- 
Mear closed-loop system, but there is no evident, concise correlation 

etween time and frequency domains. Thus, the describing-function 
?nalysis indicates transient response only in so far as it demonstrates 
approximately the relative stability and bandwidth.. ; 

ikewise, describing-function analysis is not readily applicable to the 
Study of the response of a nonlinear system to random input functions. 

8 stated in Sec. 8.7, on the basis of the minimization of the mean-square 
error as a design criterion, the optimum filter is nonlinear unless the sig- 
a and noise are both normally distributed. Marked improvement in 
` ter Je cases by the introduction of non- 


8) nents. Mor wever the inclusion of any but the 
mpl, e generally, howe , 
r mendous complication of the analysis. 
nlinearities results in tre y 


‘ficulties in the Analysis. There are three primar 
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arise in an analysis based on describing functions. The first is the compu- 
tational difficulty associated with the determination of the describing 
function for a wide range of amplitudes and frequencies. ; All but the 
simplest problems require either analog- or digital-machine aids to compu- 
tation. Thé problem is particularly suited for study with an analog 
computer, if the nonlinearity can be suitably instrumented. t+ f 4 

The second difficulty, also computational, is present in certain cases in 
which the response desired is that of the closed-loop system excited by 
sinusoidal input signals of a constant amplitude. The interdependence 
of the describing function N and the amplitude of the actuating signal is 
demonstrated in detail in Sec. 10.5, where it is shown that the jump rosos 
nance sometimes observed in systems with saturation can be explained 
from the fact that a single value of reference input may correspond to 
more than one amplitude of actuating signal. 

The third and most basic difficulty is related to the inaccuracy of the 
method and, in particular, to the un 
about the accuracy. "There is no sim 
racy of the describing- 


definite assurance that the results derived with the describing function 


i A (og penalty ia cases of a contactor servomechanism, a system with veloci 
ing, and one with backlash: Haas reports E lomb friction; 
and Kochenburger, in his two Da pors on a system with coulo i 


t! 
5 Pers, describes contactor servos and systems WÍ 
torque, velocity, and acceleration saturation Ee TA r 
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evaluation of coulomb-friction forces or approximation of a physically 
saturating element by one which exhibits a sharp transition from linear 
operation to perfectly limited operation. Evaluation of the importance 
of the errors introduced by the describing-function analysis must be tem- 
pered by consideration of the primary objectives of the analysis in the 
study of feedback control systems. In the vast majority of cases, the 
designer desires a rough measure of the effects of certain nonlinearities 
and a quick method for evaluating the effects of additional linear or 
nonlinear components introduced within the loop. 

10.9. Accuracy Analysis. The value of any approximate method of 
analysis is limited by the confidence the designer has in the results. At 
the present stage of development, the validity of the describing-function 
method is primarily based on intuition and experimental results. Intu- 
ition indicates that in a wide variety of feedback control systems the 
higher harmonics generated by & 
nonlinear element are of only second- 
ary importance both because of the 
small amplitude of the harmonics 
and because of the attenuation of the 
harmonic components by the linear Fyra, 10.39. Single-loop system with 
part of the feedback loop. Experi- one nonlinearity. 
mental results for a variety of non- 
linearities tend to bear out this intuitive evaluation. Indeed, the corre- 
lation between experimental and theoretical results is in many cases better 
than the accuracy of the design data. . 

Extension of the describing-function methods requires, however, & more 
quantitative analysis of the accuracy to be expected. Such an analysis 
is available in Johnson's work, f based on the earlier studies of Bulgakov.t 

he essential features and results of this work are summarized in this 
Section. For simplicity, the analysis is restricted to consideration of the 
configuration of Fig. 10.39, a single-loop, single-nonlinearity system with 
a describing function which is purely real and a function of only the 
amplitude of the input signal of the nonlinear device. The more general 
case of multiple nonlinearities, each with a complex frequency-dependent 
describing function, is considered in J ohnson’s paper. If the unexcited 
system (with r equal to zero) is considered, further simplification results, 
and, for the ordinary stability analysis, there i$ no significant loss of 
enerality, since stability depends on the gain around the loop. ] 

Basic Problem. If these assumptions are made, the equations describ- 


ing the behavior of the system of Fig. 10.39 are 


gu(p)e — a(p)m = 0 (10.50) 
= (10.51) 
a (10.52) 


e= —c 


T Johnson cit. 
1B. v. Baleskov Periodic Processes in Free Pseudo-linear Oscillatory Systems, 
J. Franklin Inst., Vol. 235, pp. 591-616, June, 1943, and On the Method of Van der 


9l and Its Applications to Non-linear Control Problems, J. Franklin Inst., Vol. 241, 
PP. 31-64, January, 194€. 
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Here qi(p) and q:(p) are poly mial functions of the operator p = d/di. 
G(s), the transfer function of the linear components ( 
'q(s)/g«(s). Equation (10.51) states that m, the output of tl 


device, is a function of the input e. Ww. 
If Eq. (10.52) is used to eliminate c, system behavior is described by 
the two equations 


—Go = =0 0 
epe "rd (10.54) 


Equation (10.54), describing the nonlinear characteristic, can be written 
in terms of the describing function N, 


m — N(E)e = $(e) (10.55)1 


In this equation, N(E) is the describing function evaluated for & sinus- 
oidal e of amplitude E; ¢(e) is the error introduced by use of the describ- 
ing function [that is, ¢(e) is n(e) — N(E)e. As yet, e is not restricted 
to a sinusoidal signal and the value of E is unspecified. > 
Equations (10.53) and (10.55) represent the general nonlinear probis 
for a system of the form of Fig. 10.39. The periodic solutions desire 
are obtained by a perturbation procedure, as described below. This 
derivation requires the assumption that all derivatives of (e) exist for 
values of e covering the range of interest. : 
In order to obtain a solution by the perturbation procedure, an addi- 


tional parameter y is introduced as a multiplier of the error function 9 
The equations then become 


—N(BE)e +m = uó(o) (10.56) 
+a(p)e + q(p)m = 0 (10.57) 
The desired solution for either e or mi 


1 8 & power series in the parameter H 
For example, e is to be determined in 


the form 


a e (10.58) 


The correct valu 


e of e is then found by substituti ] to unity, 
with the result y substituting u equa 


€ 6l e dé H-e +s; (109) 
Here each of the component fu: 


1 nctions (es, e, . . .) is a function of ess 
The frequency of the periodic Solution is also represented by a pov 
series in y, 3 
u= (1+ Jas (10.60) 
5 de À 2 
where No Da Op at ess (10.61) 
t Actually, since the describing function 


, 1 F nt, 
] h is not defined as yot in this developme? ^ 
this equation represents an arbitrary separation of the nonlinear characteristic 19 
two components, 
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Again, the correct value of w is found by substituting « = 1: 


A: " 
TT MOL (10.62 


ü This form for the solution is particularly appropriate because, as estab- 
ished in the following discussion, the first-order solution, found by letting 
heal zero, is identical with the amplitude and frequency given by the 

escribing-function analysis. This first approximation is 
€ = e and w = wo (10.63) 


The added terms (ei, ez, . - . and Ai, An » » .) for the solution in this 
form give higher-order approximations to the correct periodic solution 
ore. Thus, stability analysis involves the determination of the two 
Power-series equations (10.58) and (10.61) from the system equations 
(10.56) and (10.57). 

Poe First Approzimations. The first approxima 
s e solutions when the parameter is Zero. But wi 
€ system equations (10.56) and (10.57) become 

—N(E)e +m — 0 (10.64) 

ulpe + ax(p)m. = 0 (10.63) 

The two equations have a nonzero, periodic solution only if the determi- 

Nant is zero. In other words, it must be possible to find a value of E, 

denoted Eo, and a value of frequency, o such that the determinant 
(with p replaced by jw) is zero when evaluated at Eo and wo: 


Di — [gs(joo) + N(Ega(j99] = 0 (10.66)1 
ivision by —g2(jwo) yields the relation 
(10.67) 


1 + N(EgG(o)) = 0 
Equation (10.67) defines the determination of Zo and wo; this determi- 
Nation can be effected graphically as described in the preceding sections 
of this chapter. The amplitude locus —N(E) and the frequency locus 


1/G(ju) are plotted, with the intersections determining Zo and wo. The 


Corresponding values of eo and mo are 
(10.68) 


eo = Eo cos wot ys 
mo = EN (Eo) cos wot (10.69) 


tions, eo and «e, are 
th a zero value for p, 


3 Equation a i i Laplace-transform theory, which may 
0.66) can be derived using the Laplac 
e familiar to en PE ANA Equations (10.64) and (10.65), when transformed, 
come 
—N(E)E(s) + M(s) =0 
qz(s)E(s) + quis) M(s) = HO! 


I(s) represents initial conditions. Elimination of M (e) yields 


Tis) 
El) = 5:5) + Nas) 
Tf elt) is to have a periodic component, E(s) must bave simple poles on the jo exis at 


je» Hence, Eq. (10.66) must be satistied. 
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i ils of the 
i i int is simply a rephrasing of the details of th 
Dro erui athed. mend the describing-function analy 
REE dem if the higher-order correction terms (oj. EE vues 
uly negligible. . 
ko d this section is devoted to an ———— 
higher-order terms. Since the terms €1 and ^, are the -— Barents 
in the power series for e m 9, ep m ee m : aad gate 
ions (10.56) an I w. : t i E 
ptm EA At is stage, the necessity for the infinite MUR E 
si is made apparent, for, if w is not defined in terms of 0€ ns 
frequency of the periodic solutions obtained for e and T 3 we 
from o». In order that the second-order approximation E *- 
written as eo + e1, eo and e, must have the same period. ] 
necessary to define a new time variable 7 such that 


0 

(l+A)t=- (10.7 ) 
A A .71) 

where A=Aw+ 3 we gi" Tee (10 


The frequency €, corr 


: re- 
esponding to the variable 7, is related to wo, Cor 
sponding to t, by 


e = (1 + Xs (10.72) 


Aa, M... are chosen to make the ] lu- 
when measured ir. terms of the time variable 7. For the first-order 80 


a . of 7 
tion, t = 7 and w = wo; hence, e; and my can be written in terms 
directly from Eqs. (10.68) and (10.69) : 


i identical 
periods of eo, e,, en . . . iden 


.13) 
£g = Es COS wor C079 
M = EN (Eo) COS wor 


The First Frequency Correction. The 
series (for e and w) are determined b 
tem equations with respect to 
Differentiation of (10.56) and (1 


second terms in the two e 
Y differentiation of the origina rol 
A and substitution of n equal to 2 
0.57) yields 


ðe | dm (e) de 0.75) 
TNIE) F T On =el) +y r3 On g 
ðe dq:(p) ap ðm dqi(p) ap sÜ (10.76) 
qp) On e dp E" q:(p) ET +m dp Ou 


With « = 0, the following 


the 
relations are apparent from the form of 
power series [Eq. (10.58)]: 


(e), s = eo (*) =e, 77) 
duj umo (10. 
(a (2 = 
u-0 = Mo m Nt =m 
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In addition, the operator p = d/dt is related to p’, defined as d/dr, by 


p=p(l+” (10.78) 
Hence, 
(p).-o VA p 
a 10.79 
4 = Mp’ ee 
Ht] a0 
Substitution of Eqs. (10.77) and (10.79) in (10.75) and (10.76) gives 
—N(Eye« Tm = (eo) (10.80) 
r = , [[ da:(p) dqi(p) 
pujas apii NB (| dp a e [ dp jy» i 
(10.81) 


The solution sought for these two equations is periodic with a fre- 
quency of wo in the time variable r. The conditions for the existence of 
such a solution can be derived by expressing ¢(eo) as & Fourier series 
With the fundamental frequency wo. The expansion is possible since eo is 
Periodic with the same fundamental period. (It is assumed at this point 
that the nonlinear device generates no subharmonics.) Then, 


ge) =i Y Ae (10.82) 


ka= o 


where eae i 7 plee” d(wor) (10.83) 
*J-z 


In this Fourier series, ®; and $-, are zero as & consequence of the defi- 
nition of $. In the derivation of Eq. (10.55), $ is defined as the output 
of the nonlinear device minus the describing function times the input. 
With eo sinusoidal, the fundamental component of the output is absorbed 
Completely in N(Eo)Eo cos wor, and &(eo) contains only d-c and higher- 
armonic components. 

. From Eqs. (10.73) and (10.74), the values of eo and mo are also expressed 
In terms of er, 


-— Be (ger + eis) (10.84) 
mo = A N(Eo)(e**" + gm) (10.85) 


After substitution of Eqs. (10.82), (10.84), and (10.85), the differentiated 
System equations (10.80) and (10.81) become 


-N(Gga m -$ Y ee" (10.86) 
k 
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qs(p^)ei + qlp')my, 


= — MPs EJ jur = [ zw] jopie 
2 dp piao - dp Jpn 
dai(p) jeoN ( Eg yeise — E JwoN (Eo)? (10.87)t 
+ [ dp eee we dp pe—jos E J 


For simplicity, the coefficients A and 4 (the conjugate of A) are € 
duced to represent the coefficients of eer and € ?"7, respectively, in 
right side of Eq. (10.87). The equations can then be written 


ri * 
SN (Bojer + m =} E (10.88) 
4 
ka= w * 
Q2(P'Jer + qu(p’)my = Aee 4. Jews (10.89) 


These two equations determine e 
quency wo. "This periodicity alone is 
If my is eliminated between the two 
results: 


[-4a2(p') — gi(p’)N (Eo)]e; 


: and my, each periodic with p 
sufficient to establish the value i: kt 
equations, an equation for e; alo 


= [Aee 4 Femi) 20 » per (10.90) 


The bracketed factor multiplyin 
goes to zero at p' = joo [ef. Eq. 
Side of Eq. (10.90) there can be 


frequency wo. Hence, 4 must b 
with a frequency 


& €i is the system determinant, siis 
(10.60)]. Consequently, on the -— 
no term representing an — 
e equal to zero if e, is to be p87) 
of wo.t Accordingly, if the value of A from Eq. (10. 


s just. 
i uires that p’eis" be recognized as juot’ a 
The operator P’ signifies differentiation with respect to T. For the same reason, 
Idas(p) /dp],. eios i i 5) ee m 
T The condition be more apparent if the Laplace-transfor 
equivalent of Eq. (10.90) is co 


ed s — jkwo 
"3 p m A à ) Ww = 
PO) [5 = vox] l-z "EE 20 I Sd 


8) 
à can be no terms of the form + cog wer. Hence, T 
can have no multiple-order pol je The first term in brackets © 66). 
ple poles at şs = Tjow as a result of Eq. ur 
m cannot include poles at these points. if ae to be 
ossible for the pole represented by — A /(s — jwo) 
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1s set equal to zero, 


Ao [[ das(p) " 
Am k g) - joo + [se] | jue Gio] =0 (1091) 


a 


Equation (10.91) can be written 
j XE : l 2 
Wo 1440 D'(E je ) 0 ( 0.9: ) 


ges D'(Evjox) is the derivative of the system determinant evaluated at 
o and «y and cannot be zero, as noted in the last footnote. Hence, 


1 =0 (10.93)* 


er the periodicity condition for ey and m, is alone sufficient to demon- 
eta that the first frequency correction is zero. 
tione E Amplitude Correction and Second Frequency Correction. Equa- 
en in and ( 10.89) represent the two simultaneous inhomogeneous 
x ions determining ei and my, the first amplitude corrections. If the 
tier es determined above (A = A = 0) are substituted, the two equa- 
18 can be written 


-N(Ege + m = $ Y duet (10.94) 


k= o 


go(p')er + q(p’)m = 0 


ae solutions sought (e: and mı) are periodie, with a frequency of wo. 
th P expression for e;, alone, is given by Eq. (10.90) with A equal to zero; 
© corresponding equation for m, can be found by elimination of e, in 


(10.94) and (10.95): 


(10.95) 


[gitp!) = a(p)N(G9le = 2c Y [A (10.96) 


[—a2(p') — a(p)N(G9]m = — e) Byer" — (10.97) 


kee 


= 
ane coefficient of either m, or e; is the system determinant, with a zero 
P’ = jov. The right side of each equation represents & periodic func- 
pen COMES NN ULM E aei cr 
ces by the pole introduced by the summ: 
= also be zero. 
ae the same reason, —g2(8) — a(o) N (Eo) 
bas ae this expression je denoted D(Zo5); 
determi e assumption is implied throughout t i 
DR inant D(Eyjo) is not zero at the higher harmonics of eu 
be equation above introduces simple poles at these frequencies, 
ould result in multiple-order poles. 


og eE 
ation term; however, with $i zero, Á 


must have only simple zeros at tjwo. 
D' (Es joo) must not be zero. Further- 
he remainder of the discussion that this 
since the second term 
and a zero value of 
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tion with components at frequencies of 0, 2w0, 3e», . . . . The resulting 
forms for the periodic components of €; and m, are 


€ = B cos wor 4-1 b E peito (10.98) 
k=— o 


BN(Eo) cos wor + 1 b M ueir (10.99) 


ka> a 


The evaluation of the coefficients B, Ey, and M y, is effected directly 
from Eqs. (10.96) and (10.97). Tf Eq. (10.96), for example, is solved by 
the Laplace transform, Ei(s) can be written 


m, 


_ [a9 ^ d 1 10.100) 
Eis) [ 2 4 8 io. BS 


Ei(s) has simple poles on the jw axis at the points 


$70 ije io, +780, . . - (10.101) 


The residue at the pole s = + Ju is 


Kon = [ 1o y b, | 1 (10.102) 


en joo — jkws D' (Eo, jo) 


Here D'(Ev,j0») is written for [dp Eo,s)/ds),_., " i t each of 
the other poles is given by SR iid owe The TES 


fs cs ko) T 1 10.103) 
7 2 ^ "DU i 


Thus, the forms of ei and m, are as given in Eqs. (10.98) and (10.99) with 
E | : ( dab. 104) 
w=) naGkoo, à (10. 
DO.) E*l 


M (Gk daa 105) 
= d ako, (10. 
DR, E*l 


e series give ey and Mo, purely Gage 
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second terms of the series are e; and mi, given by Eqs. (10.98) and (10.99). 
Each correction is composed of two components: an additional funda- 
mental component [B cos wor or BN(E») cos worlt and the higher har- 
monies generated by passing the first approximation (eo) through the 
nonlinear device. The harmonie components can be caleulated directly 
from Eqs. (10.104) and (10.105).] The caleulation must be preceded 
by the determination of +, each coefficient in the Fourier series for (eo). 
These coefficients, as well as N(Eo), can be found by evaluating the 
Fourier series for the exact output of the nonlinear device when the input 
is eo, since ó(eo) is the error between the actual output and that given by 
describing-function analysis. Once this single Fourier series is deter- 
mined, all harmonie components of e and m, can be found immediately 
from the known transfer function G(s) evaluated at s — jkwo. 

_ The determination of the fundamental component of the first correc- 
tion involves the evaluation of B, which is related to the residue given by 
Eq. (10.102). It is more convenient to determine B (and also Az) from 
the requirement that the second correction term be periodic. This sec- 
ond correction is found in a manner similar to that used for the first 
correction. Now the original equations (10.56) and (10.57) are differ- 
entiated twice with respect to x, and then p is set equal to zero. Again 
the requirement of periodicity is imposed (no terms of the form 7" cos wor, 
where n is a nonzero integer). The resulting periodicity equation 1s 


EB [: x c y j NasEs NENG jo 


s 5 B^ G0) 
= Ee[dB] . Y (| Re Eu + Jas Im Eu) (10.106) 
2 |dE js dE s Eo 


The two equations derived from the real and imaginary parts of this 


equation suffice to determine the values of B and Xs. 


T Bulgakov shows that this additional fundamental component can be assumed in 
Phase with the first approximation? Cf. B. V. Bulgakov, Periodic Processes in Free 
Seudo-linear Oscillatory Systems, J. Franklin Inst., Vol. 235, pp. 591-616, June, 1943. 
t Equations (10.104) and (10.105) actually can be written by inspection if the 
Physical significance of these terms is appreciated. Ex is the amplitude of the kth 
armonic at the input terminals of n when the output of n is assumed to be the exact 
Output resulting from excitation of n by the first approximation eo. This excitation 
causes a harmonic component of amplitude $+ ata frequency kwo in the output of n. 
his harmonic component is transmitted from the output of n to the input through 
the gain —G(jkwo). The loop is closed through the nonlinear device with a gain N (Eo). 
ence, 
—G(jkwo) 
Eu = (01 !U 


"This equation is equivalent to (10.104). A similar line of reasoning indicates that 


1 
SO uo p, NE SGT 
Mu = yF WNOGGke) ^ 
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Clearly, the evaluation of B, even in the simple single-loop, single- 
nonlinearity feedback control system of Fig. 10.40, requires machine 
calculation. Determination of B from Eq. (10.106) involves the quan- 
tities listed in Table 10.2. 

Conclusions. The analysis pre- 
sented in this section is directed to- 
ward estimation of theerrorsinvolved 
intheuse of describing functionsin the 
analysis of nonlinear systems. The 
results of the somewhat extended 
analysis are contained in Eqs. (10.93) and (10.106), the former stating 
that the first frequency correction is zero, the latter yielding the values 
of the second frequency correction and the fundamental component of 
the first amplitude correction. The results afford a method for evaluating 
the accuracy of the first approximation (given by the describing function) 
or, alternatively, for improving the accuracy of the describing-function 


Fic. 
analysis, 


10.40. System for accuracy 


TABLE 10.2 
DETERMINATION OF B 


Evaluated from the | E, Amplitude of the first approxima- 
deseribing-function tion for eo 
analysis EON (Eo) Amplitude of the first approxima- 
tion for m, 3 
wo Frequency of the first approxim&- 
tion 
= a mE NN UE a PRENNE 
Evaluated from the G' (juo) Value at s = jo, of the logarith- 
transfer function of | G(u;) mic derivative of the transfer 
ay ivan function of the linear compo- 
neni 3 nents 
qi Gkoo) Value at s = jkwo of the numer- 
E ator polynomial of G(s) 
D(Eojkwo) System determinant, or : 
tik) [ a) + eds] 
"XE V e s 
oss from Fou- | do, ba, ba... D-C and higher harmonics of the 
Tr ks ysis of out- exact output of the nonlinear 
put of nonlinear de- device when the input is 
vice : ; 
e Eo cos wor 
ROCA eee 
wen from Eq. | E, Eis, Eus. D-C and higher-harmonie 2m- 
ar ) plitudes of the first correction 6s 
Evaluated from the (2) (2: ; m 
: | (52 AI Derivatives with respect to E 0 
nonlinear charac- dE} x, NdE ye the Tanon Hei aet of the 
foe E dns (o exact output of the nonlinear 
Diparamelor: des ^ device when the input i5 
termined with most E 
difficulty) POPE 


em ee. 
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analysis in the determination of the amplitude and frequency of a periodic 
solution. In Johnson's example of a second-order system with backlash, 
introduction of the corrections e; and Xe decreases the frequency error 
from —0.97 to —0.23 per cent and the amplitude error from —2.50 to 
— 0.28 per cent. 

For the design engineer, the results of this section are of only occasional 
usefulness. From the viewpoint of the designer of feedback control sys- 
tems, the primary significance of the describing-function analysis lies in 
the possibility of controlling, at least roughly, the relative stability of a 
nonlinear system by the conventional design procedures (gain adjustment 
and introduction of linear compensation networks) or improving the 
dynamic performance of a linear or nonlinear system by the introduction 
of nonlinear components. In the majority of problems, the describing 
functions are employed to yield rapidly an evaluation of a system or a 
determination of the general effects of nonlinearities of specific types. 
The engineer is interested more often in determining the characteristics 
of a stable system than in evaluating the frequency and amplitude of 
oscillation of an unstable system. 

Thus, from the viewpoint of the engineer, & complete evaluation of 

the describing-function analysis should answer such questions as the 
following: 
, (1) Under what conditions might the describing-funetion analysis indicate stabil- 
ity, while the actual system is unstable? Johnson states that experience indicates 
that such failures occur when the amplitude and frequency loei approach one another 
and then separate without intersecting. The engineer would prefer a more quantita- 
tive criterion, if possible. 

(2) Under what conditions does the separation 
stability of the system, particularly with transient input signals? 


of the two loci indicate the relative 


The work of Johnson, although it does not provide the answers for such 
questions, does present & theoretical basis for the describing-function 
approach and reconfirms the recorded correlations between experimental 
results and describing-function studies. : 

10.10. Concluding Comments. The preadth of the subject of the 
analysis and design of nonlinear systems prevents any single general 
method for the solution of all problems. Very simple systems can be 
Studied by the phase-plane methods described in the next chapter. More 
Complex systems can often be considered with the use of describing fune- 
tions. "The difficulty in the analysis of nonlinear systems arises because 
of the inability to describe systems in terms of the poles and zeros of the 
transfer functions. The position of a pole moving rapidly through a 
Tegion of the complex-frequency plane no longer has the usual signifi- 
cance in terms of transient or frequency Tespons®. . . 1 

The describing-function analysis replaces these rapidly moving po es 


and zeros by critical frequencies which move slowly. The equivalence 
18 valid at a point on the je axis (7.e., at a sinusoidal frequency). À The 
Poles and zeros move with changes in the amplitude of the signal input 
Of the nonlinear device. Absolute and relative stability can be evaluated 
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as a function of signal level by letting the test point on the jw axis, the 
test frequency, vary from zero to infinity. The approximation of rapidly 
moving poles and zeros by slowly moving critical frequencies is effected 
by neglecting all harmonic components except the fundamental in the 
output of the nonlinear device. Accordingly, validity of the approxi- 


and input terminals of the nonlinear device. In a great many feedback 
control systems, the accuracy of the describing-function analysis is well 
within the accuracy with which the component characteristics are known. 


CHAPTER 11 


PHASE-PLANE ANALYSIS 


The describing-function analysis of feedback control systems repre- 
sents an adaptation of linear techniques to the study of nonlinear systems. 
In contrast, the phase-plane method of describing the characteristics of 
nonlinear systems involves an approach radically different from that of 
conventional linear analysis. It is the intent of this chapter to present 
the basic theory underlying the phase-plane methods and to illustrate 
bi theory with a few simple examples taken from the automatic-control 

eld. 

The phase-plane analysis, as used in the study of feedback control 
systems, is concerned with the characteristics of the solution of the 


differential equation 
# + alz i)i + b(mi)m = 0 $9) 


Here a(z,i) and b(z,Z) are functions of the signal and its derivative. The 
phase plane is the plot of 2 as & function of z, the curves in the phase 
plane indicating the time variations of x and d. The initial conditions 
x(0) and (0) locate a point in the phase plane; the path through this 
point indicates the behavior of the system at all later times. For exam- 
ple, if the path tends to infinity, the system is unstable, while if the path 
approaches the origin, the system comes to rest. 


As a result of the form of Eq. (11.1), the range of applicability of phase- 


plane methods is severely limited by three fundamental restrictions: 
second-order systems 


(1) The phase plane is useful for the analysis of T 
only. The effects of nonlinearities in more complex systems can ordi- 
narily be studied only by reducing the system to second order. Attempts 
ave been made to extend the analysis to higher-order systems, but as 
Yet there has been no significant result of general applicability. 
(2) The phase plane can be used to study only the transient perform- 
ance of a system subject to jnitial conditions but otherwise unexcited. 
+The best reference for engineers on the techniques of phase-plane analysis is 
Probably the ee estat of the book by A. A. Andronow and C. E. an 
"Theory of Oscillations," Princeton University Press, Princeton, NJ. e 1 e 
Major portion of the material presented in the first five sections of this chapter is 


based on this book E 
t Throughout this chapter, z is considered as & general variable dependens w wir 
t; d is the first derivative dz/dt; and 2, the second derivative d'z/dU. As dx 
in subsequent sections, application of this analysis to feedback a syatemsimay 
Call for the identification of z with c(t), e(t), or one of the other variables. 
613 
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t r to the 
Here again, there have been several attempts to extend ee tor 
study of sinusoidally excited systems, but. again with no e : ec 
In a feedback control system such as that shown in Fig. : dee Epa 
to the actuating signal e(t), the admission of ded] vali eh a step- 
mits the study of the response of the over-all system to i tion of tha 
function or a ramp-function input. The differential equa 


forward part of the system is 


C(s) 


aKe = ë + aé (11.2) 
c(t) is given in terms of r(t) and e(t) 


Fic. 11.1. Simple second-order feedback 
control system. 


B csl (11.3) 
Substitution of this relation in Eq. (11.2) yields 


Etait ake - Pag (11.4) 


If r(t) is a unit step function, ; and af a 


va üme 
Te both zero for positive tim 
The step-funct; 


ion response of the system is described by the equation 


E) 
€+aé+ake — 0 (11.5) 
The initial conditions are 


«0 =1 40) =9 (11.6) 


c 2 Bus . he 
If r(t) is a unit ramp function r(t) = t, the behavior is described by t 
same equation [a 


1.5)] in a new variable, 


f= em x qun 

The initial conditions are 
8 
2(0) = -t #00) — 1 (11.8) 


The new variable z is in 

equation in which th 

of zero. Thus s 

obtained, but th j of the system cannot be studied. 
The third basi icti 

linearities, Equation (11. 


x S r 
t and $, but not of time explicitly, Time-dependent, systems, hi 
systems with parameters varying with time, have been studied by Zade 
and Kirby and Giulianelli. + In t 


8, 
TL. A. Zadeh, Frequency Analysis of Variable Networks, Proc, IRE, Vol. 38 
Pp. 291-299, March, 1950. nee 
1M. J. Kirby ang R. M. Giulianglli, Btabitity of Varying-clement Sero B0, 
nisms with Polynomial Coefficients, Trans, AIEE, Vol. 70, Part I, pp. 1447-1 
1951. 


CONSTRUCTION OF THE PHASE PORTRAIT 615 


E v- Abe feodi: of analysis which are described in this 
e bam = irectly applicable to the study of the transient performance 
E pen em y stems characterized by signal-dependent nonlinearities, such 
et tn : f rr amine iii ete. The qualitative effects of similar nonline- 
at m B nig ter-order systems ean often be ascertained by approximation 
ae — system by a simpler configuration. Because the concepts 
s » ri a with the use of the phase plane are unfamiliar to many engi- 
zn (A P first two sections of this chapter illustrate the investigation of 
d i > linear systems and the consideration of nonlinear systems is 
eferred until later sections. 


M 
IN 


HEN-HHHHRHHICEH 


^ Construction of the Phase Portrait. The unexcited linear second 
er system is described by the equation 
Ë + 2ont + war = 0 (11.9) 


ag state of the system at any time is fixed by the values of x and i: 
‘or example, if z(0) and (0) are known, the solution for all positive time 


be completely determined. This dependence of the future state of the 
ystem on the initial conditions can be portrayed graphically in the phase 
lity of paths in the 


pa ne, the zi plane.[ The phase portrait is the tota hs in 
i ase plane, each path describing the variation of z and Z with time. 
igure 11.2 is the phase portrait for a linear system with a relative 

amping ratio of 0.5. As an example, if the initial conditions are 


1 a iroughout this chapter, the plane with ż as ordinate and z as abscissa is termed 
the Tt plane or the plane with 4 plotted versus 7. Such a notation is consistent with 
usual description of the plane with rectangular coordinates as the zy plane. 
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2(0) = 1.03 w, and z(0) = 1.4, the system is initially in a vem we. 
sponding to point Ao. As time progresses, the point describes t 1 Y 
through A;, A», etc. The projection from this moving point, onto d 
horizontal axis is the variation of z with time; the projection on 4 
vertical axis, the variation of 4. ues M praed in the pes portrait only 
implicitly as a parameter changing value along any path. 

Pide there is only one path through each point in the phase plang 
since the solution to Eq. (11.9) is uniquely determined by spent ea 
of both z and z at any one instant of time. The phase portrait for E 
linear system is, thus, a collection of noncrossing paths describing syste E 
behavior after all possible initial conditions. "The nature of the pin 
portrait indicates not only the transient response of the system, but also 
several important system characteristics, as outlined in Sec. 11.2. 7 
There are three methods for constructing the phase portrait, the firs! 
E two based on the derivation of analytical uS 
pa Pressions, the last a graphical procedure. T f 

three methods are described below in terms o 

the second-order linear differential equation 

(11.9) with ¢ equal to zero, the equation of & 

x linear conservative system, 1 


di apu) (11.10) 


Direct. Solution of the Differential te 
Reames "T In the linear case, the differential "eee E: 
1G. 11.3. Phase portrait o " evalua 
linear Conservative system, be solved exactly for z(0, 2( can be 


by differentiation, and timc can be ms 
between the equations forz and i. In the case of Eq. (11.10), the so 


tion is, of course, simple harmonie motion of the conservative system: 


a(t) = K sin («st + 6) (11.11) 
The derivative is 2) 
È = waK cos (wnt + 0) an 
Time is eliminated to give the single equation relating z and #: 
I? 
A +2? = K? (11.13) 


Equation (11.13) describes t 
with axes K and Ko. 


he analysis of nonlinear systems a 
11.4 illustrates this concept. The y 
System is proportiona] to the velocity. Coulo 


T A conservative system is one in which there is no dias 


friction force of a linear- 


ipation of energy- 
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pe d is a frictional force independent of the magnitude 
1 locity and always opposing the velocity. - i 
epa is shown in Fig. 11.5. ig pe 
e differential equation describing =», 2 
System behavior is i 


më + ke + fo=O0 (1114) 


NN 


k is the effective spring-constant Fig. 11.4. Mechanical system to illustrate 
coulomb friction. (f. represents the 


restraining motion i 

: , and the sign icti 

iOS with f, in the equation gu p ee 
es e same as that of z. It is conv 
efining the variables w, a, and u: 


k 
Wis Jn (11.15) 


enient to normalize the equation by 


a= So 

= m (11.16) 
r—a ico 

wen bd 220 (11.17) 


The differential equation then becomes 


ü-Feu-0 
the uù plane is just that of the 
viously. In the ¢/w vs. x plane, 
F the phase portrait is conveniently found in 
+f, two parts, one for the upper-half plane 
(£/o > 0), the other for the lower-half 

plane (£/o < 0). Since v is related to u 
E, by a simple translation, the portrait in the 
Fr. 11 1 NS upper half of the ¢/w vs. « plane is à family 
5. Coulomb-friction of semicircles centered about x = —a. 


force a : P 
s a function of velocity. The center for the lower-half-plane semi- 
The phase portrait is sketched in 


(11.18) 


hee corresponding phase portrait for 
ear conservative system considered pre 


Circles is, corres i 

A Ü ondingly, z = +a. 

ig. 11.6. eec 

s The phase portrait presents at once the nature of the response of the 

H stem. The response to an initial displacement and zero initial velocity: 

a in Fig. 11.7, with the corresponding motion in the phase plane 
icated in Fig. 11.6. The response is characterized by the following 


atures: 
» (1) Each section (eg. 0 to m, 0T T to 2r, on the ot scale) is a half 
nusoid, centered about either +4 ot —@ values of 2. 
ue The absolute values of successive extrema (maxima or minima) 
m an arithmetic progression with a difference of 2a. This is in direct 
dan E Greenwood, Jr., J. V. Holdam, Jr., and D. MacRae, Jr., “Electronic Instru- 
," MIT Radiation Laboratory Series, Vol. 21, pP- 357-359, McGraw-Hill Book 


mpany, Inc., New York, 1948. 
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contrast to the nature of the response of a system with viscous damping 
only, in which the magnitudes of the successive extrema fall approxi- 
mately on an exponentially decaying curve and, consequently, form a 
geometric progression. This difference between system responses is used 
to distinguish in practice between viscous and coulomb friction and to 
estimate the relative amounts of each. 


Fic. 11.6. Phase portrait of system of Fig. 11.4. 


9 As soon as the Tesponse has an extremum inside the interval 
Eg S zX-a, all motion stops. The System may come to rest any- 
Where within this interval. The possibility of large steady-state errors 
gan be eliminated if dither is used, the system output oscillated at a high 
requency and low amplitude. The phase portrait of Fig, 11.8 demon- 
strates the feasibility of this method of reducing static errors. Although 


B 
Fia. 11.7. Time response for system with coulomb friction. 

all semicircles hit the axis normally 
it breaks away from the vertical as 
a slight, i disturbance, alternately p 
tem, initially at A, tend toward th 
ance, AB, results in the system ret; 
disturbance, AD, is followed byar 


the larger the circle, the more slowly 
it leaves the z axis. Consequently, 
ositive and negative, makes the 8YS" 
e origin. A slight negative disturb- 
urning to rest at C, while a positive 
eturn to E. Since AC is greater than 
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AE, alternating positive and negative disturbances bring the system 
toward the origin. 

Solutzon of the Differential Equation for è as a Function of x. In certain 
Systems, rather than solving the original second-order differential equa- 
tion, it is simpler to determine the differential equation for żin terms of z, 
with ¢ not appearing explicitly. "The procedure is more readily visualized 
if the variable y is defined 


y= (11.19) 

With this definition, the original differential equation (11.10) can be 
written 

y+ one =0 (11.20) 


The equation is divided, term by term, by y or 2: 
y rv 2 
i + wn y 0 (11.21) 


But j/$ is (dy/dt)/(dz/dt), which is 
simply dy/dx. Hence, Eq. (11.21) 
can be written as a first-order differ- 
ential equation for y as & function 
of a. 
dy gz 0 (1122) 
dx ^y 
Even if the original differential 
mation is very difficult to solve, 
is first-order equation may be solv- : MET 
> E, : . 11.8. Effect of slight velocity dis- 
able, with the solution giving directly Macar Sithin the coulomb-friction 
T Sagatin for the phase paths. zone. 
n the simple linear conservative - 
case, represented by the above equations, the construction of ae pir 
Portrait is so straightforward that any method appears satis perd 
Equation (11.22) leads to a solution identical with that obtained by the 
first method, 


Yoga ke (11.23) 
On 


With the introduction of the y notation, the vertical axis of the phase 
Plane is y rather than 2. e 

Determination of the Isoclines.t The third method of determining the 
Phase portrait is the most useful in the study of nonlinear systems. 


if the differential equations of the first two methods cannot be solved, 


= ee portrait can be cons Hy 3 
le slopes of the phase paths. The pro? 
With the secoud method is used to obtain the first-order : E 

. A. A. Andronow and C. E. Chaikin, "Theory of Oscillations,” pp. 248-250, 
Princeton University Press, Princeton, N.J., 1949; 


raphically by an investigation of 
gees sede described in connection 
differential equa- 
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tion for y in terms of z. In the general System, the original differential 
equation is of the form 


z+ a(z,£)i + b(zi)js = 0 (11.24) 
Substitution of y for ż yields 
ý + a(zy)y + W(z,y)z = 0 (11.25) 


Division by y = ż gives 
© + aleu) + oeno (11.26) 
i y y 
If 9/2 is replaced by dy/dz, Eq. (11.26) can be written 
dy 
d; ^ ai) — blew) = (11.27) 


Since dy/dz is simply the slope of the paths in the phase plane, the 
locus of constant dy/dz values is termed an isocline. The isocline corre- 
sponding to dy/dz = o can be found from the equation 


—a(z,y) — b) 7 = (11.28) 


isocli i 
e o drawn sufficiently close together, the phase paths can be 


The procedure is illustrated b i i i 
: y the previous example of the linear con 
Servative system. The expression for dy/dz is ed from Eq. (11.22): 


T i 
= -at (11.29) 
If the normalized phase 


dyi/dz is given by Plane is used (with Y/wn as the ordinate 41) 


dy; z 
do oz 11.30) 
dz Yı i 
The a isocline is determined by the relation 
ES n (11.31) 
Yı 


The isocli R i 4 
=a ee re in Fig. 11.9) constitute a family of straight lines 
The path Fats © origin in the phase plane and with a slope —1/e. 
Manner. Point dae ee Point can be constructed in the following 
eof —1. Th in Wig. 11.10 lies on the isocline corresponding to 8D 

A e motion of the path away from A is then downward an 
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to the right. . The a = —1.33 isocline is the next intercepted by a path 
moving in this direction. From point A a line segment of slope —1.17 
(the average of —1 and —1.33) is drawn to the æ = —1.33 isocline to 


establish the point B. From point B the process is repeated, with the 
next line segment possessing & slope of —1.67, the average of — 1.33 and 
—2. The phase path is the connection of these various line segments. 
The accuracy of the method depends on the number of isoclines drawn 
and can be made as high as desired. There are certain difficulties which 
occasionally arise in this method of construction. It is shown in suc- 
ceeding sections that one important aspect of nonlinear systems is often 
the existence of closed paths. The approximation inherent in construc- 
tion of the phase portrait by the isocline method makes it difficult in 
some cases to determine whether the 
phase path is closed or whether it is 
simply approaching the origin very 
slightly during each revolution. 
However, this is not a serious defi- 


Fie. 11.9. Isoclines for linear conserva- Fia. 11.10, Construction of phase path 


tive system for various values of from isoclines. 
a = dyi/dz. 


ciency of the method in most practical situations. The absence of any 
method for determining the accuracy achieved by & selected number of 
isoclines is disturbing, but again, in most engineering problems, if the 
phase portrait is not changed significantly by increasing the number of 
isoclines, the accuracy of the original portrait is sufficient. 

11.2. Interpretation of the Phase Portrait. What characteristics of 
system behavior can be obtained from the phase portrait? Certain 
interpretations of importance in the analysis of feedback control sys- 
tems are summarized in this section. . 

Response to Initial Conditions. The phase portrait, as indicated in the 
Preceding section, portrays the response of the unexcited system to any 


initial conditions. Figure 11.11 is the portrait for a second-order linear 


system with a relative damping ratio of 0.5. The response of the sys- 
und by follow- 


tem to the initial conditions z(0) — 1 and à(0) = 0 is fou 
ing the path from point Ao through points A1, 4s, ete., In toward the 
origin. If the initial conditions are changed to zero initial value and an 
initial rate of change of 0.5», the response is given by the B path. Ina 
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similar fashion, any initial value and initial rate of change can be con- 
sidered. The response is always obtained as the variation of i (or y) 
with z, rather than the variation of either x or 2 with time. 

If the phase portrait is drawn for y = 4, the motion in the phase plane 
is always to the right in the upper-half plane (since with $ > 0, z is 
increasing with time) and to the left in the lower-half plane. All paths 


ase portrait describes a second-order 
q linear differential equation, the total 
stored energy is proportional to the 
square of the radial distance to the 
point in the normalized phase plane 
Fie. 11.12 ERE (with the ordinate y/o, or #/wn)- 
bere Electric circuit for second. This interpretation of energy is clari 

stem, ed : ^ ` the differential gauges of 
Big 11.12 pha km P considered to describe the circui $ 
pent t The equation is mince the charge q; the variable z, the cut 


di ANT 
LgptRitha-o (11.82) 
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Division by L puts the equation in the form previously considered, 
ü jh 
atpj tni? (11.33) 


The total stored energy is simply 3 Li? + + @°/C. If iis replaced by 
y and q by z, the stored energy is 


1 
&-iLy 357 (11.34) 
With w2 equal to 1/LC, Eq. (11.34) becomes 
1 2 
We x * 5) (11.85) 


The stored energy corresponding to any point in the phase plane is 
1/(2C) times the square of the radial distance from the origin to the 
point under consideration. 

In the conservative system, the normalized phase portrait is a family 
of circles centered at the origin. The stored energy along any path 
remains constant, oscillating between the magnetic and the electric fields, 
if the electric system of Fig. 11.12 is considered with E equal to zero. 
The phase portrait of the dissipative system (E of Fig. 11.12 positive) 
is shown in Fig. 11.11. The stored energy is continually decreasing with 
time as a consequence of the dissipation. Similar interpretation of the 
stored energy can often assist in the investigation of nonlinear systems, 
as indicated in subsequent sections. hy es 

Time from Reciprocal Plots. Although appearing only implicitly as a 
parameter in the phase portrait, time can be determined explicitly and 
x can be plotted as a function of time from the appropriate phase path. 
The variation of time along a path can be found by two methods in 
addition to the obvious procedure involving solution of the differentia! 
equation. 

The first and more familiar method is based on the relation between 
time and the plot of 1/y as a function of z. By definition, 


"c * (11.36) 

dé can be written 
TIS i de (11.37) 

Integration yields 
A Í Ld: (11.88) 


Thus, if 1/y is plotted as a function of z, the integral under the curve 


between any two points is the time required for the state of the system 
to change from one point to the other. This procedure essentially 


amounts to a graphical solution of the differential equation. 
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The determination of time is illustrated bya simple cw Yo 
the linear system with a relative damping ratio of 0.5. In Td 
portrait of Fig. 11.13, the time for the System to move ors ime 
to be determined. The exact solution can be found since in this 


CEBEL fep] [ | 
Fra. 11.13. Phase portrait of linear sys 


DN 
tem with r = 0.5, w, = 1 rad/sec. 


linear case the differential equation ca: 


n be solved directly. If wn is con- 
sidered to be unity, the solution is 


z(t) = Ke~ sin e. aL o) (11.39) 


K and 9 are determined from the initial 


conditions. If ¢ is made zero 
when the system is at point A, 


z(t) = — a et sin a, (11.40) 
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y under a curve of the shape shown in Fig. 11.15. The magnitude 
a he area of region I corresponds to the length of the time interval 
eeiam for the state of the system to move from A to C; that of region II 
E from C to D. Even with the integrand unbounded, the integral 
eet Cue it is not readily evaluated graphically unless the time 
he state of the sy i Y i 
eat ey he system to pass through a small interval about C is 
b ime Geometrically. An alternate method for the determination of 
EE is based upon an approximation of the phase path by a series of 
ares of circles centered on the z axis. If the section of the path from 


-02 -01 


Approximating Rectangles for 
Numerical Evaluation of Integral 


-2 


-4 


-5 


Fra. 11.14. Determination of time from reciprocal plot. 


Ata B (Fig. 11.16) can be considered to be a segment of a circle with 
er at xo, the time interval corresponding to a section within AB is 
oe as follows. A perpendicular is dropped from A to the z axis. The 
t s Segment AD is drawn, making an angle € with the vertical. From D, 
is line segment DC is drawn such that DC also makes an angle e with 
i 9 vertieal. 'The time from A to C is given by 2er, f where eis measured - 
n radians and 7 is the ratio of the y and z scale factors, 


value of z corresponding to one division 1141 
y corresponding to one division z 


The application of this technique is illustrated by the example used 
previously, the calculation of the time required for the state of the sys- 
em to change from A to B in Fig. 11.13. The AB section of the phase 


us n V. Diprose, Discussion on nonlinear problems, 
Worth Proceedings of Cranfield Conference 1951, edite: 
hs Scientific Publications, London, 1952. 


r= 
^ value of 


* Automatic and Manual Con- 
d by A. Tustin, p. 304, Butter- 
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Region I 
5 -4 
-8 
-12 
—16 
L 
—20 


` Fra. 11.15, Reciprocal plot for time calculation, A to D in Fig. 11.13. 


Fig. 11.16. Determination of time geometrically. 
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path is redrawn to a larger scale in Fig. 11.17. Trial and error with a 
compass indicates that the section from A to A, can be approximated 
by the arc of a circle centered on the z axis. From Ax, another circle 
suffices up to A», and a last circle completes the approximation. 

With points A; and A: determined, the next step is the determination 
of the ¢ angle for each of the three segments. In the first segment, the 


Approximating 
Circular Arcs 


Total Angle 39°=0.683 rad. 
Time =2 x 0.683 x 0.4=0.55 sec. 
Fia. 11.17. Geometrical evaluation of time in por! 


Point G, must be found such that /AGIN: = /A iGiN:. Gi is readily 
determined from the equality of these two angles (or the corresponding 
tangents). If the notation of Fig. 11.18 is used, 


trait of Fig. 11.13. 


Bo 
az 


Bs (11.42) 
ay 


A somewhat more convenient relation is 


Bru exer (11.43) 


Bit 62 cbe 
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In the case of Fig. 11.17, 
Bı + Bs = 0.06 = magnitude of the change in z from A to Ai 


a, = 0.425 = magnitude of ż at A, (11.44) 
a, = 0.50 = magnitude of z at A 
Substitution of the values of Eq. (11.44) into Eq. (11.43) yields a Be of 


0.324 and loca 


Gi The points G: and G; are established in a similar 
fashion. 


Fic. 11.18. Notation for location of Gi. 


N , j s. 
Time from 4 to B is determined by measurement of the three ¢ angle 
In the case shown in Fig. 11.17, the angles are 


& = 9? = 0.157 rad B 
t: = 13° = 0.297 rad (11.45) 
€ = 17° = 0.297 rad 


The 7 factor, given by Eq. (11.41), is in this case 
0.02 

= 005 = 0.4 

T 


‘he time intervals are simply 2er: 


T 


(11.46) 


at = 2 X 0157 X 0.4 = 0.126 see 
er = 2 X 0.228 X 0.4 = 0.182 sec 
et = 2 X 0.298 x 0.4 = 0.238 sec 


Starting from 4, the system reaches A, in 0,126 sec, As in 0.182 addi- 


tional sec, and B 0.238 sec later. ‘The total time from A to B is the 
sum of the three intervals, or 0.55 sec, 
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is established heu- 
he segment of the 
the time to traverse 


: The validity of this method of time measurement 
ristically along the following line of argument. ff 
phase path is an arc of a circle centered on the x axis 
from A to B in Fig. 11.19 is equal to 87, where 9 is the are length in 
radians, or the central angle subtending the are, and 7 is the scaling 
factor. The relation T = 67 follows from the study of the linear con- 
servative system for which the phase portrait was shown to be a family 
of concentric circles. The time to traverse any circle is simply one 
period, or 2 sec in the normalized plane. The velocity along the circle 
1s constant (since the motion is simple harmonic), with the result that 
time is given by the central angle subtending the traverse@ are. The 
translation of the circle along the z axis simply € fT mds to a shift 
in the reference used for the measurement of z. In the unnormalized 
plane, the expression for time is multiplied by 7. since if the z scale were 


yak 


Fra. 11.19. Geometrical determination of time. Tas = Or = 2er 
expanded tremendously & given 0 would correspond to a very short time 


interval. 
Once the relation between time and @ is established, the relation 


between time and e follows directly. Figure 11.19 demonstrates that e is 

the angle ACB, where C is the intersection of the vertical from B and the 

circle. But this angle ACB, or e, is one half the are length 8, by a basic 

plane-geometry theorem, which states that the angle inseribed in a circle 

H one half the enclosed arc length. Thus, the time interval from A to 
is 2er. 

This method for the determination of time is particularly useful in the 
regions of the phase portrait in the vicinity of the z axis. It is shown 
below that if the phase plane is a plot of $ versus a the paths always 
cross the x axis vertically. Thus, in the vicinity of the x axis, the paths 
always càn be approximated by a large circle centered on the axis. If 
A is within this circular region, the time required for the system state to 
change from A to the point B on the axis is proportional to the angle AB 
makes with the vertical. Figure 11.20 indicates the construction here 
The time from A to B is again simply 2er. This method of determining 
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z y gi to 
time avoids any difficulty with integration under curves tending 
as Points. The singular points in the Puls nu -— 

importance in the analysis of the characteris ics of n 1 dn 
D TH second-order system can be described in terms of two jer 
bles z and y, the differential equations describing the system are o 
form 


x = Plea (11.47) 


dy _ 11.48) 
a = Uen) ( 


If the system is autonomous (in Me 
words, if ¢ appears in the two S! 
ing differential equations only in kc 
terms dr/dt and dy/dt), the poin 
Where and ý vanish are called singular 
Fra. 11.20, Determination of time to points. Ata singular point, the system 
S point oncle axis, is in a state of equilibrium. , 4 
Points arises from the equilibrium con 
itions are such as to place the system in & 


remains in this state indefinitely, since 
both dz/dt and dy/dt are zero, If the sy; 


linear sense, the paths approach a si 


the phase Portrait, or the basic char- 
acteristics of the no 
equation, 

The simple second-order linear sys 


tem of Fig. 11,21 illustrates the determina’ 
The system is described by th 


nm d- 
Fic. 11.21. Electric circuit for secon 
order system, 


tion of the singular points. 
€ differential equation 


dq dq | 9 
Dapth e zq-o (11.49) 


Equation (11.49) can be wri 


tten as two Simultaneous first-order equations 
in the manner of Eqs. (11. 


47) and (11.48): 
app 11.50) 
da” ( 
c MN 11.51) 
d ^  L'-—rgo4 ( 
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The phase portrait is a plot of ? versus g. Since the singular points are 
located where dq/dt and di/dé are both zero, there is only the one singular 
point, at i =q =0. In a more comprehensive example, the singular 
points, determined by simultaneous solution of the two equations 
P(z,y) = 0 and Q(z,y) = 0, may be several in number. The system 
may be in equilibrium in a variety of different states. In the example of 
Sec. 11.1 involving the analysis of a system with coulomb friction, it is 
found that the entire z axis from —a to +a represents equilibrium. In 
the following sections, however, consideration is given to only the cases 
in which the singular points are isolated. 

11.3. Types of Singular Points. The origin is the only singular point 
in the phase portrait of the linear system of Fig. 11.21. This singular 
point may exhibit a number of different characteristics with variations 
of the coefficients in the differential equations (11.50) and (11.51). The 
singular points of a nonlinear system are conveniently studied in terms 
of the system description by two first-order equations: 


dz 
>= 11.52 
a 7 Pew (11.52) 


dy _ 11.53 
apt Q(z,y) (11.53) 


The singular points are given by the simultaneous solution of the two 

equations md 
P(e) = 0 n. 
Q(zy) =0 (11.55) 


If the singular points are isolated, the behavior of the phase portrait 
in the vicinity of the singular points is readily determined from the 
nature of the functions P(z,y) and Q(z,y).] If the singular point is 
assumed to lie at x = a and y = b, P(x,y) and Q(z,y) are expanded about 
thése points, with the result that Eqs. (11.52) and (11.53) become 


d = a(z — a) + aly — b) + as — a)? + als — ay = b) 
-pa(y—5)4::: 0150) 
z = bı(z — a) + baly — b) + dale — a)? + b.(z — a)(y — b) 


+ bey tt -e OLT) 


ion i d Q can each be expanded in this 
The assumption is made here that P and Q Aio ai a 


form, The hi der terms not shown have no co 

. gher-order terms s nstal r 

quadratic components. The nature of the singular point is ae 

entirely by ai, as bs, and bs, for, if a sufficiently small region in the 
tN. Minorsky, “Introduction to Nonlinear Mechanics,” pP- 42-48, J. W. Edwards. 

Publisher, Inc., Ann Arbor, Mich., 1947. 
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. . H te 
vicinity of the singular point is considered, the linear terms predomina 
in the series. ; . ] e. 

Such a simplification of P and Q is nothing more than a -— 
of the nonlinear system. Within a small enough region (here c 


3 pos :sceribin 
around the singular point), the system behaves linearly. The describing 
equations are 


1 = az — a) + arly — b) (11.58) 
5 = biz — a) + bs(y — b) (11.59) 


What is the nature of the phase portrait in this region? ‘The e 
teristics are readily found if attention is foeused on one of the iua d 
bles. If x is chosen, y is elimina s 
s between the two equations, and Re 
solution for x(t) is determined. db 
loss of generality occurs if a "ES 
are both considered zero, since tho 
Singularity can be shifted e id 
origin by simple changes of variables, 
$—a-uandy—b- v. 
As the first step, the Laplace FEY 
form of Eqs. (11.58) and (11.5 
taken: A 


8X(s) — 2(0) = aiX (s) + ar 


x(01-1,y (01-0 


x(0)=1,¥(0)>0 


) 
bX (s) + be Um 


£ 8¥(8) — y(0) 


; sult 
(t) Y(s) is eliminated, with the resu 
x 
X(s) = 
1 " 2 (0) 
(s — b2)z(0) + asy( 

x(0)-1, y(0) «0 — dab) 

3 ž b; — aW: 
s? — (a, + ba)s + (ay (11.62) 


Fia. 11.22, Possible forms 
with two zeros of 
nomial negative real, 


of response H ristic, poly- 
characteristic poly! denominator, or characte 
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response in which a maximum is attained at a positive value of time. 
A large negative value of y(0) causes a single overshoot, as shown in the 
last part of the figure. The corresponding phase portrait thus takes the 
form sketched in Fig. 11.23. After a finite amount of rotation, all paths 
head in directly toward the origin. Such a singular point is termed a 
stable node, “<table” indicating that the paths converge toward the 
singular point and “node” indicating y 
the direct nature of the approach. 

(2) The zeros are conjugate com- 
plex and in the left-half plane. The 
response is oscillatory, with x(t) a 
damped sinusoid for any initial con- 


P x 


Fro. 11.23. Portrait in the vicinity of Fia. 11.24. Portrait in the vicinity of 


a stable node. a stable focus. 


ditions. ‘The nature of the phase portrait is indicated by Fig. 11.24. 
The paths again approach the origin, but in a manner quite different 
from that exhibited in the case of real zeros. The spiraling nature of 
the paths gives rise to the term stable focus for this type of singularity. 
(3) The zeros are conjugate and lic on the jw axis. With this location 
of the zeros, x(t) exhibits simple harmonic motion, with the oscillatory 


Fig. 11.25. Portrait in the vicinity ofa Fic. 11.26. Portrait in the vicinity of an 
center. unstable node. 


amplitude dependent on the initial conditions. The phase portrait, as 
sketched in Fig. 11.25, is a family of ellipses about the singular point. 
The neighborhood of the singular point exhibits the same characteristics 
as the entire phase portrait of the linear conservative system discussed in 
Sec. 11.1, The singularity is termed a center. 

(4) The zeros are both real and both in the right half of the s plane. 
The singular point is unstable, with the corresponding x(t) growing as 
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iti xponentials. The singularity is termed an 
cae m e Giant takes = form -— ide ; A 
2 j lex an in the right- d 
(5) The zeros are conjugate comp : i a eee 
i ion is again oscillatory, but in this case wi [ is 
NR E with time. With the yae portai spiral 
i utward from the singular point (Fig. 11.27), the singularity 
nas unstable focus. . E 
i (6) The zeros are real, lup 
the left-half plane and one in x e 
right-half plane. In this case, Eq. 
(11.62) becomes 


2 (s — b3)z(0) + asy(0) 11.63) 
ind (s — ei) (s + a2) ( 


Here o, and o; are positive —— 
The system is unstable because of a 
right-half-plane pole. If ihe i 
Fic. 11.27. Portrait in the vicinity of ator happens to be proportiona 3 
elaine — «, the response is a simple psi 
ators, however, the Taponagrona 
which the unstable mode is no 


excited is a relation between z(0), y(0), and the coefficients of the system; 
specifically, the relation is of the form 


y(0) 
z0) 5 K: 


m rer 
Here K, depends on 4: a», bi, and ba. The decaying exponential is neve 


excited, and the Tesponse simply grows exponentially if the numerator o 
Eq. (11.63) cancels the s + a factor in y 
the denominator, The conditio 

cancellation is of the form 


E E Ks (11.65) 


(11.64) 


for thi - 
n 8 Slope -K, Sopa Kj 


The two Separatrices described by Eqs. 


(11.64) and (11.65) are Shown in the phase 
plane of Fig. 11.28. 


" d- 
hase portrait can Frid. 11.28. Separatrices for a 84 
nown behavior of  dle-point singularity. 


the sum of „2 growing and a decaying exponential and is shown in Fig. 
11.29. A Singularity of this type is called a saddle point, 2 
Thus, the nature of the singular Point and the behavior of the phas 


the singular Point are determined by the et 
of the characteristic Polynomial 9r, more basically, by the coefficien : 
23, az, by, and b, of Eqs. (11.58) and (11.59). In particular, the type © 
singularity depends on the 
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teristic polynomial: —(a: + bə) and a,b. — abi. The picture of Fig. 
11.301 is useful in clarifying these relations: if — (a: + bs) is plotted as 
the ordinate and a:b: — asb; as the abscissa, the plane can be divided 
into regions corresponding to the various types of singularities. The 
dividing line between the node and focus regions is the parabola 


(ay + b3)? = 4(aibs — abi) (11.66) 


Of particular interest in the analysis of feedback control systems is the 
special case in which the variable y is simply the time derivative of x. 


J —(a,+b2) 


Stable 
Slope -K, Node 
Slope K; 

3 Stable 
Focus 


(a1b2—a2b;) 


Unstable 
Focus 


Unstable 
Node 


Fra. 11.29. Portrait in the neighborhood Fia. 11.30. Types of singularities. 
of a saddle point. 


In this case, all singular points fall on the x axis, since the condition 
dx/dt = 0 implies y = 0. Equation (11.58) indicates that for this 
situation 
a 
az 


Wm 


0 11.67 
: (1.67) 


The characteristic polynomial then becomes s? — bos — bi. The values 
f the singular points. It can be 


of b, and b, determine the nature o i 
shown that Eqs. (11.64) and (11.65) become, respectively, 


w0 _ 
z(0) 

yO) _ 11.69 
zQ) 7 e ( ) 


The phase portrait in the vicinity of a saddle point is of the form OA 
in Fig. 11.29, but the line of slope Kz now always lies in the first e 
third quadrants, that of slope — Ki always m the second and fourt 


quadrants. 


T A. A. Andronow and C. E. C 
University Press, Princeton, N.J., 1949. 


(11.68) 


— a3 


haikin, “Theory of Oscillations," p. 193, Princeton 


636 PHASE-PLANE ANALYSIS 


i i i ideration of the 
he concepts of this section are illustrated by consi: 
mm System of Fig. 11.31. The qst ain Geor 
differential equations describing system behavior were found in the p 
ceding section to be 


à 11.70) 
T =i ( 
dt 
TE EGENT. 
Fro. 11.31. Electric circuit to illustrate dt L LC 


types of singular points. 


- : s 
The conditions for the various boe 
of singular points are established by inspection, since in this ca 


~ (a1 +b») is R/L and aibs — asb, is 1/LC. Figure 11.30 indicates that 
the conditions are: 


(1) Stable node: R/L and 1/LC positive and (R/L)? > 4/LC 
(2) Stable focus: 2/L and 1/L 


LC positive and (R/L)? < 4/LC 
(3) Center: R =0 


(4) Unstable node: R/L negative, 1/L 
(5) Unstable focus: R/L negative, 
(6) Saddle point: L or C negative, 


C positive, and (R/L)? > 4/LC 
1/LC positive, and (R/L)? < 4/LC 
the other parameters positive. 


11.4. Conservative Systems. 
limited importance in the theory 
ally a physical system is adequate 
servative. In addition, there are 
the general characteristics of the 


i saias i ti- 
on of no dissipation. Also, an em. 
Onservative systems serves as n use! 


If z is a displacement, Eq. (11.72) states that the kinetic energy #/2 
plus the potential energy V(z) i 


) S equal to a constant A, independent © 
time. [The usual definition of 


eneral real function of the variable 4- 


he linear conservative System is obtained if V (x) is simply proportion 


to x. 


_The differential equation describing system behavior can be obtained 
directly from Eq. (11.72), i 1 


à : Differentiation of the equation with respect 
to time yields 


tt + V'( = 9 (11.73) 
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Division by £ leads to the differential equation 
ë+ V(x) =0 (11.74) 


Here V'(z) is the derivative of V(x) with respect to the argument x. 
Singular points. The singular points are determined by rewriting the 
differential equation in terms of y, defined as i. The two first-order 


differential equations are 
beğ (11.75) 
j= —Y'() (11.76) 


The singular points (located where # and j are both zero) are on the 
x axis at the real zeros of V'(z). 

Types of Singular Points. ‘The nature of the singular points can be 
found from the analysis described in Sec. 11.3. For Eqs. (11.75) and 
(11.76), three of the parameters used in the last section are completely 
determined. The fourth, bı, depends on the V(x) function. For the 
singular point at zo, 

a, =0 bi = — V" (x0) (11.77) 
a, = 1 b; = 0 


Since both a, and b; are zero, Fig. 11.30 indicates that the singular point 
is either a center or a saddle point: a center if V^ (zo) is positive [2.e., if 
zo is a minimum of V(z)], a saddle point if V^(zo) is negative [zo a maxi- 
mum of V(z)], and a degenerate type of saddle point if V^(zo) is zero. 
Consequently, if the degenerate saddle points are excluded, the centers 
and saddle points alternate along the x axis. Eum 

Simple Isoclines. The construction of the phase portrait is simplified 
if the general nature of the portrait is determined before accurate con- 
struction is initiated. In most systems, the isoclines for zero and infinite 
slopes of the phase paths are readily evaluated. The isocline equation 1s 
determined by dividing ý (Eq. (11.76)] by 2 [Eq. (11.75)]: 


uw 


uod 


dy _V@ (11.78) 


The locus of infinite dy/dz is the z axis; that for zero dy/dx consists of 
all vertical lines through the singularities, the real zeros of V'(z). 
symmetry. In the analysis of many systems, the existence of sym- 
metry in the phase portrait can be established directly from the equa- 
tions describing system behavior. Inthe case of the conservative system, 
for example, Eq. (11.72), expressing the conservation of energy, can be 


written 
= 4 V(x) =A (11.79) 


satisfies this equation, the negative y of 


i trical 
the same magnitude must also. The phase portrait must be symme 
about the Heen The only difference 1n the phase portraits of upper- 


and lower-half planes is that motion is to the right when y is positive, 


Clearly, if a positive value of y 
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to the left with y negative. Thus, it is unnecessary to determine the 
it i -half plane. ] 3 
nodes de Sie Points.1 Another source of ee 
abii the general nature of the phase portrait is the T T "s 
portrait in the immediate neighborhood of each singular paii vta). ri 
conservative system, the singular points are the real eS + Viu) is 
singular point zo may be of three types, depending on w - ne 
positive, negative, or zero. = 
If V” (xo) is positive, zo is a cen it 
The nature of the phase portrai 
in the immediate vicinity of zo 18 
determined from a plot of V(x) asa 
function of z. Figure 11.32 illus- 
trates the nature of such a plot. 


t ħa>h2>k1>ho 


Fra, 11.32, Construction of paths near a Fia. 11.33. Portrait of conservative Sy8^ 
center, 


tem in neighborhood of a center. 


k : P e 
Equation (11.72), expressing the conservation of energy, is the basis for th 
construction of the portrait. Each path 


total energy h, cuts the x axis at zı and zi, 


ViG@) = hs Bor values of x between z; an 
satisfies Eq. (11.72) and the 


form shown in Fig. 11.33, 


If V" (zo) is negative (£o a saddle Point), the phase portrait around x 
constructed in the same fashion. The form of V(z) in the neighborho 


t Andronow and Chaikin, oy. cit., pp. 64-69, 
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of zo is shown in Fig. 11.34. 


639 


The ho path is first drawn, where ho is the 


potential energy at the singular point. On either side of the singular 


point, the potential energy is less 
than the total energy and the y 
values are real. The correspond- 
ing ho paths are shown in Fig. 
11.34. The Ay path, a typical path 
corresponding to an energy less 
than ho, exists only outside the in- 
terval z, < x < x| and appears in 
two parts on the phase portrait. 
The he path, representing an energy 
greater than ho, exists for all x, but 
hever intersects the z axis since the 
kinetic energy is never zero. The 
entire phase portrait in this vicinity 
has the form shown in Fig. 11.35 
and exhibits the usual behavior of 
a saddle-point type of singularity. 
_ In the special case when V^ (x0) 
is zero, a degenerate saddle point 
exists. The phase portrait, con- 
structed in the usual manner, has 
the form shown in Fig. 11.36. 
The singular point is unstable, but 
exhibits a behavior somewhat dif- 
ferent from that of the conventional 
saddle point. 


Sketch of the Over-all Phase Portrait. 
easy to construct in the case of conservative systems. 


Fic, 11.35. Portrait in the neighborhood 
of a saddle point. 


a plot of the potential en 
11.37(a) shows a curve su 


ergy function V(x) asa function of x. 
ficiently complex to illustrate 


11.34. Construction of portrait 


Fio. 
near a saddle point. 


The phase portrait is particularly 
The first step is 


y 


Fic. 11.36. Portrait in the neighborhood 
of a degenerate saddle point. 

Figure 
the general pro- 
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(a) Potential Energy 


; x 
Ts ed 
O Saddle Point 
| © Center 
Degenerate 
© saddle Point 
(b) Singular Points P 1 


Xe i Xg 


(c) Paths for Energy h, 


(d) Paths for h, and hp - 


(e) Paths for Ay ha, 
and A, 


(f) Form of Complete 
Portrait 


Fra. 11.37, Portrait of 


conservative system. 


 A"-————————— 
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cedure. Rough construction of the phase portrait is effected in the 
following steps. 

(1) The singular points are located in the phase plane at za, Te, . 
Zp, as indicated in Fig. 11.37(0). iP 

(2) The nature of each singular point is determined: t.e., whether a 
saddle point or a center. In Fig. 11.37(0), the saddle points are marked 
by O, the centers by 0, and the degenerate saddle point by Q. 

(3) The path corresponding to the lowest energy of interest is con- 
structed as outlined in the preceding discussion. In the example con- 
sidered here, ^; is taken as the lowest energy. One path corresponding 
to hı is located entirely to the left of z;. In addition, za and xy corre- 
spond to the energy hı- 

(4) A slightly larger energy he is considered, and the corresponding 
paths are drawn, as indicated in Fig. Torque 
11.37 (d). 

(b) The energy hs is the next value 
of interest. There are four paths cor- 
responding to As: & path entirely to 
the left of zs, closed paths around za 
and xs, and the isolated point Tə. 
These are shown in part (e) of the 
figure. 

(6) Continuation of this process 
produces the phase portrait shown in 
Fig. 11.37(f). 

11.5. Limit Cycles. The importance of the singular points as indica- 
tions of the basic characteristics of the phase portrait is demonstrated 
by the conservative systems considered in the previous section. In the 
example of Fig. 11.37, the general nature of the phase portrait can be 
sketched as soon as the location and types of the various singular points 
are known. In the analysis of nonlinear systems, in general, the singular 
points alone are not sufficient to determine the stability of the system. 
One examplef illustrates this inadequacy. If the output torque-displace- 
ment characteristic has the form shown in Fig. 11.38, the system may be 
stable near the origin, where the gain is low, and be unstable for larger 
displacements with the higher gain. For small disturbances, the system 
is stable, but large disturbances cause the amplitude of oscillation to 
increase to a steady value. 

A description of the behavior of the dissipative nonlinear system must 
include not only the location and type of each singular point, but also a 
description of the limit cycles. A limit cycle is an isolated closed path in 
the phase portrait. In a sense, one of the basic purposes of nonlinear 
analysis is the determination and location of limit cycles, for the limit 
cycles describe the oscillations of a nonlinear system. i 

The existence of a limit cycle corresponds to a system oscillation of 


a 


Displacement 


Fic. 11.38. Output torque-displace- 
ment characteristic. 


“ Automatic and Manual Con- 


tW. E. Scott, Discussion on nonlinear problems, 
ed by A. Tustin, p. 327, Butter- 


trol,” Proceedings of Cranfield Conference 1951, edit 
worths Scientific Publications, London, 1952. 
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fixed amplitude and period. The limit cycle may be either stable or 
unstable, depending on whether the paths in the neighborhood converge 
toward the limit cycle or diverge away from it. The portrait of the sys- 
tem discussed in connection with Fig. 11.38, for example, has a stable 
singular point surrounded by an unstable limit cycle (since within this 
closed path the paths must converge toward the singular point), which is 
in turn surrounded by a stable limit cycle. The nature of the corre- 
sponding phase portrait is indicated in Fig. 11.39. This possibility of 
oscillations of fixed amplitude is a distinguishing characteristic of non- 
linear systems. A linear system is 
either stable or unstable; if it is TRIS 
stable, any initial condition results Singular Point 
in the system eventually coming to Y 
rest; if the system is unstable, the 
output of the system either oscillates 
with increasing amplitude or ETOWS 
exponentially.T 

"There are two types of self-excita- 
tion of nonlinear systems, Soft self- 
excitation describes the situation de- 
picted in Fig. 11.40(a). There is one 


Stable 
» Singular Point 


Stable Unstable 
Limit Cycle | — Limit Cycle 


Stable 
Limit Cycle 


Stable 
Singular Point 


I ble portrait for System Fy 
with characteristic of Fig. 11.38. 


(b) Portrait with Hard Self- excitation 


G. 11.40. Portraits illustrating soft 
and hard self-excitations. 


Fia. 11.39. Possi 


shown in Fig. 11.40(b 
initial conditions. In the case of Fi 
tem is at rest at the 


T The discussion of Sec. 11.3 demonstrated that an unstable linear system might 
Dot exhibit unbounded output if the initial 


SUC conditio justed to avoid 
excitation of the nonlinear mode. Any gli, (wa a A 


É ht change in the initi ditions, how- 
ever, results in an unbounded output. 5 ac nikal aan t 
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to move the state of the system outside the unstable limit cycle before 
the steady oscillations can be observed. 
In the general system, there is no clear- 


cycles, or even whether a limit cycle e 
proving the existence of a limit cycle involves establishment of the con- 


vergent properties of the paths outside the limit cycle and the divergent 
properties inside. For example, if it can be shown that outside a circle 
C, centered about the origin all paths are converging (the radial distance 
to the point moving along the path is decreasing), and that inside a 
smaller circle Ca (cf. Fig. 11.41) the paths are diverging, & limit cycle 
must exist within the region bounded y 
by C; and C. Frequently, the re- 


quired convergence and divergence 

properties can be demonstrated from 

physical reasoning based on consid- 

eration of the change of stored en- 

ergy with time. 
The details of the method are illus- All Paths. 

trated with Van der Pol's equation 
ë — (1 — r’)i +I = o (11.80) 

The corresponding first-order equa 


tions are 


cut way to determine the limit 
xists. The basic method for 


All Paths 
Convergent 


(11.81) Fre. 11.41. Method for establishing 


$ 3 al —g)y—z (11.82) existence of a limit cycle. 
The time derivative of the square of the radial distance from the origin is 
dn =F (at + yf) ce 3 (11.83) 
Substitution of Eqs. (11.81) and (11.82) in (11.83) leads to the relation 
19 = at - 2) (11.84) 


The sign of dr?/dt changes a$ |z| passes through unity. If e is positive, 
paths far from the origin are converging, since |z| is greater than unity 
almost all the time. Equations (11.81) and (11.82) indicate further that 

1 A number of examples rate this method for establishing the 
existence of limit cycles. est to contea oyska ues pe 
B. G. 1 Considerations Concerning Non-linear jrcuits and Negative 
dea ae rial on transistors prepared by Bell 
—248, Western Electric Company, Inc., New York, 


f a Third Order Nonlinear Autonomous System, 
“Contributions to the Theory ©! ” edited by S. Lefschetz, 
Annals of Mathematics Studies, No. 20, pP- 39-88, Princeton University Press, 
Princeton, N.J., 1950. 
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the system has only one singular point, located at the origin. eu 
of Sec. 11.3 demonstrate that the singular point is an unstable node s 
focus if « is positive. This is apparent from the differential m 
(11.80) directly, since linearization in the vicinity of the singular poin 
results in the equation 


#-ad+tr=0 (11.85) 


Positive e means negative damping, hence instability, uw es 
the paths’ diverge from the origin, but converge in from infinity. 2 

st one limit cycle must exist. WM. 
RON marked esae above for establishing the existence of a limit 
cycle becomes exceedingly difficult in many cases of practical We 
and, in addition, does not give full information concerning either e 
existence or the location of limit cycles. Unfortunately, no simple neces, 
sary and sufficient condition for limit cycles can be written. There are 
several theorems which, although of limited applicability, do shed some 
light on the problem. Bendixson's first. theorem, for example, states 
that no limit cycle exists in any region within which O0P/0x + dQ/dy does 
not change sign. Here P and Q are defined as in Eqs. (11.47) and (11.48): 


t = P(z,y) (11.86) 
r = Qa) (11.87) 


The proof of the theorem follows directly 


from Gauss’s theorem. The 
isocline equation for the system is 


mH (11.88) 
dr P 
Equation (11.88) can be rewritten 
Pdy—Qdc =0 (11.89) 


This equation describes the relation which must exist along any path in 
the phase plane, Gauss's theorem States that 


P 
I (= + x) dz dy = $ (P dy — Qax) (11.90) t 


is sectionally smooth. Cf. R. Courant, “Differential and Integral 
e & Son, Ltd., Glasgow, 1936. 
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sideration of Van der Pol’s equation (11.80). From (11.81) and (11.82), 


P(ay) = y (11.91) 
Q(zy) = (1 — 2*)y — 2 (11.92) 
Differentiation yields 
aP , aQ 
ee E Pa e(1 — z?) (11.93) 


Clearly, no limit cycle can exist entirely within the strip in the phase 
plane bounded by the lines z = 1 and z = —]. A limit cycle may pass 
through this strip, but none can exist in the interior within which the 
damping is always positive. 

There are other theorems which aid the analyst in determining the 
existence of limit eyeles.T For example, Poincaré has shown that within 
any limit cycle the number of node, focus, and center types of singu- 
larities must exceed the number of saddle points by one. A second 
ond theorem, which states that, if a path 
D and does not approach a singular point, 
oach a limit cycle asymptotically. 
h any straightforward, universally 


example is Bendixson’s sec 
stays inside a finite region 
it must either be a limit cycle or appr 
These theorems, however, do not furnis' 
applicable procedure for establish- 
ing the existence of limit cycles. 
11.6. Implicit Polynomial Fac- 
toring. The system of Fig. 11.42 
for the implicit determination of 
the zeros of a polynomialf illus- 
trates the application of several of 
the concepts of the preceding sec- — Fig, 11.42. System for determining zeros 
tions to the analysis of a noncon- of a polynomial. 
servative nonlinear system of a ; f J 
particularly simple type. The g components comprise à high-gain elec- 
tromechanical system with the transfer function 


Ka 
G(s) = 3648) (11.94) 


enerate the actuating signal e(t). 


The h section is a nonlinear system to g I r nal 
he input r(t) is maintained 


The operation of the system is as follows: t (t) is n 
zero. The high gain of the block g results in the actuating signal e being 
held close to zero. The feedback system generates the error function 
desired by the polynomial under investigation. For example, if a zero 
of the polynomial z? + z + 1 is to be found, the desired operator h is 
one which forms the function —(e@+e+ 1) The difference between 
tN. Minorsky, “Introduction to Non-linear Mechanics,” pp- 75-79, J. W. Edwards, 
Publish Arbor, Mich., 1947. 

1 e ET heed. V. Holdam, Jr., and D. MacRae, Jr. * Electronic Instru- 
ments," MIT Radiation Laboratory Series, Vol. 21, pp. 15-21, McGraw-Hill Book 


Company, Inc., New York, 1948. 
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zero (the value of r) and the primary feedback is applied to the bigh- iin 
amplifier g to modify the output in such a way as to force e toward = 
The differential equations describing system operation are — or 
mulated in terms of the output c(t). The forward path is described by 
lation , 
i ë + a6 = Kae (11.95) 


The actuating signal is the negative of the primary feedback, 
e = —h(c) (11.96) 
Here h(c) is the operation on c performed by the feedback block. Substi- 


tution of Eq. (11.96) in (11.95) yields the nonlinear second-order differ- 
ential equation 


ë + a6 + Kah(c) = 0 (11.97) 
The corresponding pair of first-order equations in terms of c and é are 

aes (11.98) 

up 

dé 

S = aè — Kah(c) (11.99) 


The general characteristics of the phase portrait are derived using the 
methods described in the previous sections, , hat 
Limit Cycles. Bendixson's first theorem immediately establishes tha 


there are no limit cycles in the phase plane. For the system under 
consideration, 


P(c,é) = 6 (11.100) 

Q(cc) = —Kah(c) — aé (11.101) 
x44. 1.102) 
a T ob. S a 


The function ðP/ðc + 0Q/96 is sim 
everywhere in the phase plane. 
Singular Points. The singular points, 
are both zero, are the real zeros of A(c). 
the states of equilibrium of the System, i 


ply the constant —a and is negative 


value of c(t) is to be a zero of this polyno: 


mial. The discussion is simpli- 
fied at this point if 


a Specific polynomial is considered: 
P(t) =r -z2 (11.103) 
The appropriate value of h(c) is 


À(c) = Ki(c? — c — 2) (11.104) 


K; is a positive or negative constant. 


In this specific case, the singular 
points are the real zeros of the polyno: 


mial, orc = 2andc = —1. 


IMPLICIT POLYNOMIAL FACTORING 647 

Nature of the Singular Points. The t; f i inti 
f ; à ype of each singular point is deter- 
mined by reference to Fig. 11.30. In the system under AARS 
Eas. (11.100) and (11.101) indicate that 4 
01-0 bi = — Kah’ (co) 

@= 1 bs = —a 


(11.105) 


h'(co) is the derivative, evaluated at the singular point, of A(c) with 
respect to c. Figure 11.30 indicates that the singular point is either a 


(a) Portrait with +2 the Stable Zero 


(b) Portrait with —1 the Stable Zero 
Fra. 11.43. Phase portraits for system of Fig. 11.42 with polynomial p(z) 


-2-—2—2. 


stable node or focus or a saddle point: a stable singularity if aKA'(co) is 
positive, an unstable saddle point if aKh’ (co) is negative. Clearly, then, 
the zeros of the polynomial are alternately stable and unstable. In the 


specific example considered here, 
aKh' (co) = aK Kx(2¢o — 1) 
If aK K; is positive, +2 is the stable singular point, —1 the unstable one; 
—1 is the stable singularity and +2 the 


while, if aK K is negative, 
unstable singular point. The general nature of the phase portrait in 


each case is shown in Fig. 11.43. 


(11.106) 
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Significance of Initial Conditions. The sketches of Fig. 11.43 indicate 
clearly the importance of the initial conditions in the performance of this 
nonlinear system. If aK K, is positive (the circuit arranged to determine 
the zero at +2), the system approaches the desired value in the steady 
state only if the initial conditions lie within the shaded region of Fig. 

. 11.44. An initial state of the system outside this domain results in an 
unbounded output, or, in a practical system, an output which is deter- 
mined by the large-signal nonlinearities not described in the differential 
equation (11.97), nonlinearities such as saturation of the clectromechani- 

cal system. If the polynomial p(z) 

is of higher order, the study of the 
effect of initial conditions is even 
more complex, since the specific 
values of these conditions determine 
which stable singular point isselected 
by the system as the point of equi- 
librium. The dependence of system 


behavior on the initial conditions is 


Fro. 11.44. Initial conditions resulting one of the important and often trou- 
of ovo Name of +2 for portrait blesome characteristics of nonlinear 


s systems. 

11.7. Backlash, Consideration of a simple second-order servomecha- 
nism with backlash serves to illustrate the use of the phase plane in the 
analysis of simple incidental nonlinearities, The system to be studied is 
shown in Fig. 11.45. The load is purely inertial, and linear stabilization 
is realized by proportional-plus-derivative control. The transfer func- 
tion of the controlled system is 1/Js?, that of the control elements, as + b- 
In the absence of any backlash, the closed-loop system function is simply 


E (s) = art 
R 8* + (a/J)s + b/d 


T DOE ordinarily arises in the gear train connecting the output 
motor to the load. The performance changes resulting from the addi- 


(11.107) 


R(s) + 


Gy (s)=as+b 
Compensation 


Motor and Load 


Fig. 11.45, Simple system for study of backlash. 
tion of backlash depend markedly u 
the output inertia is on the motor or the load side of the backlash. The 
two situations are considered in turn in this section. 
ieee Motor Side of Backlash. If the inertia is entirely at the 
mo E of the backlash. (e.4., in the case where the motor inertia i 
much larger than the load inertia referred to the motor shaft), the block 
diagram of the system takes the form shown in Fig. 11.46. The break 


pon whether the major portion of 
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in the output line is used to indicate the backlash. The signal to the 
left of the backlash is termed cm, the output,.c. The gear ratio is lumped 
in with the gı and gz blocks, with the result that, if the backlash tends to 
zero, c tends to Cm. 

The phase plane used in the analysis of the system is the plot of é 
versus c (or, equivalently, é versus e could be used). The phase portrait 


g, with 
G,(s)=as+d 


Backlash 


Fia. 11.46. Inertia on motor side of backlash. 


of the linear system is known and here assumed to be of the form shown in 
Fig. 11.47, with the relative damping ratio of the system equal to 0.5. 
A single path is considered, with the initial conditions assumed to be 
é(0) = 0.5, and c(0) = 0. It is further assumed that at zero time the 
gears are making contact in the direction of motion. Motion starts from 
point A and travels along the phase path shown until, at time és, point 


Fro. 11.47. Phase portrait with backlash between inertia and output shaft. (i of 
linear system equal to 0.5.) 


B is reached. At this instant, the output is 0.271 and the velocity is 
changing sign. As ċm tends to reverse, the gears open as à result of the 
backlash. The loop is opened and the system shown in Fig. 11.48 con- 
trols the response c(t). -With the actuating signal remaining constant 
at —0.271, the waveform of c, is determined from the differential equa- , 


tion and boundary conditions 
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Jé, = aé + be (11.108) 
Cn(ts) = 0.271 (11.109) 
én(ts) = 0 (11.110) 
The solution to Eq. (11.108), with é — 0 and e — —0.271, is 
om = =o {wa(é — t5)? + 0.271 (11.111) 


Cm decreases parabolically with time. 
The system continues to operate open-loop until c, has traversed a 
distance equal to the full width of the backlash zone. If the angular 


8, with 
G,(s)=as+b 


c=0.271 


Fig. 11.48. System of Fig. 11.46 operating open-loop. 
width of this zone is L, the velocity à, at the time the gears make contact 


again is 
bid e 920270 (11.112) 


At this recontact instant te, 


shaft. 6(f) suddenly changes to the value given by Eq. (11.112). In 


translated to the left by an amount L). 

The effect of backlash in th 
nitely destabilizing. The disc 
Fig. 11.47 jumps the system t 
the origin. It is not difficult 
cycle in the phase portrait, 
jump from B to C is Proportional to the s 
the output at B. Thus, as B 
C point moves as shown in Fi 
tends to be more destabilizing the smaller the amplitude of the output. 


If the backlash zone is sufficiently wide, a critical value of B exists, Be, 
above which the diminished effect of backlash results in the output 
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decreasing each cycle. This value of B, lies on the limit cycle, which 
has the shape shown in Fig. 11.51. The extent of the divergence of the 
output waveform from a sinusoid depends upon the relative damping 
ratio of the linear system. 


Fr. 11.49, Phase portrait in Cm — 6« phase plane. (fof linesr system equal to 0.5.) 

Inertia at Output Side of Backlash. If the inertia is predominantly at 
the load end of the backlash, the performance of the system is markedly 
different from that described above. The backlash zone causes & loss of 
contact at the instant when the torque transmitted through the output 
shaft tends to reverse, since the motor is assumed to be inertialess and 


2c, 


i Jump in ! 
Path ! 


Variation of B 


Variation of C 


Fig. 11.51. Limit cycle with backlash 


Fig. i C point with 
B. 1150 Moses eam PO between inertia and output. 


Changes in B. 
ortional to aé + be. Thus, if the initial state 
umed at A [with c(0) = 0 and &(0) - 0.5o,], 
hase portrait until point B of Fig. 11.52 is 


(11.113) 


developing a torque prop 
of the system is again ass 
motion is along the linear p 


reached, at which time 
at tbc — 0 
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In this case, it is assumed that initially the gears are making contact in 
a direction opposite to that assumed in the study of the system with the 
inertia entirely at the motor shaft. This change is necessary because in 
the region from A to B of Fig. 11.52 the torque is negative, as demon- 
strated by the fact that the value of ¢ is decreasing. 

When the system reaches B, the torque changes sign. "The gears lose 
contact and the system operates open-loop. Since no torque is applied 
to the pure inertia of the load, the output velocity é continues unchanged, 
the position decreasing linearly with time. The developed torque starts 
with a positive value because of the decrease in c. The motor shaft, 
with negligible inertia, is forced through a positive excursion until c, has 


Fia. 11.52. Phase po: 


system equal to 0.5) rtrait with backlash between motor and inertia, (¢ of linear 


passed through the backlash zone, at which time contact is again made 
in the gear train. The entire transition takes essentially zero time 
co Pena of inertia on the motor shaft. Point C is effec- 
ical wi i i S 
closed-loop mode of cu V spei ri E ara 
x the inertia is divided between the motor shaft and the output, the 
system is analyzed in exactly the manner described above. The break 
in gear contact resulting from the backlash occurs at the instant when 
the torque transmitted through the shaft reaches zero, With the break 
in contact, the system operates open-loop and can be analyzed to find 
p E x c as functions of time. 'The remaking of contact is characterized 
y instantaneous changes in both é, and é, the value of ¢ (equal to ém) 
after recontact being determined by the conservation of momentum. 
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118. Introduction of Nonlinear Elements. The examples of the pre- 
vious sections illustrate the application of the phase-plane methods in 
the analysis of the effects of nonlinearity in simple feedback control sys- 
tems. The phase plane is directly useful in the study of nonlinearity if 
the significant characteristics of the control-system performance can be 
adequately described by & second-order differential equation of the form 


ë -ra(z,i)t + b(z,i)m = 0 (1 114) 


The phase plane provides a useful tool also in the design of systems; in 
particular, the phase portrait indicates in a number of important cases 
the type of nonlinearities which can be introduced intentionally to 
improve system performance characteristics. The remainder of this 
chapter includes a brief description of certain aspects of this application 
of phase-plane analysis. 

The design of nonlinear elements to improve system performance is 
complicated by one characteristic of nonlinear systems: since the princi- 
ple of superposition is not valid, a given nonlinear element may improve 
the system performance with one type of input signal while causing & 
marked deterioration of performance with a different input. A wide 
variety of feedback control systems in normal operation experience input 
signals which predominantly fall into one of the following categories: 


(1) Step functions 

(2) Ramp functions 

(3) Sinusoidal functions 
(4) Random functions 


A nonlinearity designed to improve the step-function response of the 
system may have an adverse effect in a similar system with input signals 
which are close to sinusoidal. 

The phase-plane methods are particularly useful in the design of 
systems with step-function and ramp-function inputs. A sinusoidally 
excited system is ordinarily more readily designed and analyzed by the 
describing-function approach, although some work has been done on 
determining the performance characteristics of a sinusoidally excited 
second-order system by use of a three-dimensional (z, Y, and t) phase 
space.[ Such an analysis, involving considerable computational effort, 
can yield the limit cycles, the conditions for the existence of subharmonic 


oscillations, etc. The design of nonlinear systems for the optimum trans- 


mission of random functions with known probability distributions remains 
gineering solution. 


at the present time à problem without an adequate en, 

The simplest application of phase-plane methods in the design of non- 
linear elements for second-order systems is based upon the familiar possi- 
bility of improving the system step-function response by making the 
damping vary with the magnitude of the error. Ina linear system, the 
limitation on the speed of the step-function response is related to the 


H. A. Miller, and P. N. Hess, Analysis of Non-linear 
Aero Rept. AD 5042-T'R2, Sec. I, Second Interim. 
1952. 


f D. Young, H. L. Turritin, 
Systems, M: inneapolis-Honeywell 
Report on. Non-linear Mechanics, September 1, 
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d in Fig. 11.53 indi- 
ble overshoot. The response curves sketche : - 
Lower of the response with the relative damping ratio E 
Evidently, the high response speed associated with. low values of 4 A 
be approached without the undesirable overshoot if ¢ can be ma 


04 06 08 10 12 14 16 18 20 
Fig. 11.53, Response of system with over-all transfer function 
C(s) w 


E 
ee 
R(s) s -2ro,s Tow 
Error versus time for various 


damping ratios and With a unit step function as the 
input. 
increase as the actuating signal decreases. One possible differential 
equation is 
áp Lo otn 2 (11.115) 
ë+ ia é+ wre =0 


Here e is the actu, 
small actuating si 
larger than unity: 


e usual manner as outlined in the preceding sections © 
this chapter. In the norm. 
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isocline equation is 


y=— (11.116) 
i25 
“PIF 
where y is aé/w,, z is ae, and a is the slope in the zy plane, 
dy 
aa ol 
a= (11.117) 


The phase portrait, constructed by the method of isoclines (Sec. 11.1), 
is shown in Fig. 11.54 for a t, equal to 2.1 With this normalization, the 


Fig. 11.54. Phase portrait for s 


ystem with nonlinear damping. (fo = 2.) 
D. McDonald, Nonlinear Techniques for Improving Servo Performance, Proc. Natl. 
Electronics Conf. 1950, Vol. 6, p. 404, 1951.) 


(From 


phase paths are independent of a. ‘The portrait is shown in the first and 
fourth quadrants only, since the isoclines equation (11.116) indicates that 
« is unchanged if y is replaced by —y and x by —z. The portrait in 
the second and third quadrants is obtained by reflecting the portrait 
Shown about both axes. The path followed, for example, by a point 
Starting at A is found by continuing along the path through A until the 
Y axis is reached at —y.. At this point, a jump is made to +y, and the 
Path shown is followed, with the vertical axis now —y and the horizontal 
axis —z, 

Inspection of the phase portrait indicates at once the criteri 
selection of the parameter a. The complete portrait reveals th; 

1D. McDonald, Nonlinear Techni 


Natl. Electronics Conf., Vol. 6, pp. 400-421, 1950. The article contain: 
of the type of nonlinearity described in this section and i 
(11,116) and a more detailed discussion of the characteri 


2 for the 
at the sys- 


656 PHASE-PLANE ANALYSIS 


tem is undesirably sluggish for step-function inputs smaller than about two 
units on the z scale (or ae scale) and that it overshoots radically if the 
input amplitude is larger than 10 units. On the basis of the probable 
range of actual unnormalized input amplitudes and the allowable range 
in overshoot, the optimum a is selected to give the fastest response. 

This very simple system illustrates one serious difficulty encountered 
in the design of nonlinear systems, Although the response to step func- 
tions of the proper range of amplitudes is improved by the division of 
the relative damping ratio by 1 + ale|, the response to an initial value 
of é may be made worse. For example, in a linear system, if the relative 
damping ratio is 2, an initial é as large as 13.8, can be applied before 
the maximum error reaches 3; with the nonlinear system shown and an 
a equal to unity, an initial velocity of only 8w, leads to the maximum 
error of 3. In the first and third quadrants, when e and é are of the 
same sign, the linear system is better than the nonlinear. Theoretically, 
this disadvantage can be overcome by inserting the nonlinear elements 
only when e and é are of different signs. 


As soon as the system becomes burdened by additional computational 


and out of the circuit, or as soon 
excessive equipment to realize the 


nceled by & 
work, and a 
f the s plane. 
mear-compensation scheme is furnished 


8. As the compensati ork 
approaches more nearly an ideal derivati ee 


Ive network, the motor is driven 
harder and harder. If the actuating signal undergo 9 
the input to the mot: 3 2a Duden Mop 


i - A limiting bandwidth is 
h RE A L : 
rd bonc beyond which it is not practicable to attempt to equalize 


ihe optimum system for the given 
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input signals? Since, at least theoretically, any sort of nonlinearity can 
be introduced and the system made to behave in a tremendous variety of 
quite different manners, is the approach based on a modification of the 
linear system the optimum? [Is it correct to assume that the optimum 
system is one in which t is varied according to the signal [in the manner 
ilustrated above or in any other nonlinear fashion, such as by multi- 
plication of t by 1/(1 + ae?)] or in which wn is changed with the instan- 
taneous amplitude of the actuating signal? The answer to all these 
questions is definitely in the negative. 'The discussion of the next sec- 
tion is & very brief summary of work done in the past few years in 
attempts to approach the optimum system. 

11.9. Optimization of Feedback Control Systems. The optimum sys- 
tem is determined by the nature of the input signals. Principal efforts 
thus far in the feedback-control field have been directed toward the 
determination and realization of the opti- n 
mum system with the input a step func- 
tion.t In this special case, the feedback 
control system is asked to change the out- 
put as rapidly as possible from an initial 
value (which can be assumed zero) to a k 
desired value. The response of the system : e 
can be evaluated by a consideration of the 
eé phase plane. (Strictly, this is the phase 
plane only if the system is second-order 
or less; for higher-order equations, it is a 
section of the phase space.) With the Fre. 11.55. Phase path of ideal 
actuating signal given a certain initial system: 
value, the system is to return the actuating signal to zero as rapidly as 
possible. 

The best system is clearly one which moves the system along the path 
shown in Fig. 11.55. The acceleration is infinitely large and negative, 
and then switches instantaneously to an infinite and positive value until 
e and é are both zero. Since the area under the reciprocal plot, 1/é ver- 
sus e, is zero, no time is required for the reduction of eto zero. Although 
such a system is ideal, it is clearly unobtainable. Some practical limita- 
tions must be imposed; the desired optimum system is the system which 
is best within these practical constraints. 

The constraints usually considered are the saturation limits of the 
equipment. In Sec. 8.6, the description of Newton’s method introduced 
the concept of a number of saturation points throughout the system, 
points at which saturation might occur as a result of demands for excep- 
tional system performance. Newton’s method represents a design of the 
optimum system with random input functions under the assumption that 


it is desirable to limit the probability that saturation may occur. Ina 
TR. S. Neiswander, and R. H. MacNeal, Optimization of Nonlinear Control 
Systems by Means of Nonlinear Feedbacks, AIEE Tech. Paper 53-252, April, 1953. 
This paper contains a considerably more extensive discussion of the optimization 
problem for systems with step-function excitation than is possible in this section. 


658 PHASE-PLANE ANALYSIS 


sense, the optimization to be considered in this section is in direct con- 
trast to Newton’s approach, since here the system is to be optimized in 
the presence of saturation, even if the resulting optimum system satu- 
rates 95 per cent of the time. Again in Secs. 10.3 and 10.5, the charac- 
teristics of saturation were considered, but there primarily from an 
analysis viewpoint. The effects of torque, velocity, and acceleration 
saturation were studied, but the 
applications of these results were pri- 


0 e é marily in design by extended analy- 

sis, design by analysis of a number of 

i different systems and selection of the 
COL e er MN 


final system on the basis of known 
characteristics of various circuits and 
configurations. 

The practical limitations to be 
considered in this section are of the 
following nature: 


(a) Optimum Response with Only 
Velocity Saturation Present 


(1) Velocity saturation A 
e (2) Torque saturation (or acceleration 


Response without 
Velocity Saturation 
Response with 

Velocity Saturation 


(b) Optimum Response with Velocity 
and Torque Saturations Present 


Response without 
Velocity Saturation 
Response with 

Velocity Saturation 


(c) Optimum Response with Velocity, Torque, 


and Torque-rate Saturations Present 
Fie. 11.56. Effect 
optimum response. 


of saturation on 


saturation if the load is purely inertial) 

(3) Torque-rate saturation, a limita- 
tion on the rate at which the torque can 
be changed 


All these saturation levels are as- 
sumed symmetrical (e.g., the same 
magnitude of torque results in satu- 
ration whether the torque is positive 
or negative). The effect of each of 
these limitations on the ideal phase- 
plane trajectory after a step distur- 
bance is shown in Fig. 11.56. If 
velocity saturation only is present, 
the paths in the phase plane are con- 
fined to a horizontal strip bordered 
by the lines ¿ = +é,, where é, is the 
magnitude of velocity at which satu- 
ration occurs. The optimum path is 


T= 2 (11.118) 
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The consideration of velocity saturation still leaves the designer with 
an impractical "best" system, since the acceleration cannot be made 
infinite in any system with load inertia. Acceleration is always limited 
as a result of the limitations on the torque available from the power 
element. This torque saturation is equivalent to acceleration saturation 
if the output load is purely inertial, but depends on velocity, position, 
etc., with more general loads. For the purpose of simplifying this dis- 
cussion, the simple system of Fig. 11.57 is considered, with the developed 
torque proportional to the acceleration of both the output and the actu- 
ating signal. The effect of acceleration saturation can be interpreted as 
a limitation on the permissible shape of the phase paths. With a maxi- 
mum acceleration value of é,, dé/de is limited to the value é,/é. In other 
words, the paths may be vertical as they cross the e axis (where é = 0), 
but as the magnitude of é increases, the magnitude of dé/de must decrease. 


Controlled 


= 
ds* 


Developed 
Torque 


Fic. 11.57. Simple system to illustrate optimization, 


„With acceleration saturation, the optimum response is as shown in 
Fig. 11.56(b). If the initial value e; is sufficiently small that the velocity 
magnitude never reaches é,, the path is the combination of two parabolas.1 
The acceleration is negative and at maximum magnitude until the error 
is reduced to one half the initial value, after which maximum deceleration 
is applied to bring the system to rest at the instant e reaches zero. Any 
other path results in a longer time interval before the actuating signal is 
reduced to zero. The effect of velocity saturation, also shown in Fig. 
11.56 (D), is to clip off the bottom of the curve. 

The final type of saturation considered involves a limitation of the 
rate at which the torque can reverse. The response of that path of Fig. 
11.56(0) which exhibits no velocity saturation requires that the torque 
developed by the motor change instantaneously from maximum negative 
to maximum positive (at the time when e is ¢:/2). In practice, full 
torque reversal requires a finite time, and the reversal must be initiated 
slightly sooner than indicated by Fig. 11.56(b). The optimum response 
is shown in Fig. 11.56(c) for the system with and without velocity satu- 
ration. Itis clear that the inclusion of torque-rate saturation results in 
a slower optimum response since the value of 1/é is larger during the 
time of torque reversal. 
que onsideraton of the phase-plane paths of Fig. 11.56 leads directly to 

e conclusion that the relay system is the optimum. The best per- 


pe cDonald, Nonlinear Techniques for Improving Servo Performance, Proc. 
» Mectronics Conf., Vol. 6, pp. 400-421, 1950. 
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formance is realized by the application of full torque, first in one direc- 
tion and then in the opposite direction. The: optimum performance can 


computer.t The principal disadvantage of the relay-controlled system 
is a practical one derived from the difficulty associated with realization 
of the switching at exactly the proper instant to cause the path followed 
after switching to head directly for the origin. Asa consequence of this 


to cause torque saturation). The 
then leads to unsaturated operation. 

advantages associated with this scheme 
ation. First, the linear mode may exten 


-mode operation involves the 
dition of a third relay position, 
€ instrumentation of such a sys- 


f 1 „tae type described above, but complete 
freedom is theoretically available in the selection of the boundary between 


of Servomechanisms,”” "arch 
Laboratories Bull. 8-3, Cook Electric Company, ti ee 


: Chicago, Ill., 1951. 
$ R. S. Neiswander and R. H. MacNeal, op. cit, = A 


- Boe, The Application of Nonli sous to 
Servomechanisms, Proc, Nail. Electro) onlinear Techniqu 


onics Conf., Vol. 8, pp. 10-21, 1953. 
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the two regions. The desire for simplicity of instrumentation generally 
limits this boundary rather severely, however. Figure 11.58 shows one 
suggested boundary to control the switching into the linear mode of 
operation. The system is switched when the magnitude of e is less than 
a specified value at the time é is zero.t The nonzero height of the region 
is a result of the inaccuracy in the determination of the time at which 
€ is zero. 

Design of the optimum system is illustrated by the simple configuration 
shown in Fig. 11.59. The load consists only of inertia, and only the satu- 
ration mode of operation is of concern. It is , 
assumed that the linear mode is properly designed e 
and that the boundary between modes is suitably 
established. The only saturation considered is 
the limitation of torque. Since the constant, e 
maximum torque is proportional to output ac- 
celeration, the phase portrait for the saturating 
system consists of two families of parabolas, 
somi in Fig. 11.60, one family corresponding tO Fy, 11.58. Boundary for 

positive torque, the other to full negative switching into linear 
torque. If initial conditions start the system mode of operation. 
at point A, the phase path follows the trajectory c Ue 
through B and C. The optimum switching point is at D, at which time 
full torque in the opposite direction is applied and the system follows the 
parabola DEF toward the origin. The desired phase portrait is shown in 
Fig. 11.61. Design of the system is basically the design of a computer 
to switch the system whenever a path reaches either of the two parabolic 
sections marked ABCD in Fig. 11.61. If a definite effort is made to 
switch as close to the ABCD lines as possible, the computer must measure 
e and é and determine the required switching instants.] A fair approxi- 
mation to the required switching instant can be obtained with a passive 


x 
Motor 

(Maximum 
Torque T) 


Controller Inertia 


Fig. 11.59. Simple system to illustrate design of nonlinear controller. 


network driven by the actuating signal e and yielding an output which is 
à specified linear combination of e and é. If the network elements are 


made dependent on e (e.g., by the use of saturable reactors), an excellent 
approximation can be realized.§ 


R 1 Basic Research in Nonlinear Mechanics as Applied to Servomechanisms, Cook 
Cook xi ape sas Interim Progress Kept. PR 16-5, Contract No. AF33(038)-21673, 
ok Electric Company, Chicago, Ill., December 10, 1952. 


ae and Boe, op. cit. This article contains a description of a suitable 


$P. E. Kendall, “Lin 


i ear Com i i hanisms,” Ph. D. 
thesis, Purdue Universit: pensation of Saturating Servomecha 


» Lafayette, Ind., 1953. 
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Fic. 11.60. Phase paths with full positive torque (dashed lines) or full negative torque 
(solid lines). (From D. McDonald, Nonlinear Techniques for Improving Servo Per- 
formance, Proc. Natl. Electronics Conf. 1950, Vol. 6, p. 410, 1951.) 


-3 


Fia. 11.61. Optimum phase portrait. (From D. M. cDonald, Nonlinear Techniques for 
Improving Servo Performance, Proc. Natl. Electronics Conf. 1950, Vol. 6, p. 413, 1951.) 
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The example described above is perhaps oversimplified, with the result 
that undue emphasis is placed on the difficulties of mechanization of the 
required nonlinearity. In the more general case, the determination of 
the required nonlinear characteristic is in itself complex. The general 
proceduref for the design of a dual-mode feedback control system is 
initiated with a design of the linear system and a determination of the 
optimum response of the system when saturated. These optimum satu- 
ration responses are then modified to take into consideration both system 
time lags and effects of the nonlinear, nonsaturated region between linear 
and saturated operation. In any but the simplest cases, the compu- 
tations involved require the use of digital or analog computational aids. 
The complexity of the calculations is not a severe limitation of this 
method, however. Indeed, it is not surprising that optimization of a 
complex control system should involve considerable complexity, even 
when the optimization is considered only for the response of systems to 
step-function inputs. 

11.10. Concluding Comments. The phase-plane methods are useful 
in the analysis of the effects of nonlinear elements on the step-function 
and ramp-function responses of second-order feedback control systems.t 
From such an analysis, a qualitative description of the effects of similar 
nonlinearities in higher-order systems can often be deduced. Perhaps 
even more important are the concepts associated with the phase-plane 
methods of analysis: in particular, the concepts of phase paths, singular 
points, and limit cycles in the performance of nonlinear systems.§ These 
concepts not only serve as useful tools in the analysis of nonlinear sys- 
tems, but also provide a picture of the problems associated with the 
optimization of control systems excited by step-function signals. This 
optimization problem is amenable to solution in a wide variety of cases 
with physical constraints in the form of saturation levels throughout the 
system, Procedures for the optimization of systems sinusoidally excited 
or subject to random disturbances are not evident at the present time 
and do not seem subject to study in the phase plane. 


t Neiswander and MacNeal, op. cit. 

1 Numerous additional applications are described in the literature. For example, 
the analysis of a control system in which the rate of change of the error is proportional 
to the trigonometric sine of the integral of the actuating signal is described in an 
Arto le by P. Zilezer, H. Levenstein, and B. Farber, Application of Non-linear Differ- 
ential Equations to the Analysis of an Unusual Feedback Problem, Airborne Elec- 
tronics, 1953, pp. 137-140, Abstracta of paper delivered at 1953 National Conference 
on Airborne Electronics, IRE, Dayton, Ohio, 1953, A system designed to respond 
in an optimum fashion with ramp-function input is described by A. M. Hopkin, 
Te Approach to the Compensation of Saturating Servomechanisms, Trans. 

E, Vol. 70, Part I, pp. 631-639, 1951. 
of m c pests has applied the linearization described in Sec. 11.3 to the study 
Cf. R. dre 9f singular points in the analysis of higher-order feedback control systems. 
Manual G feri rere Criteria for Certain Non-linear Systems, “Automatic and 
Sigman ntrol,”” Proceedings of the Cranfield Conference 1951, edited by A. Tustin, 
Pp. 4, Butterworths Scientific Publications, London, 1952. 
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Dissipation, incidental, 52 
Distance-velocity lag (see "Transporta- 
tion lag) 
Distortion, conditions for no, 78 
Distribution, Gaussian, 416-418 
Poisson, 433-434 
probability, measurement of, 418-419 
Distribution function, first probability, 
420 
Second probability, 420 
Disturbance, design to control, 329-336 
minimizing effect of, 321 
output resulting from, 459-460 
response to, overshoot of, 325-326 
control over, 333 
settling time, control over, 332 
steady-state, 328 
control over, 332 
typical specifications for, 326 


Disturbance, time-domain analysis of, 
326-328 

Dither, 618-619 

Donely, P., 418 

Doublet impulse, 55 

Draper, C. S., 447 : 

Driving-point admittances, RC, 173- 
174, 178 

Driving-point impedances, RC, 171- 
174, 178 

Dual-mode operation, 660-663 

Duffing equation, 585 

Dzung, L. S., 144 


Ehrenfried, A. D., 242 
Eigenfunctions, 497—498 
Electrolytic tank, 31-32 
Elmore, W. C., 85 
Emde, F., 417 
Energy from phase portrait, 622-623 
Energy-density spectrum, 440 
Entire function, 6 
Equilibrium state, 630 
Ergodic property, 412 
Error, computation of, 457—459 
with low-frequency input, 82-84 
mean-square (see Mean-square error) 
noise component of, 455-456 
probable, minimization of, 492 
signal component of, 456-457 
in terms of input, 428 : 
Error coefficients, classical definition of, 
80 
constrained in optimization, 487—488 
generalized definitions of, 81-82 
relation of, to closed-loop poles and 
zeros, 281-289 
to moments, 85-86 
to rise time, 85-87 
to steady-state errors, 81 
to time delay, 85-87 : y 
significance of, with polynomial in- 
puts, 82-84 
Error criteria, 492 
Essential singularity, 7 
behavior of function near, 10 
Evans, W. R., 221 n 
Expected value of normal distribution, 
416 
Experimental measurements of system 
characteristics, 344-346 — 
Exponential function, approximation of, 
547-551 


Factoring polynomials, 267-272, 645- 
648 
Fano, R., 447 
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Farber, rosa 
Farley, B. G., 
Feedback, definition of, 99-100, 114- 
115 
urposes of, 114 
Feedback compensation, 342-343, 392- 
393 
Feedback loops, 93 
independent, number of, 99-101 
Feedback path, 93 
Feedback systems, analysis of (see 
Signal-flow diagrams) 
Feller, W., 415 
Filtering, of nonlinear systems, 491 
optimum, 469-472 
of pulses from noise, 491 
Filters, derived from orthogonal ex- 
pansions, 496-498 
narrow-band, realized by correlators, 
436-437 
optimum, for signals with Gaussian 
distribution, 418 
Final-value theorem, 44-46 
Fixed components, 280 
Floyd's method, 72 
Focus, stable, 633 
unstable, 634 
Foster forms for RC functions, 179 
Fourier series, 439 
Fourier transform, numerical, using im- 
pulses, 379-390 
using pulses, 376-379 
Frequency function, Probability, 416 
Frequency response, closed-loop, from 
root loci, 265 
determined from transient response, 
379-390 
Frequency transformation, 401—406 
Friedman, B., 55 
Function of complex variable, analytic, 
6 
conditions for, 6 
definition of, 4 
derivative of, 5 
singularities of, 6 


Gain, changes in, as result of small pole 
motion, 360-375 

for complex poles or zeros, 352-354 

contours of constant, 249-250 

corresponding to zero-frequency pole 
or zero, 352 

derived from transient response, 376— 
379 

frequency plots for, asymptotic, 265, 
348-356 

of parallel ladders, 204, 206 

and phase, compatibility of, 346-347 
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Gain, from poles and zeros, 30 
from potential analogy, 30-34 
realizable in passive networks, 174— 
175 
realized in ladder networks, 201-202 
along root loci from potential analogy, 
248 
Gain adjustment from root loci, 250 
Gain curve for real pole or zero, 350- 
352 
Gain and phase plots, with describing 
functions, 578, 590 
for sampled-data systems, 532-533 
with transportation lag, 551-552 
Gain-phase relations, 346-347 
Gardner, M. F., 44, 228, 397, 503, 542 
Gaussian distribution, 416-418 
Giulianelli, R. M., 614 
Goldfarb, L. C., 566 
Goldman, S., 491 
Graphical determination of root loci, 
234-235, 242-250 
Greenwood, I. A., Jr., 151, 617, 645 
Greif, H. D., 568 
Guillemin, E. A., 4, 113, 162, 163, 171, 
178, 193, 203, 379, 401 
Guillemin’s synthesis with sampled-data 
systems, 538-542 


Haas, V. B., Jr., 593, 600 

Hall, A. C., 392 

Hard self-excitation, 564, 642-643 

Hess, P. N., 653 

Hildebrand, F. B., 482 

Holdam, J. V., Jr., 151, 617, 645 

Holding circuit, 507-508 

Hopkin, A. M., 392, 663 

Horner’s method, 267-269 

Hysteresis in system response, 562-563, 
583 


Impedances, calculation of, in feedback 
system, 128 
input, 129-132 
example of, 157-158 
of mechanical system, 134-135 
output, 132-138 
example of, 158-159 
in single-loop amplifier, 129 
(See also RC driving-point impedance) 
wari method of approximation, 379- 
90 


Impulse response, interpreted as 
weighting function, 57 
physical realizability of, 426-427 
related to transfer function, 54 
Impulse trains, convolution of, 63 
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Impulses, convolved with continuous 
function, 62 
effect on initial-value theorem of, 54— 
55 
higher-order, definition of, 55 
unit, definition of, 52 
used to simplify analysis, 61-71 
Incoherence, definition of, 436 
Index, system, 99-101 
Initial conditions, response to, 621-622 
significance of, 648 
Initial-value theorem, 46-47 
for derivatives, 46 
with impulses, 54-55 
sain compensation, definition of, 
example of, 295-296 
in root loci, 252-254 
in terms of closed-loop poles and 
zeros, 289-292 
Integral-compensation dipoles, 300-301 
M don; space, in correlators, 451— 
Inverse Laplace transformation, 35-37 
effect on, of added dipole, 43 
of added pole, 41-43 
of one pole, 37-38 
table for, 37 
of three poles, 40-41 
of two poles, 38-39 
and one zero, 39-40 
Isoclines in phase-portrait construction, 
619-621 


Jahnke, E., 417 

James, H. M., 38, 81, 458, 474 
Johnson, E. C., Jr., 600, 601 
Johnson, R. B., 445 

Jones, R. W., 663 

Jump resonance, 562-563, 583 


Kendall, P. E., 661 

Kirby, M. J., 614 

Knopp, K., 4, 20 

Knudtzon, N., 418 

Kochenburger, R. J., 561, 566, 585, 
589, 595, 600 

Kraft, L. G., 493 

Kryloff, N., 566 


Ladders, definition of, 188 
parallel, synthesis of, 303-306 
poles. and zeros of, 188-189 

; tor complex zeros, 206— 
synthesis of, 193-202 "i 
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Lago, G. V., 515 
Lagrange multipliers, 482—488 
Laplace transform, definition of, 34-35 
inverse of (see Inverse Laplace trans- 
formation) 
numerical calculation of, 379-390 
of square wave, 21 
table for, 37 
two-sided, characteristics of, 422—424 
definition of, 421 
Lattice, definition of, 343 
equivalent active network for, 344 
Laurent series, about essential singu- 
larity, 7n. 
definition of, 8 
derivation of, 11-14 
examples of, 11-14 
region of validity for, 11 
Lawden, D. F., 542 
LC networks, synthesis of, 274-276 
Lead compensation, example of, 294— 
295 
generalized, 257—259 
in root loci, 254-255 
in terms of closed-loop poles and 
zeros, 289 
Lee, Y. W., 437, 438 
Lees, S., 447 
Levenstein, H., 663 
Levin, J. J., 451 
Levinson, E., 581, 582 
Levinson, N., 477 
Limit cycle, definition of, 563-564, 641 
determination of, 643-645 
types of, 642 E 
Limiting, closed-loop response with, 
581-585 
in conditionally stable systems, 595- 
598 
control over probability of, 488-491 
Linear systems, fundamental character- 
istics of, 561-562 
Lines of steepest ascent, 11 " 
Lin's method for factoring polynomials, 
207 
Linvill, J. G., 360, 362 
Linvill, W. K., 501, 508 
Linvill's approximation procedure, 360- 
375 
Load compensation, 392 
Load-torque disturbance (see Disturb- 
ances; Multiple inputs) 
Loading, in RC synthesis, 191-192 
realization of, in RC networks, 213- 
214 - 
Logarithmic gain and phase curves with 
transportation lag, 551-552 
Long-duration components in transient 
response, 259 
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Low-frequency inputs, errors from, 84 
Low pass-band pass transformation, 
401-406 


‘acColl, L. A., 561 
MeDenatd, D., 394, 655, 659, 660, 662 
McKay, W., 447 
Maclaurin series of E(s)/R(s), 82 
MacNeal, R. H., 657, 660, 663 
MacRae, D., Jr., 151, 617, 645 
Makar, R., 31 
Marden, M., 523 
Mason, S. J., 89, 149 
Mass, mutual, 396-397 
Mathews, K. C., 660, 061 
Mayer, R. W., 3, 30, 265, 348 
Mean-square error, components of, 455 
definition of, 413 
minimization of, 460-472, 477-480 
with one variable parameter, 473— 
477 
related to correlation functions, 429 
signal component of, 456-457 
significance of, 413-414 
in terms of input, 428 
Mean-square-error criterion, disad- 
vantages of, 475-476 
Mean-square output, computation of, 
457-459 
of sampled-data systems, 542 
Measurement of system characteristics, 
344-345 
Mechanical networks, 393-397 
difficulties with, 396-397 
Meserve, W., 392 
Middleton, S., 445, 493 
Miller, H. A., 653 
Miller integrator, 156 
Minimization of error with one param- 
eter variable, 473-477 
Minimum-phase transfer functions, 425 
Minorsky, N., 560, 562, 631, 645 
Modulation, Suppressed-carrier ampli- 
tude, 390-391 
Moments, of impulse response, 85 
related to error coefficients, 85-86 
Morris, D., 391 
Motors, two-phase, 391-392 
Mulligan, J. H., Jr., 284 
Multiloop systems, stability of, 147-150 
Multiple inputs, design for, 329-336 
frequency-domain, 322-324 
Bystems with, 318-319 
time-domain analysis for, 324-326 
transmission of, 319 
Multivalued nature of response, 562— 
563, 582-585 
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Neiswander, R. S., 657, 663, 660 
Networks, for low pass-band pass trans- 
formation, 404-405 
mechanical, 393-397 
twin-T, 396 
partitioning of, 218-220 
RC, for compensating a-c systems, 
407—409 
reactive, synthesis of, 274-276 
RLC, synthesis of, 257 
tandem, 276 
two-terminal-pair, 163-104 
z transforms for, 513-514 
Newton, G. C., Jr., 481, 488 
Nichols, N. B., 38, 81, 408, 458, 474 
Nixon, F. E., 70 
Nodes, essential, definition of, 100-101 
removal of, 101 
residual, 100-101 
in signal-flow diagrams, 91 
stable, in phase portrait, 632-633 
unstable, in phase portrait, 633-634 
Noise, separation of pulses from, 491 
white, 443-444 
Noise output, 455-456 . 
Nonlinear systems, amplitude loci for, 
75-579 
closed-loop performance of, 581-585, 
591-592 
designed to linearize, 593-595 
general characteristics of, 562-566 
optimization of, 493, 658-663 
oscillations in, stability of, 577, 590 
perturbation solution for, 601-611 
relative stability in, 577 
stability of, 563-565, 642 
Nonlinearities, classification of, 492 
definition of, 559n. 
intentional, 560-561, 653-663 
slow or fast, 560 b 
Nonminimum-phase transfer functions, 
308-309 
realization of, 343-344 
Nonstationary inputs, optimization for, 
494-498 
Normal distribution, 416-418 
expected value of, 416 
Null return difference, calculation of, 
123-125 
definition of, 123 
related to sensitivity, 125 
Numerical analysis, for closed-loop 
transient response, 71-76 
of convolution integral, 63-71 
of transforms, 379-390 
Nyquist diagrams, in describing-funo- 
tion analysis, 575-579, 590 
for multiloop systems, 147-150 
principles of, 143-147 
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Nyquist diagrams, for sampled-data 
systems, 527-532 
with transportation lag, 551-552 


OUldenbourg, R. C., 554 
Open-circuit impedance functions, 163- 
164 
RC realizability conditions for, 173- 
175 
related to transfer functions, 165-169 
selection of, in synthesis, 190-191 
of tandem networks, 218-219 
Open-circuit transfer impedance, syn- 
thesis of, 312-313 
Open-circuit voltage ratio, synthesis of, 
315-316 
Ope ie to closed-loop relations, 296- 
Open-loop poles, graphical determina- 
tion of, 296-299 
large, 302 
sum of, 301-302 
Oppelt, W., 566 
Optimization, calculus of variations in, 
478-479, 482-488 
constraints in, 481—482 
on error constants, 487-488 
power, 482-483 
saturation, 482-483 
on velocity constant, 487—488 
of nonlinear system, 493 
for nonstationary inputs, 494—498 
Optimum filter if signals have Gaussian 
distribution, 418 
Optimum linear system, 460 
described in time domain, 477-480 
Optimum nonlinear systems, 657-663 
Prem prediction, 465-469, 477-480 
ptimum system, exam — 
Order, system, 99-101 CUM 
Ordung, P. F., 343 
Oscillation dampers, 392 
Overshoot, definition of, 79 
of response to disturbance, 333 


Padé approximants, 548-550 
Padé table for e~=, 550 
Paley-Wiener criterion, 346, 425 
Parameter variations, 238-241, 257— 
258, 272-274 
Parametric excitation, 565 
Partial-fraction expansions, basis for, 14 
definition of, 14-16 
examples of evaluation of, 16 
graphical calculation of, 26-29 
for RC synthesis, 179 
remainder theorem for evaluation of, 
21-26 


Partitioning, with aid of root loci, 276 
of networks, 218-220 
of signal-flow diagrams, 113 
Pelegrin, M. J., 481 
Periodic signals separated from noise, 
436-437 
Perzon, O., 549 
Phese, changes in, as result of small 
pole motion, 361 
from poles and zeros, 30 
from potential analogy, 30-34 
Phase-angle loci, 243-250 
asymptotes of, 246-247 
with one pole, 243, 244 
and one zero, 245 
from potential analog, 245n. 
with three poles, 245 
with transportation lag, 553 
with two poles, 243-244 
Phase characteristic, approximation of, 
358-300 
importance of, 78 
Phase plane, definition of, 615 
saddle point in, 634, 638-639 
Phase-plane analysis, limitations of, 
614-615 
used in design, 653-663 
Phase portrait, for conservative system. 
636-641 
linear, 616 
construction of, 616-621 
with coulomb friction, 618 
definition of, 615-616 
energy from, 622-623 
information available from, 621-631 
limit cycles in, 641-645 
of linear system, 615 
nodes in, stable, 632-633 
unstable, 633-634 
self-excitation in, 642-643 ; 
of system for factoring polynomial, 
647-648 
for systems, with backlash, 648-652 
optimum, 657-663 
with variable damping, 655 
time from, 623-630 
Phase spectrum, 439 
Phillips, R. S., 38, 81, 408, 458, 474 
Physical realizability, introduced in 
optimization, 464-472 
of transfer functions, 424-427 
for RC networks, 173-178 
Pike, E. W., 496 
Poisson distribution, 433-434 
Pole, added, effect on time function of, 
41-43, 58-59 
allowable, for RC ladder, 188-189 
behavior of function in vicinity of, 
8-11 
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Pole, definition of, 6 
order of, 7 
right-half plane, significance of, 423- 
424 
Pole motion, effects of small, 360-375 
Pole removal, partial, in synthesis, 198- 
200 
Pole-zero configurations, in potential 
analogy, 30-34 
for residue calculation, 26-29 
Poles and zeros, added, effect on tran- 
sient response of, 58-59 
closed-loop, acceleration constant 
from, 283-284 
for compensation, 289-292 
from error coefficients, 281-289 
velocity constant from, 282 
determination of, from gain curve, 
356 
for infinite velocity constant, 284—289 
translation of, 52-53 
Polynomial factoring, 207-272, 645~ 
648 
Polynomial inputs, error from, 82-84 
optimum filters for, 494-496 
Positional error constant (see Error 
coefficients) 
Potential analogy, 31-34 
relation of, to gain contours, 248 
to phase-angle loci, 245 
to study velocity constant, 286 
table for, 32 
Power constraints in optimization, 482- 
483 


Power measured by autocorrelation 
function, 431 
Power-density spectrum, definition of, 
440-442 
examples of, 443-444 
interpretation of, 442 
measurement of, 453 
Properties of, 442-443 
of system output, 455-456 
Prediction, optimum, 465-469, 477—480 
cos component of sampler output, 
Principal part, in partial-fraction ex- 
pansions, 14-15 
of Laurent Beries, 8 
Probability, definition of, 415-416 
of saturation, 488-491 
Probability distribution function, 411 
definition of, 416 
first, 420 
measurement of, 418-419 
second, 420 
Probable error, minimization of, 492 
Pulses separated from noise, 491 
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Quasi-linearization for random signals, 
493 


Ragazzini, J. R., 482, 494, 500, 508, 
511, 521, 542 
Random function, 411 
Random variable, 416 
Rational algebraic functions, 4 
approximation with, 548-550 
Rauch, L. L., 643 
RC driving-point admittances, 173-174 
synthesis of, 178 
RC driving-point impedances, nature of, 
172-174 
realizability conditions for, 171 
synthesis of, 178 
RC networks for compensating a-c 
systems, 407-409 
RC open-circuit impedance functions, 
realizability of, 173-175 
RC short-circuit admittance functions, 
realizability of, 173-175 
RC transfer functions, with complex 
zeros, 206-218 
realizability conditions for, 173-178 
Reactive networks, synthesis of, 274- 
276 
Realizability of transfer functions, 424— 
427 


Reintjes, J. F., 449, 451 
Relay control system, 659-663 
Remainder theorem, 21-26 
Residue, definition of, 8 
to evaluate complex integrals, 458- 
459 


evaluation of, by differentiating de- 
nominator, 19-21 
graphical, 26-29 
with remainder theorem, 21-26 
from Taylor Scries, 11-13 
integration with, in inverse trans- 
form, 36 
in terms of pole-zero configurations, 
26-29 
Return difference, calculation of, 115- 
120 
definition of, 114-115 
of a node, 147 
referred to » or 9m, 118-119 
relation of, to gain, 142-143 
to sensitivity, 120-121, 125-126 
theorem for calculation of, 141-142 
of two elements, 141-142 
Rice, S. O., 493 
ise time, definition of, 79 
relation of, to bandwidth, 80 
to error coefficients, 85-87 
RLC networks, synthesis of, 257 
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Root determination for polynomials, 
267-272 
Root loci, angles of, 228-229 
asymptotes for, 227-228 
with cancellation compensation, 255- 
257 
crossing imaginary axis, 228 
definition of, 224 
for describing functions, 579-580 
with dipoles present, 252-254 
equi-K points of, 261-263 
examples of, 231-241, 259-266 
for factoring polynomials, 267-272 
graphical determination of, 234-235, 
242-250 
at high gain, 227 
near infinity, 227-228 
information in, 225 
with integral compensation, 252-254 
with lend compensation, 254-255 
with multivalued response, 584-585 
with negative gain, 271-272 
in network synthesis, 274-276 
number of, 227 
for parameter variations, 272-274 
partitioning with, 276 
on real axis, 228 
real-axis breakaway of, 220-230 
related to frequency response, 265 
rules for construction of, 226-231 
for sampled-data systems, 533-538 
sum of, 230 
for tandem networks, 276 
with transportation lag, 552-553 
at zero gain, 227 
Routh teet, cy 237, 267-269 
or polynomials with co - 
cients, 506 mplex coeffi 


mé 52k in phase plane, 634, 638- 
Salzer, J. M., 501 
Sample space, 415 
Sampled-data system, analytical- 
stability tests of, 521-527 
analyzed with difference equations, 
542 
basic elements of, 500 
compared to continuous systems, 539 
gain and phase plots for, 532-533 
logical synthesis of, 538-542 
Mean-square output of, 542 
Nyquist diagram for, 527-532 
plotting response of, 541-542 
relative stability of, 534-536 
root loci for, 533-538 
stability of, 521-538 
superposition for, 520-521 


Sampled-data system, with transpor- 
tation lag, 554-557 
viewed as predictor, 542-546 
Sampled signals, smoothing of, 507-508 
Sampler, described in frequency domain, 
503-506 
operation of, 501-502 
Sampler output, amplitude spectrum of, 
504 
Sampling, approximate characterization 
of, 525-526 
instability resulting from, 524 
viewed as impulse modulation, 502 
Sampling frequency, minimum allowable, 
505-506 
Sampling theorem, 505-506 
Sands, M., 85 
Sartorius, H., 554 
Saturation, closed-loop response with, 
581-585 
in conditionally stable system, 595-598 
control over probability of, 488-491 
frequency analysis of, 569-574 
optimization in presence of, 657-659 
velocity, 585-592 py 
Saturation constraints in optimization, 
482-483 
Savo, T. A., 82 
Schoenberg, I. J., 70 
Schur-Cohn criterion, 523 
Scott, R. E., 31 
Scott, W. E., 641 
Seamans, R. C., Jr., 375 
Self-excitation, soft and hard, 564, 642- 
643 
Sensitivity, definition of, 120 
example of calculation of, 159 
relation of, to null return difference, 
125 
to return difference, 120-121, 125- 
126 
zero, significance of, 126-127 
Separatrices in phase plane, 634 
Settling time, definition of, 80 
with disturbance input, 332 
Shannon, C. E., 460, 470 
Short-circuit admittance function, 163- 
164 
calculation of, in synthesis, 190-191 
RC realizability conditions for, 173-175 
related to transfer function, 165-169 
Signal-flow diagrams, advantages of, 93 
basic reduction rules for, 102-106 
compared to block diagrams, 98-99, 
159 
complexity of, 99-101 
definition of, 89-91 
determination of, example of, 152-154 
essential, reduction of, 110-112 
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Signal-flow diagrams, nature of, 97-98 
obtaining independent equations in, 
96-97 
partitioning of, 113 
reduction of, 101-113 
single-step, 107-110 
rules for, 91 
Signal-noise ratio, improvement in, by 
correlation, 436-437 
Singleton, H. E., 449, 491 
Singular points,-definition of, 630 
for linear system, 630-631 
types of, 631-636 
vicinity of, 631-632 
Singularities, 6 
Small-t behavior of time functions, 46-47 
Smith, C. H., 542 
Soft self-excitation, 564, 642 
Specifications, frequency-domain, 77-79 
related to closed-loop system functions, 
279-292 
time-domain, 79-80 
Spectrum, amplitude, 439 
amplitude-density, 440 
snergy-density, 440 
phase, 439 
power-density (see Power-density spec- 
trum) 
Spirule, 242 
Square wave, determination of transform. 
of, 47 
Laplace transform of, 21 
se conditional, with limiting, 595- 
59 


of multiloop systems, 147-150 
of nonlinear systems, 563-565, 642 
from Nyquist diagram, 143-147 
of oscillations, 577, 590-591 
of sampled-data system, 521-538 
of Pea with transportation lag, 547- 
Stability analysis, with describing func- 
tions, 574-580 
with transportation lag, 548-553 
Stabilization (see Compensation) 
Standard deviation, 416 
Stationary random process, 412 
~ Statistical characteristics, measurement 
of, 445-453 
Statistical design, merits of, 415 
Steady-state errors, 81 
Steinhacker, M., 392 
Stoker, J. J., 585 
Stone, W. M., 511 
Stout, T. M., 98 
Straight-lines approximation for convolu- 
tion, 67-71 
Subharmonic generation, 564-565 
Superposition integral, 59-60 


Suppressed-carrier amplitude modu- 
lation, 390-391 
Synthesis, calculation of short-circuit ad- 
mittance function in, 190-191 
of LC networks, 274-276 
logical, of sampled-data system, 538- 
542 
of open-circuit transfer impedance, 
312-313 
of open-circuit voltage ratio, 315-316 
of parallel ladders, 303-306 
pole removal in, partial, 198-200 
RC, loading in, 191-192 
of RC driving-point admittances and 
impedances, 178 
of RC ladders, 193-202 
of reactive networks, 274-276 
of RLC networks, 257 
System functions (see Transfer function) 


Tachometric compensation, 392-393 
Tandem compensation from root loci, 
250-252 
Tandem networks, analysis of, 276 
Taplin, J. F., 3, 143 
Teasdale, R. D., 548 
Thaler, G. J., 221 
Time from phase portrait, 623-630 
Time delay, final-value theorem with, 45 
ideal (see Transportation lag) 
relation of, to error coefficients, 85-87 
to phase characteristic, 78 
Time-delay theorem, 77 
Time domain, approximation in, 375-390 
physical realizability in, 426-427 
Time function, behavior for small t of, 46- 
47 
Torque constant, definition of, 328, 330n. 
design for specified, 332 
Transfer function, derivation of, from 
gain characteristic, 356 
from transient response, 375-390 
determination of, 156-157 
measured by correlation, 437—438 
minimum-phase, 425 
RC, 173-178, 206-218 
realizability of, 424—427 
related to impulse response, 54 
in terms of z's and y's, 165-169 
Transformation, frequency, 401—406 
Laplace (see Laplace transform) 
Transient components, definition of, 48 
Transient response, closed-loop from 
open-loop, 71-76 
determined numerically, 379-390 
long-duration components in, 259 
related to transfer function, 375-390 
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Transient-response approximation, 375- 
390 
Translation of poles and zeros, 52-53 
Transmittances, essential, nature of, 110 
in signal-flow diagrams, 91 
Transportation lag, approximation of, 
547-553 
definition of, 516 
logarithmic gain and phase curves with, 
551-552 
root-loci with, 552-553 
in sampled-data system, 554 
stability analysis with, 548-55? 
z transforms for, 554-555 
Triangular pulse, transform of, 377-378 
Truxal, J. G., 279 
Tukey, J. W., 445 
Turritin, H. L., 653 
‘Tustin, A., 566 
Twin-T network, mechanical, 396 
'Two-phase motors, 391-392 
Two-sided Laplace transform, 421-424 
Two-terminal-pair network, characteri- 
zation of, 163-164 


Uncorrelated signals, definition of, 436 
Uspensky, J. V., 415 


Valley, G. E., Jr., 112, 425 
Van der Pol, B., 44, 421 
Van der Pol's equation, 503, 643-645 
Variance, 416 
Variation of system parameters, 238-241 
257-258, 272-274 i : 
Velocity constant, from closed-loop poles 
and zeros, 282 
ie m on, in optimization, 487— 
definition of, 80-82 
infinite, 284-289 
relation of, to bandwith, 293-294 
, to time delay, 85-87 
in sampled-data Systems, 557 


Velocity constant, in terms of exis 
plots, 299-300 
(See also Error coefficients) 
Velocity saturation, 58 2 
Voltage ratio in terms of z's 
169 


Wall, H. S., 526, 548 
Wallman, H., 112, 425 
Weighting function, 57 
Weinberg, L., 218, 493 
Westcott, J. H., 482 
White, W. D. 
White noise, 443-444 
Wiener, N., 410 


Young, D., 653 


z transfer function, 513-514 
of feedback systems, 518-521 
table of, 521 
for tandem networks, 517-518 
z transforms, definition of, 509 
final-value theorem for, 540 
identical, tor different time functions, 
512-513 
information in, 509-510 
inverse, 513 
modified for intersample response, 515 
517 
for networks, 513-514 
table for, 511 
for transportation lags, 554-555 
used for convolution, 63-71 
Zadeh, L. A., 482, 492, 494, 500, 508, 511, 
521, 542, 614 
Zero motion, effects of small, 360-375 
Zeros, allowable, for RC ladder, 189-190 
effect of additional, on transient re- 
sponse, 59 
(See also Poles and zeros) 
Zilezer, P.. 603 
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A complete presentation of the methods useft 
design of feedback systems. The highly de 
theories of the design and synthesis of linear 
are covered in detail, and the book concludes 
introduction to the analysis and design of no 
Systems. The graduate level development demons 
the manner in which the feedback and network : 
of the electrical engineer combines with the complex 
function theory and Laplace transform theory of the - 
mathematician to form the theoretical basis for the. 


LA 

r ! 
! : " £ 

TOR 3 

$ L ; 

d - ` 

d^ * i - " 
pcm. ^ , int 

ra NA ET 
p ah | ia Mh 


* 


TATA McGRAW-HILL PUBLISHING COMPANY LTD. 
BOMBAY ; e NEW DELHI 


